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1 Introduction
In this paper, we deal with the following problem
—div (\W|N*Z w) SV [N Pu=A (exp (a |u|%) +f(x,u)) . inRY, (P
where N > 2, a is some positive constant and A is some positive parameter. We assume
(V1) V: RN —]0,+oo] is a continuous function such that
V(x) >V, VxeRY,
where V) is a positive constant.

(1) f: RN x R — R is a Carathéodory function. We assume that f(x,s) > 0, V (x,s) €
RN x [0, 4+o0[ and there exist Cy > 0, p >0, «a > 0and B > 0 such that

1f(x,5)] < Co (\s\“ +|s|P (exp (p ]s|%> —Snoa (p, s))), YV (x,5) € RN x R,

o gk N
where Sy_» (p, s) = Z,I{VZOZ Fels| vt
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Elliptic problems similar to (P,), i.e. containing the N-Laplacian and a nonlinear term which
behaves like exp (a|s|N/(N=1)), as |s| — +oco have been treated by many authors. We can for
example cite [2-5,8-12,14-18,20,21,23]. This interest on that type of nonlinear equations is
motivated by the Trudinger-Moser inequality (see [1,13,16,19,22]) which allows a variational
analysis of these equations. Our work is a contribution in this direction. Here, we have to
highlight the fact that in our paper we do not assume that the famous Ambrosetti-Rabinowitz
condition (AR), that is

(AR) there are constants 6 > N and sy > 0 such that

S
0<9/ fx,t)dt <sf(x,s), V |s| >so, VxeRY,
0

or its weaker form,

(ARR) there exists sg > 0 and M > 0 such that

S
o</ Fx,t)dt < M|f(x,5)|, ¥ |s|>s0, VxRV,
0

holds. Knowing the important role of this condition in the establishment of existence and
multiplicity results, we see that proving the existence of at least three nontrivial solutions
could be considered as interesting. Some works dealing with exponential nonlinearities and
where the (AR) condition is dropped were published (see, for example, [10-12]). In [12], the
authors treated the case N = 2 and they used an appropriate version of the mountain pass
theorem introduced by G. Cerami. In order to get the boundedness of some Palais—Smale
sequence, they assumed that there exist C, > 0, 6 > 1 such that

(H) H(x,t) <0H(x,s)+C, VO0<t<s, VxeQ, where H(x,u)=uf(xu)—2F(x,u).

This work is extended to N-dimensional space in [11]. In [10, Section 7], the authors assumed
that (H) holds true with 6 = 1 and C, = 0. In addition, they assumed that there exists ¢ > 0
such that for all (x,s) € RN x [0, +oo[, F(x,s) < c(|s|N + f(x,s)).

Using a new variational approach, we establish the existence of at least three nontrivial
solutions to the problem (P,). For this purpose, we will adapt some arguments developed in
[7]. In fact, we will make use of a new Palais—Smale condition introduced by G. Bonanno in [7]
to prove the existence of at least two local minima of the energy functional which corresponds
to the problem (P,). A third solution is obtained by a suitable version of the mountain pass
theorem.

The functional space in which the problem (P,) will be studied is

E— {u e WIN(RN), /N V(x) ulN dx < —|—oo},
R

which is a reflexive Banach space equipped with the norm

Jull = [, (191 + v ) dx)}v.

First, we recall the Trudinger—-Moser inequality for the whole space RN, N > 2. In fact, we
have the following result (for N = 2, see [8,19], and for N > 2, see [1,15])

/N {exp (oc |ul%> - SN_Z((x,u)} dx < +oo foru € W-N(RN) and a > 0,
R
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where Sy_ (, u) = YN 2 %ﬂul% Moreover, if |Viu|n gy
4

a < ap, then there exists a positive constant C = C(N,
and « such that

) <L fulpvgyy £ M < 400 and
«), which depends only on N, M

/]RN [exp (zx |u|%) — SN,Z(oc,u)} dx <C, (1.1)

1
where ay = NWy "} and Wy_ is the measure of the unit sphere in RN. Furthermore, using
the above results together with Holder’s inequality, if « > 0 and g > 0 then we have

/N |ul? [exp (zx \u|%> - SN_Z(oc,u)} dx < +oo, YV u € WHN(RN).
R

More precisely, if |[u[|yingyy < M with aM N1 <y, then there exists a positive constant
C =C(a, M, g, N) such that

N
[Tl [exp (sl ¥5) = S 1)] e < C v (1.2)

where

1
N
llwesiaey = ( i (71 + 1) )

is the norm in the Sobolev space W'N(IRY). Observe that since V is positive and bounded
from below, then clearly

E— WW(RN) — LI(RN), VN <g< 4o,
with continuous embeddings. Thus, there exists a positive constant xo such that
[l v vy < Xo [lulf 5 Y u € E.

This last inequality together with (1.2) implies that there exists a constant C' = C'(a, M, q) > 0
such that

[ ul? [exp (wlul 1) = Sy )] dx < € u)?, (1.3)

provided that ||u| < M with M < %(‘%’)%
Assume that

(V,) the function (V(x))~! belongs to L~ (IRN).

Then, it is not difficult to show that E < L1(RY), V 1 < g < +oco, with compact embedding.
Let u € E. We have

u(x)
/IRN </0 exp (a!s]%) ds) dx < /]RNexp (a\u\%)\u]dx

= /]RN (exp (a |u\%> - SN,Z(a,u)) || dx
+/]RN Sn—a(a,u) |u| dx.

Thus, using (1.3), one can easily find a positive constant C, > 0 such that

u(x) Ne1
/m (/0 exp (’1 !S!%) ds) dx < Collul|,  u€E, |u|| <inf (1, 2)1@ (’%V) v ) (1.4
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On the other hand, since « +1 > 1, then the continuous (and also compact) embedding
E — L*"1(IRN) holds and by consequence there exists a positive constant C, > 0 such that

/N " dx < G |ul*,  VucE (L5)
R
Next, for u € E with |Ju[| < 5 (7N> N, by (1.3) there exists a constant Cg, > 0 such that
N
o 1P (exp (p1ul¥1) = Snca(p,w) dix < Cpp P (L6)

Definition 1.1. A point u € E is said to be a weak solution of the problem (P,) if it satisfies

/ (VuN" 2Vqudx+/ x) [ulN"? uvdx

:/RNexp a|u|m vdx—l—/]RNf(x,u)vdx, VveE.

Now, we are ready to state our main results in the present paper. It consists of the following
theorem.

Theorem 1.2. Assume that (V1), (Va), and (Fy) hold true. If there exists R > 0 such that

R+1)N — RN
[WN_1( +1) +/ V(x)dx+/ V(x) (R+1— |x|)
N |x|<R R<|x|<R+1

1.7

N
2N(4N)¥ (C, + Co (Co + C[ﬂ,p))] '

then there exist 0 < Ay, < A* < 400 such that (P,) admits at least three nontrivial weak solutions
provided that A, < A < A*.

Example 1.3. We can take V(x) = 14 ¢ |x|* with N(N — 1) < a and ¢ small enough. In this
case, (1.7) holds for R chosen large enough.

2 Proof of Theorem 1.2

For u € E and A > 0, define

_ vl ve ™
D(u) _/]RN N dx = N

Y(u) = /]RN (/Ou(x) exp (a |5|%> ds —|—F(x,u)> dx,

L(u) =®(u) — A¥Y(u),

where F(x,s) fo x,t)dt, (x,5) € RN x R. Clearly, the functional I, is well defined on E
and by classical arguments (see [6]) it is of class C! and the critical points of I, are nontrivial
weak solutions of the problem (P,).

In order to prove our multiplicity results, we make use of a recent critical points results
established by G. Bonanno in [7] by using a new Palais-Smale condition.
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Definition 2.1. Let ®y and Y be two continuously Gateaux differentiable functionals defined
on a real Banach space X and fix r1,r; € [—o0, +00], with r; < rp; we say that the functional
Ip = &y — Yy verifies the Palais-Smale condition cut off lower at ; and upper at 7, (in short
"l (PS)I™l) if any sequence (u,) C X such that

(i) (Io(uy,)) is bounded,
(ii) Ij(un) — 0in X* (where X* denotes the topological dual of X,)
(iii) r1 < Po(uy) <ry, VneNN,

has a convergent subsequence. Clearly, if 11 = —oo and r, = 400 it coincides with the classical
(PS) condition. Moreover, if 7 = —co0 and 7, € R it is denoted by (PS)!".

The main tool to prove the existence of the two first weak solutions of (P,) is the following
theorem.

Theorem 2.2 ([7, Theorem 5.1]). Let X be a real Banach space and let ®,¥: X — R be two contin-
uously Gateaux differentiable functions. Assume that there are 1,12 € R with rq < ra, such that

SUPy, <o(uy<r, T (1) — ¥ (0) ¥ (0) — SUP (<, T (1)

r,r2) =  inf <plr,rz)= su
Q( ' 2) rn<®(v)<r T2 — CI)(Z)) P( ! 2) 71<¢'(£<r2 CI)(U) —-n
and for each A E]m, ﬁ[ the functional I = ® — AY satisfies "l(PS)["! condition. Then,
for each A E]m, m[ there is uy € ® 1(Jry, ra[) such that Iy(uy) < I\(u) for all u €

&~ Y(]ry,72[) and I (uy) = 0.

Remark 2.3. Obviously, the critical point u, of I given by Theorem 2.2 is a local minimum of
the functional I,.

Lemma 2.4. Assume that the hypotheses of Theorem 1.2 hold true. For each

1. 1T\YN /ay \ V! ‘ . N
0<r<N1nf<1,<ZXO> (N’p) with N—N_1

and A > 0, the functional I satisfies (PS)["].

Proof. Let (u,) C E be such that (I)(u,)) is bounded, I (1,) — 0 and ®(u,) < r, Vn € N.
Since ||uy|| < (Nr)%, V n € N, then there exists u € E such that u, — u weakly in E. By (F;)
we have

S 1F o)

n ! N
<o ([ mat e [P (exp (NP 1) = Sca(Npu)) di )

N-1
Since ||| < (Nr)¥ < %m(li‘ll’\]p)T and by (1.3) we deduce that

sup (/]RN ()| dx) <t

nelN
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This fact together with the compactness of the embedding E < LN(RN) implies

lim f(x, un)(uy —u)dx = 0. (2.1)

n——+oo JRN

On the other hand, we have

N N
/]RN exp (a \un]N*1> (up —u)dx = /]RN exp (a |t | N1 — Sn_2(a, un)> (up —u)dx
—I—/ Sn_2(a,uy)(uy, —u)dx.
RN

Using the compact embeddings E < L!'(RY) and E < L?(IRYN) together with (1.1), it is not
difficult to prove that

lim exp (a |un|%> (uy —u)dx =0. (2:2)

n——+oco JRN
Combining (2.1) and (2.2) with the fact
(I} (up), uy —u) =0 asn — +oo,
we conclude that (1) is strongly convergent to u in E. This ends the proof of Lemma 2.4. [J

Fix a positive real number r such that

N N-1 N N-1
r< Snf(1 (L) (2N ,Al<@) .
4N Xo N'p Xo a
Lemma 2.5. Assume that the hypotheses of Theorem 1.2 hold true. Then, there is A* > 0 such that: if
0 < A < A%, then the functional I) admits a nontrivial critical point u, satisfying

0<®(uy) <r and Iy(uy) < Iy(w) forallw e & 1(]0,7|).

Proof. For A > 0 and R > 0 as in (1.7), define the function

Sy if [x| <R,
=40 (R+1—|x|]) ifR<|x|<R+1,
0 if |x| > R+1,

with J, is a real number satisfying

0<5A<inf<</f)w, (;)’5> 2.3)

where
1 R+1)N — RN
a=Llwy R+ +/ V(x)dx+/ V(x) (R+1—x)Vdx|, @4)
N N |x|<R R<|x|<R+1
and
RN
B=Wyn_1—. (2.5)

N
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It is clear that ¢, € E and we have

R+1)Y —RN
Vo N d :/ 5Y dx = SN W1 .
/IRN‘ Al dx R<|x|<R+1 A B A TN N
On the other hand, we have
/ V()oY dx = 6 {/ V(x)dx + V(x) (R+1— |x])N dx|.
RN |x|<R R<|x|<R+1
Thus,
O(8,) = ASY. (2.6)
Next, since F(x,9,) > 0, and exp(a[s|N/N=1) > 1, we get
B (x) N
Y(9,) > / </ exp (a |s|N*1) ds> dx > / 95 (x)dx > BJ,. (2.7)
|x|<R 0 |x|<R
By (2.6) and (2.7), it yields
¥ (9)) B
> .
O(0)) — AsNT
This inequality with (2.3) leads to
Y9, _ 1
B(8,) > (2.8)

Now, let u € E be such that ®(u) < r. Clearly, ||u|| < (Nr)~. Since

N-1
N

N-1
1 sz>N 1<D¢N>
NPV < — < — (= ,
(N) 2x0 <N’P “2x0 \ p

then by (F;) we have

/RN F(x,u)dx < Co (Co [[ul]*™" + Cpyp u]P*1). (2.9)

N-1

On the other hand, having in mind that ||u]| < (N)¥ <inf (1, 4 (%)"%" ), and using (1.4) it

yields
u(x) N
/N </0 exp (a \S\Nfl) ds> dx < Cy |lul|. (2.10)
R

By (2.9) and (2.10), we deduce
(1) < Cyluf +Co (Cu [+ + Cpp [P
Since inf(e +1,8+1) > 1 and |Ju|| < 1, it follows that

Y(u) < (Ca+Co(Ca+Cgp)) llull < (Ca+Co(Cu+Cpp)) (N7)™. (2.11)

Set

N-1
N

A=

1

r
(4N)N (Cq + Co(Cu +Cpp))
By (2.11), we infer
sup(b(u)<r‘¥(u) <

1
—. 2.12
r A* ( )
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Thus,
suPCD(u)<r T(u)
7
From (2.13) and (2.8), we obtain

<

, provided that A < A*. (2.13)

=]

SUPg ()<, ¥ (1) _L_¥(®)
r A @(19/\)

Keeping in mind that 0 < ®(9,) < r, we easily deduce that

(I)(ﬂ/\) r 1 1
5(0,r) <p(0,r), and Y (8,)’ sup¢(u)<r‘1’(u) [ - L)(O/f)' c(0,7) [

Finally, for 0 < A < A*, Theorem 2.2 guarantees the existence of a critical point u, of I,
such that 0 < ®(uy) < r and I)(uy) < Iy(w), ¥V w € ® 1(]0,7[). This ends the proof of
Lemma 2.5. O

Now, we will try to prove the existence of another critical point of I, as a second local
minimum. This is made in the following lemma.

Lemma 2.6. Assume that the hypotheses of Theorem 1.2 hold true. Then, there exists A, €]0, A*[ such
that: if A < A < A*, then the functional I, admits a critical point u, which satisfies

r<®(uy) <2r, and I(uy) < Li(w), VYwed (r2r]).
Proof. First set o
N
where A and B are given by (2.4) and (2.5). By (1.7), we get
Av <A™

For A, < A < A%, we keep using the function

Sr if [x| <R,
O =q0 (R+1—|x|) if R<|x|<R+1,
0 if |x| > R+1,

with different conditions on J,. In fact, here we choose §, such that

(%)N < 6, < inf ((if) v (Z‘) Nl) . (2.14)

By (2.6) and (2.7), we get
Y(9,) S B
20(8)) ~ 245N

Taking (2.14) into account, we infer

(2.15)
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Now, replacing r by (2r) in (2.11), it yields

Supcl)(u)<2r T(”

2 2 <N (Gt GolCat Cpp) (20) R

< NW (c +Co(CatCpp))r™ ™
1

<

- A* /\

By (2.15) and (2.16), we obtain
su Y(u
*(0) > 1 > Po(w<ar ( ), for each A, < A < A™.

20(0,) ~ A 2r
On the other hand, since 1 > + and 6, < (5% )W < (TA) N-1, we infer

Sup<1>(u)§r‘Y(u) l
r A (I>(l9/\) ’

One can easily show that (2.17) implies

A 21’—‘13(19/\)

1 > Supr<<1>(u)<2rlf(u) _T(ﬁ?\)

Similarly, inequality (2.18) implies

1 < 1if(ﬂ/\) - supcb(u)gr‘{f(u)
A ‘:I)(ﬂ/\) -7 '

Next, by (2.14) and (2.6) it yields r < ®(9,) < 2r. Consequently,

supr<<I>(u)<2r T(u> - T(ﬁ?\)
2r — q)(l%\) '

¢(r,2r) <
This inequality together with (2.19) gives

1
2 —.
¢(r,2r) < 1

Similarly, we get
¥ () - SUPo (1) </ ¥(u)

<
(6, - r (20
Taking (2.20) into account, it follows that
% < p(r,2r).
Combining (2.21) and (2.22), we deduce that
1 1 "
— <A< —, VA <A<A"
p(r,2r) 6(r,2r)

Since

0<2r< Nmf <1, <X%> <N’p> ,

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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then by Lemma 2.4, the functional I, satisfies [/ (PS)[?"]. Hence, all the conditions of Theorem
2.2 are fulfilled. We conclude that, for each A, < A < A*, the functional I, admits a critical
point u satisfying

r<®(uy) <2r, and I)(uy) < I)(w), Vwe d(r,2r]).
Since ®(u,) < r, then uy # uj,. O
In order to prove the existence of a third critical point of I,, the following result is needed.

Theorem 2.7 ([7, Theorem 6.2]). Let X be a real Banach space and let ®9,¥o: X — R be two
continuously Gateaux differentiable functions with ®g convex. Put Iy = ®y — Y and assume that
xo,x1 € X are two local minima of Iy. Put mo = min,cg 1 Yo(txy + (1 — t)xo) and assume that there
are ro > max {®o(xo), Po(x1)} and so > 0 such that

sup  Yo(x) < so+ mo,
Dy(x)<ro+so

and Iy satisfies the (PS)I0+ol condition. Then, Iy admits at least a third critical point x3 such that
CDQ(X3) < 19 + So-

For A, < A < A%, take x1 = uy, xo = u,, o = 3r and sy = r. Since

1. 1 \N AN N-1
ro+so—4r<N1nf<1,<2XO> <N/P> ,

then I, satisfies (PS)0+%l. Arguing as in (2.11), we can easily obtain

1 1

sup Y(u) < (4N)N (Co+ Co (Ca+Cgpp)) Y.

D(u)<4r
Thus,
su Y(u _ 1
pq>(u):4r ) < (AN)V (Ca+Co (Ca+Cpp)) 1~ N = A
Since A < A*, then
sup Y(u) < s
O (u)<4r A

By the virtue of Theorem 2.7, the functional Iy admits at least a third critical point ;ﬁ such
that ®(u,) < ro + sp = 4r. This ends the proof of Theorem 1.2.
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