
Electronic Journal of Qualitative Theory of Differential Equations

Proc. 8th Coll. QTDE, 2008, No. 12 1-13;

http://www.math.u-szeged.hu/ejqtde/

����������� 	
���
�� ��
 ����� �
��

��������
 ����
��� ����
������ ���������

���� �������

� !"#$%"
&'( )*+ ,- .'*/ 0)0 (1 */ ., 2(234( ,/4*55).,16 )72 )/6+0.,.*4 8 (9

'):*,1 ,- .'( /,53.*,7/ ,- .'( /(4,72 ,12(1 7,75*7()1 1(.)12(2 2*;(1(79
.*)5 (<3).*,7

[

r(t)
∣

∣

[

x(t) − p(t)x [τ(t)]
]

′
∣

∣

α−1[
x(t) − p(t)x [τ(t)]

]

′

]

′

+

+ q(t)
∣

∣x [σ(t)]
∣

∣

α−1
x [σ(t)] = 0,

='(1(
α
*/ ) 0 ,/*.*:( 4,7/.)7. )72

τ(t)
)72

σ(t)
)1( 2(5)6(2 )1>3+ (7./ ?

@ ABCDEFGHCIEB

JK LMNO PQPRS TR QSR UVKURSKRW T NLM LMR PSVXYRZ V[ VOUNYYQLVS\ PSVP RSLNRO V[
LMR SRLQSWRW WN]RSRKLNQY R^_QLNVK V[ LMR [VSZ

[

r(t)
∣

∣

[

x(t) − p(t)x [τ(t)]
]

′
∣

∣

α−1[
x(t) − p(t)x [τ(t)]

]

′

]

′

+

+ q(t)
∣

∣x [σ(t)]
∣

∣

α−1
x [σ(t)] = 0. (E−)

`VS UVKaRKNRKUR QKW [_SLMRS SR[RSRKURO b TR NKLSVW_UR LMR KVLQLNVK

R(t) =

∫ t

t0

1

r1/α(s)
ds, t ≥ t0.

c dee d f ghi jk ghlmn opqr jmh stgnnlu mghlvwx yz{| }z~ � ��� d� � ��� ddx
� j� �v��n gw� � i�gnjn � ���{��}�{�� � }�~|����{� � ��}�{�z � ������ �z��z � ���}~�� }z��|��� �����z}� �{��z���{}� ���}�{�� � {����z}� }��z}�{�� | ����� x
��{� ��z  �}� �����z��� �~ ¡���}  ¡�{���{¢� £z}�� ¤����~ ¥¦£¤ � £z}�� §� x d¨�� d�¨�© x
��{� �}��z {� {� ¢�}� ª�z| }�� �� ��z�{�� �ª {� {� ���| {���� ª�z ����{�}�{�� �������z� x

«¬®¯« b °SV U ± ²LM ³VYY ± ®¯« b ´µµ² ¶V ± ·´ b P ± ·



�R O_PPVOR LMSV_�MV_L LMR PQPRS LMQL LMR [VYYVT NK� M\PVLMRORO MVYW �

(H1) α
NO Q P VONLNaR UVKOLQKL �

(H2) τ(t), σ(t) ∈ C1 [t0,∞)
b
τ(t) ≤ t

b
σ(t) ≤ t

b
lim
t→∞

τ(t) = ∞
b
lim
t→∞

σ(t) = ∞
b

σ′(t) > 0;

(H3) r(t) ∈ C1[t0,∞)
b
r(t) > 0

b
lim
t→∞

R(t) = ∞
�

(H4) q(t), p(t) ∈ C[t0,∞)
b
q(t) > 0

b
0 ≤ p(t) ≤ p < 1

±
�R P_L

z(t) = x(t) − p(t)x[τ(t)]
± �\ Q OVY_LNVK V[ «^ ±

(E−)
TR ZRQK Q

[_KULNVK
x(t) ∈ C1[Tx,∞)

b
Tx ≥ t0

b TMNUM MQO LMR PSVP RSL\
r(t)

∣

∣z′(t)
∣

∣

α−1
z′(t)

∈ C1[Tx,∞)
QKW OQLNO�RO «^ ±

(E−)
VK

[Tx,∞)
± �R UVKONWRS VKY\ LMVOR OVY_�

LNVKO
x(t)

V[ «^ ±
(E−)

TMNUM OQLNO[\
sup{|x(t)| : t ≥ T} > 0

[VS QYY
T ≥ Tx

±
�R QOO_Z R LMQL

(E−)
PVOOROORO O_UM Q OVY_LNVK ±

� OVY_LNVK V[
(E−)

NO UQYYRW VOUNYYQLVS\ N[ NL MQO QSXNLSQSNY\ YQS�R �RSVO VK
[Tx,∞)

QKW VLMRST NOR NL NO OQNW LV X R KVKVOUNYYQLVS\± «^ ±
(E−)

NO OQNW LV X R
VOUNYYQLVS\ N[ RaRS\ NLO OVY_LNVK NO VOUNYYQLVS\±

®MNO PQP RS NO Z VLNaQLRW X\ LMR PQPRSO 	
 b �� TMRSR LMR VOUNYYQLNVK V[
WN]RSRKLNQY R^_QLNVKO V[ LMR [VSZ

[

r(t)
∣

∣x′(t)
∣

∣

α−1
x′(t)

]

′

+ q(t)
∣

∣x [σ(t)]
∣

∣

α−1
x [σ(t)] = 0 (E1)

NO OL_WNRW QKW X\ LMR PQP RSO 	·b ²� TMRSR LMR VOUNYYQLNVK USNLRSNQ [VS WN]RSRKLNQY
R^_QLNVKO V[ LMR [VSZ

[

r(t)
∣

∣

[

x(t) + p(t)x [τ(t)]
]

′
∣

∣

α−1[
x(t) + p(t)x [τ(t)]

]

′

]

′

+

+ q(t)
∣

∣x [σ(t)]
∣

∣

α−1
x [σ(t)] = 0, (E2)

SROP RULNaRY\
[

r(t)
∣

∣

[

x(t) + p(t)x (t − τ)
]

′
∣

∣

α−1[
x(t) + p(t)x (t − τ)

]

′

]

′

+

+ q(t)f
(

x [σ(t)]
)

= 0 (E3)

T NLM f(u)

|u|α−1u
≥ β > 0

[VS
u 6= 0

b
β
NO Q UVKOLQKL b TRSR PSRORKLRW ±

«¬®¯« b °SV U ± ²LM ³VYY ± ®¯« b ´µµ² ¶V ± ·´ b P ± ´



� � � IB D��G �C�

�R KRRW LMR [VYYVT NK� YRZZ Q ±
����	 
 �� �RR 	��� ��

A ��� B ��� ���� �� ���� � ���������� � ��
Aλ − λABλ−1 + (λ − 1)Bλ ≥ 0, λ > 1

��� � � �!"�#��$  �#�� �� ��� ��#$ �� A = B %
& ���� % ®MR UQOR

A = 0
MVYWO RaNWRKLY\b OV TR UQK QOO_Z R LMQL

A 6= 0
± ®MRK

LMR YR[L ONWR V[ LMR NKR^_QYNL\ UQK XR T SNLLRK NK LMR [VSZ

1 − λCλ−1 + (λ − 1)Cλ,
·�

TMRSR
C = B

A

± ¯RKVLR
(1)

X\
f(C)

± ³ YRQSY\
(1)

NO OQLNO�RW [VS
C = 0

± 'K
LMR VLMRS MQKW b N[

C 6= 0
LMRK [_KULNVK

f(C)
NO WRUSRQONK� [VS

C ∈ (0, 1)
QKW

NKUSRQONK� [VS
C ∈ (1,∞) .

`_SLMRSZVSR
f(1) = 0

± ( RKUR LMR NKR^_QYNL\ MVYWO
LVV ± ®MR PSVV[ NO UVZPYRLR ±

�

®MR [VYYVT NK� LMRVSRZ PSRORKLO LMR VOUNYYQLVS\ USNLRSNVK [VS «^ ±
(E−)

±

)*�+,�� 
 �� -��
∫

∞

[

Rα [σ(t)] q(t) −

(

α

α + 1

)α+1
σ′(t)

R [σ(t)] r
1

α [σ(t)]

]

dt = ∞,
´�

∫

∞ 1

r
1

α (u)

[
∫

∞

u

q(s) ds

]
1

α

du = ∞.
.�

/ �� ����$ ����� ��# #����$ � �#"���� �� 0 !% (E−) ����� �� 1 ��� �� t → ∞ %
& ���� % � OO_ZR LV LMR UVKLSQS\ LMQL

x(t)
NO Q KVKVOUNYYQLVS\ OVY_LNVK V[

«^ ±
(E−)

± �R Z Q\ QOO_ZR LMQL
x(t) > 0.

®MR UQOR V[
x(t) < 0

UQK X R PSVaRW
X\ LMR OQZR QS�_Z RKLO ±
�RL

z(t) = x(t) − p(t)x[τ(t)].

 �

®MRK
z(t) < x(t)

QKW «^ ±
(E−)

UQK XR T SNLLRK NK LMR [VYYVT NK� [VSZ
[

r(t) |z′(t)|
α−1

z′(t)
]

′

+ q(t) xα [σ(t)] = 0.
��

«¬®¯« b °SV U ± ²LM ³VYY ± ®¯« b ´µµ² ¶V ± ·´ b P ± .



�R UYQNZ LMQL
x(t)

NO X V_KWRW ± ®V PSVaR NL TR QOO_Z R b VK LMR UVKLSQS\b LMQL
x(t)

NO _KXV_KWRW ± ( RKUR LMRSR R� NOLO Q OR^_RKUR
{tm}

O_UM LMQL
lim

m→∞

tm =

∞
ZVSRVaRS

lim
m→∞

x(tm) = ∞
QKW

x(tm) = max{x(s); t0 ≤ s ≤ tm}
± � NKUR

τ(t) → ∞
QO

t → ∞
b TR UQK UMVVOR O_� UNRKLY\ YQS�R

m
O_UM LMQL

τ(tm) > t0
±

� O
τ(t) ≤ t

b TR MQaR

x(τ(tm)) ≤ max{x(s); t0 ≤ s ≤ τ(tm)}

≤ max{x(s); t0 ≤ s ≤ tm} = x(tm).

®MRSR[VSR [VS QYY YQS�R
m

z(tm) = x(tm) − p(tm)x[τ(tm)] ≥ (1 − p(tm))x(tm).

®M_O
z(tm) → ∞

QO
m → ∞

±
«^ ±

(5)
NZPYNRO b LMQL [_KULNVK

r(t) |z′(t)|α−1
z′(t)

NO KVKNKUSRQONK� QKW TR
�RL LTV PVOONX NYNLNRO [VS

z′(t)
�

N�
z′(t) > 0

b
NN�

z′(t) < 0
[VS

t ≥ t1 ≥ t0.
®MR UVKWNLNVK NN� NZ PYNRO LMQL [VS OVZ R PVONLNaR UVKOLQKL

M
QKW

∀ t ≥
t1 ≥ t0

r(t) |z′(t)|
α−1

z′(t) ≤ −M < 0.
®M_O

−z′(t) ≥

(

M

r(t)

)
1

α

.

JKLR�SQLNK� LMR QXVaR NKR^_QYNL\ [SVZ
t1

LV
t
b TR VXLQNK

z(t) ≤ z(t1) − M
1

α

(

R(t) − R(t1)
)

.

�RLLNK�
t → ∞

NK LMR QX VaR NKR^_QYNL\ QKW _ONK�
(H3),

TR �RL
z(t) → −∞.®MNO UVKLSQWNULNVK PSVaRO LMQL N� MVYWO ±

`VS LMR UQOR N� TR VXLQNK LMQL
z(t) > 0

QKW
r(t) |z′(t)|α−1

z′(t) = r(t) [z′(t)]α
±

³VZXNKNK� LMROR [QULO LV�RLMRS T NLM
zα(t) < xα(t)

b TR QSR YRW LV
[

r(t) [z′(t)]
α ]′

+ q(t) zα [σ(t)] ≤ 0
��

QKW
[

r(t) [z′(t)]
α ]′

≤ 0.

«¬®¯« b °SV U ± ²LM ³VYY ± ®¯« b ´µµ² ¶V ± ·´ b P ± 




®MRSR[VSR
r(t) [z′(t)]

α
≤ r [σ(t)] [z′ [σ(t)]]

α
,

TMNUM NZPYNRO LMQL
z′ [σ(t)]

z′(t)
≥

(

r(t)

r [σ(t)]

)
1

α

.
��

¯R�KR
w(t) = Rα [σ(t)]

r(t) [z′(t)]α

zα [σ(t)]
> 0

²�
[VS

t ≥ t1.¯N]RSRKLNQLNK�
w(t)

b TR MQaR

w′(t) =
αRα−1 [σ(t)] σ′(t)

r
1

α [σ(t)]
·
r(t) [z′(t)]α

zα [σ(t)]
+ Rα [σ(t)]

[

r(t)[z′(t)]α
]

′

zα [σ(t)]

− αRα [σ(t)]
r(t)[z′(t)]αz′ [σ(t)] σ′(t)

zα+1 [σ(t)]
.

��

� ONK�
(6)

b
(7)

QKW
(8)

b TR MQaR

w′(t) ≤
ασ′(t)

R [σ(t)] r
1

α [σ(t)]
w(t) − Rα [σ(t)] q(t)

−
ασ′(t)

R [σ(t)] r
1

α [σ(t)]
·
Rα+1 [σ(t)] r

α+1

α (t)[z′(t)]α+1

zα+1 [σ(t)]

w′(t) ≤
ασ′(t)

R [σ(t)] r
1

α [σ(t)]

[

w(t) − w
α+1

α (t)
]

− Rα [σ(t)] q(t).
·µ�

�RL
A = w(t)

QKW
B = λ

1

1−λ ,
TMRSR

λ = α+1
α

> 1.
�PPY\ NK� LMR �RZZQ

´ ±· LV
(10),

TR VXLQNK

w′(t) ≤

(

α

α + 1

)α+1

·
σ′(t)

R [σ(t)] r
1

α [σ(t)]
− Rα [σ(t)] q(t).

JKLR�SQLNK� LMR QXVaR NKR^_QYNL\ [SVZ
t1

LV
t
b TR �RL

w(t) ≤ w(t1) −

∫ t

t1

[

Rα [σ(s)] q(s) −

(

α

α + 1

)α+1
σ′(s)

R [σ(s)] r
1

α [σ(s)]

]

ds.
··�

«¬®¯« b °SV U ± ²LM ³VYY ± ®¯« b ´µµ² ¶V ± ·´ b P ± �



�RLLNK�
t → ∞

NK
(11),

TR �RL
w(t) → −∞

NK aNRT V[
(2)

± ®MNO UVKLSQWNULO
LV P VONLNa NL\ V[

w(t)
QKW TR UVKUY_WR LMQL

x(t)
NO X V_KWRW ± ³VKOR^_RKLY\b NK

aNRT V[
(4) z(t)

NO X V_KWRW LVV ±
«^ ±

(5)
NZPYNRO b LMQL [_KULNVK

r(t) |z′(t)|α−1
z′(t)

NO KVKNKUSRQONK� QKW TR
�RL LTV PVOONX NYNLNRO [VS

z′(t)
�

N�
z′(t) > 0

b
NN�

z′(t) < 0
[VS

t ≥ t2 ≥ t1.®MR UVKWNLNVK NN� NZPYNRO LMQL [VS OVZ R PVONLNaR UVKOLQKL
N

QKW
∀ t ≥ t2

r(t) |z′(t)|
α−1

z′(t) ≤ −N < 0.

°SVURRWNK� ONZ NYQSY\ QO NK LMR PSRa NV_O TR VXLQNK

−z′(t) ≥

(

N

r(t)

)
1

α

.

JKLR�SQLNK� LMR QXVaR NKR^_QYNL\ [SVZ
t2

LV
t
b TR VXLQNK

z(t) ≤ z(t2) − N
1

α

(

R(t) − R(t2)
)

.

�RLLNK�
t → ∞

NK LMR QX VaR NKR^_QYNL\ QKW _ONK�
(H3),

TR �RL
z(t) → −∞.®MNO UVKLSQWNULO LMQL

z(t)
NO X V_KWRW b R ±� ± N� MVYWO ±

¶VT TR OMQYY W NOU_OO LMR [VYYVT NK� LTV UQORO �
·±

z(t) > 0
b

´ ±
z(t) < 0

±
��� � � % �RL z(t) > 0

±
� NKUR

z(t)
NO X V_KWRW QKW

z′(t) > 0
b LMRSR R� NOLO

lim
t→∞

z(t) = 2c, 0 < c < ∞.
·´�

JKLR�SQLNK�
(6)

[SVZ
t
LV

∞
QKW LQ� NK� NKLV QUUV_KL ZVKVUNL\ V[

zα[σ(t)]
QKW

(12)
VKR �RLO

[z′(t)]
α
≥ cα ·

1

r(t)

∫

∞

t

q(s) ds.

�QNONK� LV 1
α

PVTRS QKW NKLR�SQLNK� [SVZ
t3

LV
t
TR QU^_NSR

z(t) ≥ z(t3) + c

∫ t

t3

1

r
1

α (u)

[
∫

∞

u

q(s) ds

]
1

α

du.
·.�

«¬®¯« b °SV U ± ²LM ³VYY ± ®¯« b ´µµ² ¶V ± ·´ b P ± �



�RLLNK�
t → ∞
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≥
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→ ∞
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∣

∣
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&���� % �RL x(t)
NO Q P VONLNaR OVY_LNVK V[

(E−)
± � S�_NK� R�QULY\ QO NK LMR

PSVV[ V[ ®MRVSRZ
2.1

TR UQK OMVT LMQL
z(t) < 0

± J[
{tk}

NO Q OR^_RKUR V[
�RSVO V[

p(t)
b LMRK

0 > z(tk) = x(tk) − p(tk)x(τ(tk)) > 0.

®MQL NO Q UVKLSQWNULNVK ±
�

¶VT TR T NYY _OR OV�UQYYRW LMR NKLR�SQY QaRSQ� NK� LRUMKN^_R ± �RL _O UVK�
ONWRS Q [_KULNVK

H(t, s)
OQLNO[\ NK� LMR [VYYVT NK� PSVPRSLNRO

N�
H(t, s) > 0

[VS
t > s ≥ t0

b
NN�

H(t, t) = 0
QKW ∂H(t,s)

∂s
< 0

±
¯RKVLR

h(t, s) =
−∂H(t,s)

∂s
√

H(t, s)
,

Q(t, s) =
√

H(t, s) ·
ασ′(s)

R[σ(s)]r
1

α [σ(s)]
− h(t, s) ,

[VS
t > s .

)*�+,�� 
 �
 -�� α ≥ 1 ��� (3)  �#�� % � ��"� � � �� � �� � �� � k ∈ (0, 1)

lim sup
t→∞

1

H(t, t1)

∫ t

t1

[

H(t, s)Rα [σ(s)] q(s)

−
R [σ(s)] r

1

α [σ(s)]

4αkσ′(s)
Q2(t, s)

]

ds = ∞.
´´�

/ �� ����$ ����� ��# #����$ � �#"���� �� 0 !% (E−) ����� �� 1 ��� �� t → ∞ %
& ���� % � OO_ZR LV LMR UVKLSQS\ LMQL

x(t)
NO Q KVKVOUNYYQLVS\ OVY_LNVK V[

«^ ±
(E−)

± � NLMV_L YVOO V[ �RKRSQYNL\ TR ZQ\ QOO_ZR LMQL
x(t) > 0.

°SV�
URRWNK� ONZ NYQSY\ QO NK LMR PSVV[ V[ ®MRVSRZ ´ ±· TR MQaR

z(t) > 0, z′(t) > 0QKW _ONK� LMR [QUL LMQL
[r(t) (z′(t))α]

1

α
NO KVKNKUSRQONK� b TR ORR LMQL [VS QK\

k1 ∈ (0, 1)
QKW [VS QYY YQS�R

t

t ≥ t1

�

z [σ(t)] ≥

∫ σ(t)

t1

z′(s)ds =

∫ σ(t)

t1

1

r
1

α (s)

(

r
1

α (s)z′(s)
)

ds

≥ r
1

α [σ(t)] z′ [σ(t)]
(

R [σ(t)] − R(t1)
)

> k1R [σ(t)] r
1

α [σ(t)] z′ [σ(t)] .
´.�
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®Q� NK� NKLV QUUV_KL
(23)

QKW LMR ZVKVLVKNUNL\ V[
r(t) [z′(t)]α ,

TR UVKUY_WR
LMQL

z′ [σ(t)]

z [σ(t)]
=

1

r [σ(t)]
·
r [σ(t)]

[

z′ [σ(t)]
]α

zα [σ(t)]
·

(

z [σ(t)]

z′ [σ(t)]

)α−1

≥
r(t)

[

z′(t)
]α

zα [σ(t)]
·
kRα−1 [σ(t)]

r
1

α [σ(t)]
≥

k

R [σ(t)] r
1

α [σ(t)]
w(t)

´
 �

TMRSR
k = kα−1

1 ∈ (0, 1) .
� ONK� LMR [_KULNVK

w(t)
WR�KRW NK

(8)
b
w′(t)

NK
(9)

QKW LMR NKR^_QYNL\
(24)TR VXLQNK

w′(t) ≤
ασ′(t)

R [σ(t)] r
1

α [σ(t)]
w(t) − Rα [σ(t)] q(t)

−αRα [σ(t)] σ′(t)
r(t)

[

z′(t)
]α

zα [σ(t)]
·
z′ [σ(t)]

z [σ(t)]

≤
ασ′(t)

R [σ(t)] r
1

α [σ(t)]
w(t) − Rα [σ(t)] q(t) −

αkσ′(t)

R [σ(t)] r
1

α [σ(t)]
w2(t).

�_YLNP Y\ NK� LMNO NKR^_QYNL\ T NLM
H(t, s) > 0

QKW [VYYVT NK� NKLR�SQLNK�
[SVZ

t1
LV

t
TR MQaR
∫ t

t1

H(t, s)Rα [σ(s)] q(s)ds ≤

≤

∫ t

t1

H(t, s)
ασ′(s)

R [σ(s)] r
1

α [σ(s)]
w(s)ds

−

∫ t

t1

H(t, s)
αkσ′(s)

R [σ(s)] r
1

α [σ(s)]
w2(s)ds −

∫ t

t1

H(t, s)w′(s)ds.

¶VT NKLR�SQLNK� P RS PQSLRO� [SVZ
t1

LV
t
QKW _ONK� WR�KNLNVK V[ LMR [_KULNVKO

h(t, s)
QKW

Q(t, s)
TR QSR YRW LV

∫ t

t1

H(t, s)Rα [σ(s)] q(s)ds ≤

≤ H(t, t1)w(t1) −

∫ t

t1

H(t, s)
αkσ′(s)

R [σ(s)] r
1

α [σ(s)]
w2(s)ds

+

∫ t

t1

√

H(t, s)

[

√

H(t, s) ·
ασ′(s)

R [σ(s)] r
1

α [σ(s)]
− h(t, s)

]

w(s)ds ≤
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≤ H(t, t1)w(t1)

−

∫ t

t1

H(t, s)
αkσ′(s)

R [σ(s)] r
1

α [σ(s)]
w2(s)ds +

∫ t

t1

√

H(t, s)Q(t, s)w(s)ds.

³VKOR^_RKLY\
∫ t

t1

H(t, s)Rα [σ(s)] q(s)ds ≤

≤ H(t, t1)w(t1) +

∫ t

t1

R [σ(s)] r
1

α [σ(s)]

4αkσ′(s)
Q2(t, s)ds

−

∫ t

t1





√

H(t, s)
αkσ′(s)

R [σ(s)] r
1

α [σ(s)]
w(s) −

1

2

√

R [σ(s)] r
1

α [σ(s)]

αkσ′(s)
Q(t, s)





2

ds.

®MRSR[VSR
1

H(t, t1)

∫ t

t1

[

H(t, s)Rα [σ(s)] q(s)

−
R [σ(s)] r

1

α [σ(s)]

4αkσ′(s)
Q2(t, s)

]

ds ≤ w(t1).

�RLLNK�
t → ∞

TR �RL LMR UVKLSQWNULNVK T NLM
(22)

± ®MR SROL V[ PSVV[ NO ONZ NYQS
LV LMR PSVV[ V[ ®MRVSRZ ´ ±´ ±

�

�RL _O MQaR
H(t, s)

WR�KRW X\
(25)

±

H(t, s) = (t − s)n, n
NO Q PVONLNaR NKLR�RS ± ´��

®MRK ®MRVSRZ ´ ±´ PSVaNWRO LMR [VYYVT NK� USNLRSNVK �

)*�+,�� 
 �� -�� α ≥ 1 ��� (3)  �#�� % � ��"� � � �� � �� � �� � k ∈ (0, 1)

lim sup
t→∞

1

(t − t1)n

∫ t

t1

[

(t − s)nRα [σ(s)] q(s)

−
R [σ(s)] r

1

α [σ(s)]

4αkσ′(s)
Q2(t, s)

]

ds = ∞,
´��
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� ���
Q(t, s) = (t − s)

n

2

(

ασ′(s)

R
[

σ(s)
]

r
1

α [σ(s)]
−

n

t − s

)

.

/ �� ����$ ����� ��# #����$ � �#"���� �� 0 !% (E−) ����� �� 1 ��� �� t → ∞ %
� ��	,� � / ����� � %� �� ����� ���"#�� � ��� ����� � �� � �"���# ��� �������#
�!"������ �� � � � ��� �

(

x(t) − px(t − τ)
)

′′

+ q(t)x [σ(t)] = 0,

(

x(t) ± p(t)x [τ(t)]
)(n)

+ q(t)x [σ(t)] = 0,
(

x(t) − p(t)x [τ(t)]
)(n)

+ q(t)f
(

x [σ(t)]
)

= 0

� ��� ����� �� 	.� � 	´� ��� 	�� %
� ��	,� 
 &"����� p(t) ≡ 0� / ����� � %� � �� ���#�1 �� ���" #�� � ��� ����� ��	
� ��� 	�� � � ��� � � ��� �������# �!"������ �� � � � ��� (E1) ��� ��"����%
� ��	,� � / ����� � � %�� � %� ��� � %� ���� #�� ��� ���" #�� � ��� ����� �� 	·b ²� �� ��� �"� ��� ���# � �� � � � �"���# ��� �������# �!"������ �� � � � ��� (E2)�
���� ����� �#$ (E3) %
��	�	 �� � 
� �������� ��� �������# �!"�����

[

∣

∣

∣

∣

(

x(t) − px

(

t

2

))

′
∣

∣

∣

∣

α−1(

x(t) − px

(

t

2

))

′

]

′

+

+
2αβα(2p − 1)α

tα+1

∣

∣x(βt)
∣

∣

α−1
x(βt) = 0,

´��
� �� t > 0� r(t) = 1, τ(t) = t

2
, p(t) = p� 1

2
< p < 1, σ(t) = βt� 0 < β < 1�

q(t) = 2αβα(2p−1)α

tα+1 % ��

2αβ2α(2p − 1)α >

(

α

α + 1

)α+1

,

� �� �$ / ����� � %� ����$ ����� ��# #����$ � �#"���� �� 0 !% ´�� ����� �� 1 ���
�� t → ∞ % ��� �� � � � �#"����� �� 0 !% ´�� �� � �� �� ��� #� x(t) = 1

t
%
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	·� � � ���������� ��� � � ������� b �� ��# #����� �������� � �� � ����� �����
�������� ��� �������# �!"������ b ³¯¯«� ´µµ� b �L_WNRO V[ LMR �KNaRSONL\
V[ 	 NYNKQ LV QPP RQS� ±

	´� 
 � ������ b �� ��# #����� � ����� � � �� � �"���# ��� �������# �!"������ ��
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 ·´�� ´µµ
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 � ������ ��� � � � �������� b �� ��# #����� �������� � �� � ����� �����
� �"���# ��� �������# �!"������ b � QLMRZ QLNUQ �VMRZ NUQ b KV ± ´ ´µµµ� b ·
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� 
 � ������ ��� � �� � ���������� � b �� ��# #����� �������� � �� � ������
����� ��#�$ ��� �������# �!"������ b �PPYNRW � QLM ± QKW ³VZP_LQLNVK ·
µ
´µµ.� 

��
�. ±

	�� � �� � ����� � 
 �� � � �������� ��� � � ����� b �� �!"�#������ � �����
��%b ³QZXSNW�R �KNaRSONL\ °SROO b ³QZXSNW�R b ·��´ ±

	�� � � ������� b �� � � �� ��# #����� �� � � � �#"����� �� � � � �� ����� � "� ��
�����# � �"���# ��� �������# �!"������ b ¬V_SK ± V[ « YRULS ± «K� NKRRSNK� b aVY ±�
 b KV ±·´�O ´µµ.� .��
µ ±

	�� � �� � ��� ��� � � � ���! b " ��� �� � � ��� �� �� #$"���� ���% �����"#�& �� b �PPYNRW � QLM ± QKW ³VZP_LQLNVK ·�
 ´µµ�� ·�.
� ·�
 ·±
	²� ' � (� ��� � � � ���! b % �� � � �� �� ��# #����� �������� � �� � ����� ���

��� !"����#�� ��� � �"���# ��#�$ ��� �������# �!"������ b �PPYNRW � QLM ± QKW
³VZP_LQLNVK ·²´ ´µµ�� ����²µ. ±

� RURNaRW �_�_OL ·. b ´µµ��

¯RPQSLZ RKL V[ �PPYNRW � QLMRZ QLNUO QKW �_ONKROO JK[VSZ QLNUO b `QU_YL\ V[
«UVKVZ NUO b ®RUMKNUQY �KNaRSONL\ V[ )V*NUR b ¶ +ZUVaR, .´ b µ
µ µ· )V*NUR b
� YVaQ� NQ ±
0
�� ��# ������� - WQOQ ±YQU�VaQ. L_�R ±O�
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