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Abstract. In this paper, we first obtain three inequalities and two of them, in some
sense, generalize Sobolev’s inequality and Wirtinger’s inequality from periodic case to
quasi-periodic case, respectively. Then by using the least action principle and the saddle
point theorem, under subquadratic case, we obtain two existence results of weak quasi-
periodic solutions for the second order Hamiltonian system:

d[P(t)u(t)]

= VE(u(t) +e(t),

which generalize and improve the corresponding results in recent literature [J. Kuang,
Abstr. Appl. Anal. 2012, Art. ID 271616]. Moreover, when the assumptions F(t,x) =
F(t,—x) and e(t) = 0 are also made, we obtain two results on existence of infinitely
many weak quasi-periodic solutions for the second order Hamiltonian system under
the subquadratic case.
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1 Introduction and main results

In this paper, we are concerned with the existence and multiplicity of weak-quasi periodic
solutions for the second order Hamiltonian system:

d[P(t)u(t)]
dt
where u(t) = (ui(t),...,un(t))’, N > 1 is an integer, F € C!(R x RN,R), VF(t,x) =

(0F/0x1,...,0F/0xN)", P(t) = (pij(t))nxn is a symmetric and continuous N x N matrix-
value functions on R, e: R — RY, (+)T stands for the transpose of a vector or a matrix.

= VF(tu(t))+e(t), teR (1.1)
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It is well known that the variational method is a very effective tool which investigate
the existence and multiplicity of periodic solutions, subharmonic solutions and homoclinic
solutions for Hamiltonian systems and in these directions, lots of contributions have been
obtained (for example, see [6,7,11,12,15-28,30-34] and references therein). However, the
results on existence and multiplicity of almost periodic solutions for Hamiltonian systems are
not often seen by using variational approach. We refer readers to [1-5,13,29]. Especially,
when P(t) = Inxy and e(t) = 0, where Iy« is the unit matrix, recently, in [13], by using the
least action principle and the saddle point theorem, Kuang obtained two existence results of
quasi-periodic solutions for system (1.1). Next, we recall two definitions and Kuang’s results
in [13].

Definition 1.1 ([8]). A function f(¢) is said to be Bohr almost periodic, if for any &€ > 0, there
is a constant I, > 0, such that in any interval of length [, there exists T such that the inequality
|f(t+T) — f(t)| < € is satisfied for all t € R.

Definition 1.2 ([9]). A function f € C?(R x R™,RYN) is called almost periodic in ¢ uniformly
for x € R™ when, for each compact subset K in IR", for each € > 0, there exists /| > 0, and for
each a € IR, there exists T € [a, a + I] such that

supsup [|f(t+7,x) — f(t,x)[|gv <&
teR xeK

Let p > 1 be a positive integer and {T]-}]r.’:1 be rationally independent positive real con-
stants. Define

2mrt
A=U_ A =UL, {Tj ' me Z}, (1.2)

where A; = {2?—]” |mez}.
To be precise, in [13], Kuang obtained the following results.

Theorem 1.3 ([13, Theorem 2.3]). Suppose F satisfies the following conditions:
(f1) F(t,-) € CY(R x RN,R) and F(t,-) is almost periodic in t uniformly for x € RY;
(f2) VF(t,-) is almost periodic in t uniformly for x € RV;

(fs3) forany A e R/A, x €V,

1 T :
lim —— [ VF(t,x)e"™dt =0;
T

T—oo 2T J—
(fa) there exists g € L}OC(]R),for ae. t € Randall x € RN, such that
IVE(t, x)| < g(t);
1 T
(fs) %5207/_Tp(t,x) dt — +co as |x| = co.

Then (1.1) with P(t) = Inxn and e(t) = 0 has at least a quasi periodic solution, where the
definition of V can be seen in Section 2 below.

Theorem 1.4 ([13, Theorem 2.4]). Suppose that F satisfies (f1)—(fa) and
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T
(fo) lim 1/ F(tx)dt — —o0 as |x| = oo.

T—o0 -T
Then (1.1) with P(t) = Inxn and e(t) = 0 has at least one quasi-periodic solution by saddle point
theorem.

Obviously, (fs) implies that |VF| is bounded, which makes lots of functions eliminated.
For example, a simple function

F(t,x) = £|x|}, VteR (1.3)

which does not satisfy (fs). However, in this paper, we obtain that system (1.1) still has
quasi-periodic solution for such potential F like (1.3). To be precise, in this paper, inspired by
[10,13,15,24,28,32], we obtain the following results.

(I) Existence of weak quasi-periodic solution
By using the least action principle and the saddle point theorem, we obtain that system
(1.1) has at least one weak quasi-periodic solution.

Theorem 1.5. Suppose that (f1)—(f3) hold. If
(P) pij(t),i,j=1,2,...,N are Bohr almost periodic and there exists m > 3 such that

(P(D)x,x) > m|x|, forall (t,x) € R x {RN\ {0}};

() e is Bohr almost periodic and
T

lim e(t)dt =0;
T—oo )T
(W) there exist constants co > 0, k1 > 0, ko > 0, « € [0,1) and a nonnegative function w €

C([0, +00), [0, +0c0)) with the properties:

(i) w(s) <w(t), Vs<ts,tel0+o0),

(ii) w(s+1t) < co(w(s) +w(t)), Vs, te[0,+00),
(iii) 0 <w(t) <kit*+ky, Vte[0,+00),
(iv) w(t) — 400, as t — o;

(fa)' there exist g, h € Lloc(]R’ R™) such that
|VE(t,x)| < g(H)w(|x|) + h(t), forae t € R;

N\xi

p
1 (2) 2
(fs) wz(]x\) T—>oo 2T Ft,x)dt > Zm <T—>oo 2T/ > r a5 x| = oo,

then system (1.1) has at least one weak quasi-periodic solution.

Theorem 1.6. Suppose that (P), (£), (W), (f1)-(f3) and (fs)' hold. If

(fs)"
1 . 1 T
22([x]) im o [ F ) d
P
Al +2m) £ ]

7]
F=R R 2
< - 20m 1) (Tlgrgoz:r/Tg(t)dO as |x| — oo,

N
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where

|P[| = sup ~max [P(f)x]
tefo,T] |x|=1,x€RN

= sup max{ A(t) = A(t) is the eigenvalue ofPT(t)P(t)} ,
te[0,T]

then system (1.1) has at least one weak quasi-periodic solution.

Remark 1.7. Obviously, Theorem 1.5 and Theorem 1.6 generalize and improve Theorem 1.3
and Theorem 1.4, respectively. It is easy to verify that F(t,x) = |x[>/2 and F(t,x) = —|x|3/?
satisfy Theorem 1.5 and Theorem 1.6, respectively, but do not satisfy Theorem 1.3 and Theo-
rem 1.4. Moreover, similar to the argument of Remark 2.5 in [13], when P(t) = Inxn, e(f) =0,
V only contains a frequency 27t/T and F(t,x) is periodic in t with period T, in some sense,
Theorem 1.5 and Theorem 1.6 improve the corresponding results in [15] because of the pres-
ence of (W) and (fs)’. (W) and (fs)' were given by Wang and Zhang in [28], which present
some advantages compared to the well known condition: there exist g, i € Ll([O, T);R") and
a € [0,1) such that

[VE(tx)| < g(8)[x[* +h(t). (1.4)

Finally, one can also compare Theorem 1.5 and Theorem 1.6 with the corresponding results in
[32], in which, Zhang and Tang investigated the existence of T-periodic solution under (W)
and the following condition: there exist ¢ € L?([0, T];R*), h € L}([0, T;R") and « € [0,1)
such that

IVE(t x)| < g(H)w(|x]) + R(t), (1.5)

where g € L%([0, T|;R") is demanded from proofs of their theorems. In our Theorem 1.5 and
Theorem 1.6, when P(t) = Ixxn, e(t) = 0, V only contains a frequency 271/ T and F(t,x) is
periodic in t with period T, we only demand that ¢ € L!([0, T;R"). Hence, our results are
different from those in [32].

(IT) Multiplicity of weak quasi-periodic solutions
Moreover, by using a critical point theorem due to Ding in [6], we obtain the following
multiplicity results.

Theorem 1.8. Suppose that (P), (W), (f1)—(f3), (fs) and (fs)" hold. If
(€) e(t)=0, VteR;
(fs) F(t,0) =0 and F(t,x)=F(t,—x) forall (t,x) € R xRY;

F(t,x)
x50 [x|?

(fo)

= —oo uniformly forall t € R,

then system (1.1) has infinitely many weak quasi-periodic solutions.

Theorem 1.9. Suppose that (P), (€)', (W), (f1)-(f3), (fa)", (f5)”, (fs) and (fo) hold. Then system
(1.1) has infinitely many weak quasi-periodic solutions.
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2 Preliminaries

In this section, we need to make some preliminaries. Some knowledge and statements
below come from [3,4,8,9,13] .

Define

AP°(RN) = {u: R — RY | u is Bohr almost periodic},

endowed with the norm ||u||e = sup, g |u(t)]. Then (AP’(RY), || - ||«) is a Banach space.

Define

APLY(RN) = {u € AP'(RN) N CL(R,RY) ‘ u'(t) € APO(IRN)},
endowed with the norm
lull = Nutlleo + [[1'floo-

Then (APY(RYN), || - ||) is also a Banach space.

Let f € L%OC(IR, RVN), that is f is locally Lebesgue integrable from R to RYN. Then the mean
value of f is the limit (when it exists)

1 T
tim — [ f(t)at
T—oo 2T _Tf( )
A fundamental property of almost periodic functions is that such functions have conver-
gent means, that is, the limit

.17
fim 5 [ w0
exists.
Let p € Z*. BP(RY) is the completion of AP°(RY) into L%OC
norm

1/p
]|, = {hm =/ \th} .

The elements of these spaces B?(RYN) are called Besicovitch almost periodic functions.
For u € BP(RN), if

(R,RN) with respect to the

lim u(t+r) —u(t)
r—0 r

exists, then define
—u(t
Vi — Jim M) —u(t)

r—0 r

For u,v € BP(RN), if |ju — v||, = 0, then we say that u, v belong to a class of equivalence.
We will identify the equivalence class u with its continuous representant

t
:/ Vu(t)dt + c.
0
When p = 2, BZ(RV) is a Hilbert space with its norm || - |2 and the inner product

= lim — dt.
(u,v)2 = Tlglc}oZT/

When u € B?(RYN), define

/\ = 1 o fl)xt
alu, TI—I};o 2T /
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which are complex vector and are called Fourier-Bohr coefficients of u. Let A(u) = {A € R |

a(u,A) # 0}.
Define
BY2(RN) = {u € B*(RN) ‘ Vu exists and Vu € BZ(IRN)}

endowed with the inner product

(u,v) = (u,v)2 + (Vu, Vo),

:11mﬁ/ dt+hmﬁ/ (Vu(t), Vo(t)) dt,

T—o0

(2.1)

and the corresponding norm

1 T 1/2
_ i 2 - 2
]| = {hm - (B dt + lim ZT/Tva(m dt}

Define
V= {u € B(RY) | A(w) C A}
Then V is a linear subspace of B?(RN) and (V, (-,-)) is a Hilbert space.
Inspired by [13] and [16], we present the following two lemmas:

Lemma 2.1. If u € V, then
p

where .
iy > 2mrt
()= Y awAD)et, A =€
m=—o0
and

lulle < | P +Z Hull 22)

Proof. Since V C BY2(RN) C B2(RY), then

—+o0

u(t) ~ Y a(u,Aw)e™, Ay €A
m=—oo
and .
Vu(t) ~ Y idpa(u, Am)e™™, Ay € A
m=—oo
Combining (1.2), we obtain that
|4 p
u(t) ~ Zu]-(t), Vu(t) ~ Z Vui(t). (2.3)
j=1 j=1
By Parseval’s equality, we have
2 _ g 1T 2 (S 2
3 = tim o [ Ju(o) dtzm;ww(u,Amn , 24)
|Vul3 = lim L |Vu(t)*dt = Z Agla(u, Am)|?. (2.5)
2T 50 2T T )

m=—oo
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Hence

+
3

Z ‘a(”/)‘m)‘z = Z

m=—oo ]

Then by [14, Theorem 3.5-2], we have

]a(u,/\,(,p)lz < +o0.

m

400 p
=1

+oo ‘
u(t) =Y, a(u, Ay)e™t, Ay € A
m=—oco0
and .
Vu(t)= ), iAma(u, Ay e, Ay € A.
m=—oc0
Since
=1
oo M2 37
m#0
then
p
u(t)] < Y u;(t)]
=1
SR () |1,iAe
<Y Y lalu An)] e
P+ i)
=Y Y la(u )]
]:1m:7<>o
: NI o s ()
= Y la(uw AN +Y. Y lau, )l
j=1 jim=—co
m#0
: DO LG )
=Y la(w,0)[+) ). T|Ama(u,)xm)|
j=1 j=1m=—co [Ay|
m#£0
p Pt T 4 )
= L lawol+} ¥ o ||A,Sz>a(u,;\,§4>)y
=1 j=1m="—00 ST
m#£0
1/2
vl T L0
< i —
<plim o | uOR Y| L g || B
m70 m#0

<plim —— /T lu(t)[2dt 1/2+f T +Z°;° IADa(u, A
m#Q
1/2

P TP\Y2 [ p o4 .
SPHMH2+<21]2> Y X e AP

j=1

p TZ 1/2 .
< (#eED) OuEeivaz™
=1

1/2

(2.8)
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Hence (2.2) holds. (2.2) implies that the embedding from V into AP°(RY) is continuous. So

u € AP°(RN). Thus we complete the proof. O
Lemma 2.2. If u € V and
1 T
lim —— = 2.
o 2T /Ju(t) =0 29
then
4 TJZ
e <4120 351Vl (2.10)
and
Jule < max{ 2 | j=1,....p 190 211
ullz<maxqs—j=1....p u||2. (2.11)

Proof. By (2.8) and (2.9), it is obvious that (2.10) holds. Moreover, by (2.5) and (2.9), we have

—+00
IVullz =3 Ala(u,Aw)l?
Pooteo .
=Y ¥ IAa(w AP

m#£0

Hence, (2.11) holds. O

Remark 2.3. A version of Lemma 2.1 and (2.10) has been given in [13] (see [13, Lemma 3.1
and Lemma 3.3]), where the author obtained that there exists a constant C > 0 such that

[ulle < (CH+Dfful, YueV,

and when (2.9) holds,
[uflo < C[[Vu]2.

However, the value of C are not given. Our Lemma 2.1 and Lemma 2.2 present the value of
C, which will play an important role in our main results and their proofs. Moreover, we also
present the inequality (2.11). One can compare (2.10) and (2.11) with Sobolev’s inequality and
Wirtinger’s inequality in [16] which investigate periodic functions u € Wy?. It is easy to see
that when V only contains a frequency 27t/ T, (2.11) reduces to Wirtinger’s inequality.

Lemma 2.4 ([13, Lemma 3.2]). For any {u,} C V, if the sequence {u,} converges weakly to u, then
{un} converges uniformly to u on any compact subset of R.
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Lemma 2.5. Suppose F satisfies (f1)—(f3), then the functional ¢: V — R, defined by

o(u) = 11 ZT/ [ u(t), Vu(t)) + F(t,u(t)) —|—(e(t),u(t))] dt (2.12)
is continuously differentiable on V, and ¢'(u) is defined by
(¢'(u),0) = Thir;ﬁ/ t), Vo(t)) + (VE(E u(t)), o(t)) + (e(t),v(t))}dt (213)

for v € V. Moreover, if u is a critical point of ¢ in V, then
V(P(t)Vu(t)) = VFE(t,u(t)) +e(t). (2.14)

Proof. The proof with P(t) = Inyxn and e(f) = 0 can be seen in [13, Theorem 2.1]. With the aid
of the conditions (P) and (), it is easy to see that the proof is the essentially same as Theorem
2.1 of [13]. So we omit the details. we refer readers to Theorem 2.1 and its proof in [13]. O

Definition 2.6. When u satisfies (2.14), we say that u is a weak solution of system (1.1).

3 Existence

In this section, we will use the least action principle (see [16, Theorem 1.1]) to prove Theo-
rem 1.5 and use the saddle point theorem (see [19]) to prove Theorem 1.6.
Define

V:{uEV‘hmZT dt—O}

and
V={u|uecVnRN}.

Then V =V @ V. For u € V, u can be written as u = ii + il, where

i = dt V
" oozT/ <

It is easy to obtain that

1T
7lgr(}oﬁ/_Tu(t)dt—0.

Then ii € V. For the sake of convenience, we denote

M]—hmﬁ Z—IImﬁ

.1 j
M3_Thmﬁ/_T’()|dt c* —max{zn

j=1,.. ,p}.

Proof of Theorem 1.5. Since V is a Hilbert space, then V is reflexive. Note that P is positive
definite. Then 3(P(t)Vu(t), Vu(t)) and (e(t), u(t)) are convex and continuous. Then by the
proof of [13, Theorem 2.3], we know that ¢ is weakly lower semi-continuous. Condition (fs)’
implies that there exists a; > 1 Z]P:l (sz/ 12) such that

alcOM2
I (t,x) dt 3.1
e | w2 ([x]) |xy TﬁoozT/ x) ] 2 31)
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It follows from (W), (fs)' and Lemma 2.2 that

lim ZlT/TT[F(t,u(t)) —F(t,a)]dt‘

T—o0 _
= 21/T [E(t,u(t)) — F(t,a )]dtl
= fin, ZT/ / (VE(t, 1+ si(t)), ﬁ(t))dsdt'

< lim ﬁ/ / IVE(t, @ + sii(t))||a(t)] ds dt

T—o0

< ||| lim— /|VPtu+su()|dsdt

<HuHoohmﬁ// w(|ii + sii(t)]) + h(£)] ds dt
< [l lim o //cog w(|i]) 4 cog(H)w(|si(t)|) + h(t)] ds dt (3.2)

< o —
colllwce([al) Jim o [ gty

+ ol lim // )k [sia(t |"‘+k2]dsdt—|—HuHmhm—/

[LIF e ) | oMk,
2ay 2 a+1

< )18 + coka M ||| o + Mz || co

a+1

1 4 TZ aic M2 2(|MD COM1k1 PoTE *
< 0 A a+1
< oo (Z 12) Va2 + 5 T ; ) IVul

P T? 2
+ (Cokle + Mz) Z 1]2 ||Vu||2
=1

It follows from (3.2) and Lemma 2.2 that

(P u = Th—mo ZT/ [ ) vu( )) +F(t,u(t)) —F(t,ﬂ) —|—F(t,a) + (E(t),u(t)) dt
m ., 1 P T? a1 M2 (|])
> dim op [ IVHOPa - o <]; 1]2> IVl = ==

a+tl

2\ 2
coMiky (& T 1
— 70(4—1 (212 ||Vu||”‘+ (Cokle +M2)

=1
hmﬁ tudt—i—hmﬁ 1
p TZ p T2 %
m 1 j ) oMk j a1
U _L _ L
= (2 20 A 12) IVullz = == ]g o] Vel
p T2\ 2
— (cokoM1 + My + M3) <2 1]2> | V|2 (3.3)

MZ
w2(|a\)< ) lim ﬁ F(t, i dt—alcoz )
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Note that a; > - ZP 1(T2/12) Since ||u|| — oo if and only if

1 1/2
<|u|2 + hm n o5 ) |Vu( )|2dt> — 00,
(3.3), (3.1) and (W)(iv) imply that

o) = +oo, as [|uf| - .

Then by the least action principle (see [16, Theorem 1.1]), we know that ¢ has at least one
critical point #* which minimizes ¢. Thus we complete the proof. ]

Proof of Theorem 1.6. 1t follows from (f5)” that there exists a, > Zp 1 (T2 /12) such that

. 1 1T az || P| Vv 2
lim —r— lim — [ F(tx)dt < — 4
(x|veo w2(]x]) T-vo0 2T /_T (tx) dt < (4m2+2m1 Z12 oM. (34)

At first, we prove that ¢ satisfies (PS) condition. Assume that {u,} C V such that ¢(u,) is
bounded and ¢’(u,) — 0 as n — co. Then there exists a constant Dy such that

l9(un)| < Do, [|¢/ (un)|l < Do. (3.5)

Similar to the argument of (3.2), we have

T—>002T/ / (VE(t, un(t n(t))dsdt‘
< lim 2—/ / |VF(t, u,(t))| |fin(t)|ds dt

T—o0

summmgiif[TA\VP@quN%dt
SHmegy1/¢/qkmwﬂ%+ﬁdﬂb+hﬁﬂﬁﬁ
< Nl Jim o [ [ feog0)eo(1]) + cogt)eo(ln(0)]) + (1)) s

. 1 1T .
< col|inllow([ita]) lim == [ g( )dt + colltulleo lim 5o [ g(8)lkaln(£)|" + ko] dt

| L h(t)d

il lim o [ ()

a3 | aacgMiw 2(Iunl)
2{12 2

IN

+ coMiky || || %Y + coka M ||t || oo + Ma ||y || o

a+1

w?(|itn]) (pﬂ
+COM1k1 Z L HVMnH“Jrl
2 =12

1 & T7 ,  WCEMZ
< V' _L
< 5 L sl +

PoT?\?
+ (cokoMy + My) (Z 1]2> IViy]|2. (3.6)
=1
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Hence, by (3.5), (3.6), (P) and Lemma 2.2, we have

Dol |t
> (¢ (u ) i)
= lim 7 [(p )V (£), Vitu(£)) + (VE(t0a(1), T (1)) + (e(£), Bn (1)) |
o (= L3 T v 2 () 37)
= T < qp | Y2 2
p T2 % p T2 %
— coMiky (Z 1] ) [Vun |5+ = (cokoMy + My + Ms) (Z 1]2> |V ||2-
j=1 j=1

Moreover, by Lemma 2.2,

1 T 1/2
Dyl|ii,|| = Do { lim — | 7 (t)|* dt + 11m —/ |V, (t |2dt}

o 2T (3.8)
“ 1/2
< Do ((C*)*+ ) [V 1tz
Note that m > % So (3.7) and (3.8) imply that
1 _
m”ZC%M%wz(WnD > [|[Vun |3+ Di, 3.9)

where

pT? poT2\ T
D1 = min = L Z 7] S - CoM1k1 Z L S“Jrl
$€[0,400) 2a; = 12 i 12

p T2\ ? 1/2
— (c0k2M1+M2+M3) (21]2> —DO((C*)2+1) S )p.

j=1

Since a, > E]r-;l(Tf/ 12), then 0 > D; > —oo. Hence, there exists a positive constant D, such

that
a
Vit |2 < 1/Zmz_1(:0M1w(\an\) + D, (3.10)
Similar to (3.2), we have

lim 2T/ (t, un (¢ F(t,ﬁn)]dt’

_ N - 1 ot N
< colltall () Jim 5 [ gt +collulle Jim 5 [ [ (b lkalsina (] + k] ds s

1 T
+ ||7in]| oo hm — h(t) dt

0 2T
P12 _
S \/E“;l ﬁC%M%wzﬂunD
P T2 2
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coMiky | . _ _
EH_lll||Mn!|§o+1+C0k2M1||unHoo+M2Hun||oo
LT a2 w?
. ) T2 Vaz, | ¥ tyeoMiw”(|ia]) Mok (2 T? =
< 4 P j=1 CoiVi1Ky i tx+1
P T2\ 2
+ (cokoM1 + M) <Z 1]2> [ Vity |2.
j=1
It follows from (3.5), (3.9), (3.10) and (3.11) that
—Do < @(uy)
:TWZT/ [ Y Vit ( )Vun(t))+F(t,un(t))—F(t,ﬁn)+F(t,ﬂn)+(e(t),un(t))]dt
a 202
IP] T 1 p T? v EllchM (1)
< 2dt + —— - 5 ~
<5 Tlii‘ozT Vi ()|dt+2\ﬁ 212Hwn||2+ 5
coM1k P T? E pT? :
0VI1Kq i atl 4 e
+ P (j_l 12) Vi[5 + (cokaMy + Ma) <]; 12) [ Vin|]2
+1 Lot n)dt + 1
+lim o [ R ”Tﬁfsoﬁ/ at

S LIl I R P
S\ 2 Teym\H12) om0 !

;_\

1
PoT?\ 2 7
Z ]) |: 2m2_1C0M1’(/U(‘1/_lnD+D2:|

+ (Cokle + Mz + M3 (
j=1

LT oam
Va2 ,ZlﬁcoMl
]:
+ ? (|t

5 w )+ 11m ﬁ F(t,ii,)d
_ a||P|| | mya 2
< w? =
< w(Jiy]) |w { (ia]) 11m 2T n)dt+ ( 2+2m—1 212 M
+ Dsw" " (|itn|) + Dyw(|itn]) + Ds, (3.12)

where D3, Dy and Ds are positive constants. Then (3.12), (3.4) and (W)(@iv) imply that
{w(|ii,|)} and {ii, } are bounded. Furthermore, by (3.10), we obtain that {||Vu,||»} is bounded.
Hence {u,} is bounded in V, that is, there is a constant Dg > 0 such that ||u,|| < Dg. Then
there is a subsequence, still denoted by {u,}, such that {u,} weakly converges to u* € V.
Next we prove that u, — u* in V, as n — oco. The proof is similar to [13]. By Lemma 2.4, we
know that {u,} converges uniformly to u* on any compact subset of R. Then for any T > 0,
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we have
max |u,(t) —u*(t)] -0, asn — oo. (3.13)
te[-T,T]
Since VF(t, x) is almost periodic in t uniformly for x € RN and continuously differen-
tiable in x, then {VF(t,u,(t))} is bounded in R x [—+/p% + T2/12 D¢, \/p? + T2/12 D] and
{VEF(t,u*(t))} is bounded in R x [—||u#*||c, ||*||w]- Hence, by (3.13), there exists Dy > 0 such
that

: 1 T * *
;ggoﬁ/_T(VF(tlun(t)) — VE(tu* (1)), un(t) — u™(t))dt

. MaXie[—_T,71] |“n (t)]
< lim / IVE(t un(£)) — VE(t, 1 (£))|dt 514)
<Dy li -
7 e el '””( )~ (t)]
—0, as n—oo
and
%grgoﬁ[T(e(t),un(t) —u (t))dt‘
1 T
< lim 7/ le(F)] |un(E) — u* (1) dt
T— 00 T
maxc|_7,7] |Un(t) M*(f)|/T (3.15)
<
- 71—>oo 2T _ ’€(t)’dt
B . maxee_1,7) [Un(t) — u*(t)]
=M, lim 2T

— 0, as n — oo.

Since u, weakly converges to u* and ¢'(u,) — 0 as n — oo, the boundedness of {u, } implies
that
(¢'(un) — @' (u*),uy —u*y =0, asn— oo. (3.16)

Note that

(9" (un) — 90’(u*) Uy —1")

= lim / OV (t) = PV (1), Vi () = Vu' (1))
(3.17)
+ (VE(t un(t)) = VE(t,u™ (1)), un(t) — u™(t))
o (e(t), un () — w* (1)) | at
Then (3.14), (3.15), (3.16) and (3.17) imply that
11m ﬁ HVu,(t) — P(£)Vu™(t), Vu,(t) — Vu*(t))dt —0, as n—oo, (3.18)

which, combining with (P), implies that

: 1 T * 2
Tlgr;oﬁ /_T \Vu,(t) — Vu*(t)|*dt -0, as n— oo. (3.19)
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By (3.13), it is easy to obtain that

T—o0

T
lim 1/ lun(£) — ()2 dE = 0, as n — oo. (3.20)
2T J-T

Hence, (3.19) and (3.20) imply that ||u, — u*|| — 0 in V. Thus we prove that ¢ satisfies the
(PS) condition.
Next, we prove that

@(u) — 400, asu € Vand |ul| = oo, (3.21)
¢(u) — —oo, asu € Vand |u| — oo. (3.22)

In fact, when u € V, it follows from (f;)’ and Lemma 2.2 that

%E‘:oﬁ/ — Wf’
_ Thii‘oﬁ ‘/ (t, u( F(t,O)]dt‘
= T]gr(}oﬁ ‘/ / (VF(t,su( (t))dsdt’
< %Er;oﬁ/ / IV E(E su ()| |u(t)| ds dt

< s Jim o // w(Jsu(t)]) +h(t)] ds dt

< Jufls Jim o // s u(E)|* + kag () + h(1)] ds dt
< 218

+ (koM1 + M) ||| o (3.23)

“a+1
Mk T2 % p T2 %
1K1 i a+1 L
Then
p(u) = Thwﬂ/ [ u(t), Vult ))+F(t,u(t))—F(t,0)+F(t,O)+(e(t),u(t))} dt
1 T Mk p T? s
> im — 29y _ ] a+1 .
> m lim 5= /_T\Vu(f)l dt— - <]Z1 12) [Vull3 (3.25)
P T?\ 2
_ (k2M1 + Mj +M3) <Z 1]2> ||Vu||2, forallu e V.
i=1

By Lemma 2.2, it is easy to see that ||Vul|, is equivalent to |u|| in V. So (3.25) implies that
(3.21) holds.
Moreover, by (f5)” and (W)(iv), it is easy to see that

lim—/ (t,x)dt = —oco, as |x| = co.
T—oo 2T ’|
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Then when u € V, by (£), we have

T
o(1) = lim 1/ F(t,u)dt — —co, as |u] — oo,

T—oo 2T -T

(3.22) holds. Thus, by using the saddle point theorem, we complete the proof of Theorem 1.6.
O

4 Multiplicity

In this section, we will use the following critical point theorem due to Ding [6] to prove
Theorem 1.8.

Lemma 4.1 ([6, Lemma 2.4]). Let E be an infinite dimensional Banach space and let f € C'(E,R)
be even, satisfy (PS), and f(0) = 0. If E = E; & E,, where E; is finite dimensional, and f satisfies

(i) f is bounded from above on E;,

(ii) for each finite dimensional subspace E C E, there are positive constants p = p(E) and o = o(E)
such that f > 0 on B, N E and f‘aBme > o where B, = {x € E;||x|| < p},

then f possesses infinitely many nontrivial critical points.

Proof of Theorem 1.8. Let —¢ = f. Obviously, the critical points of —¢ are still the solutions
of system (1.1). Then (fg) implies that —¢ is even and —¢(0) = 0. Let E =V, E; = V and
E; = V. By (f4)' and Lemma 2.2, we know that (3.25) holds. Then

1
o1 T . Mk (& T2
_ < — _ _J a+1
o(u) < —m lim 5T /_T\Vu(t)| dH_oc—i—l ; 13 | Vu||5

2

p
I -
12) IV, forallu eV,

!

p
+ (kaMy + My + M3) (
j=1

which implies that
—@(u) = —oco, asu € Vand |u]| - .

So —¢ is bounded from above on E;. Condition (i) of Lemma 4.1 holds. Next we prove that
—@ also satisfies (ii) of Lemma 4.1. For each finite dimensional subspace £ C V, all norms
are equivalent on E. Then there exist positive constants d; := d;(E) and d; := d»(E) such that

duJul] < Jlullz < dajul].

If follows from (fo9) that there exist M > % and r > 0 such that
1

F(t,x) < —M|x]?, V|x| <.

Note that e(t) = 0. Let
;

L
P2+2]p:1ﬁ
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Then for all u € B, NV, we have

—(u) = — lim le/TT B(P(t)Vu(t),Vu(t))+F(t,u(t)) dt

T—o00

> —HHVMH%—FM lim 1/T lu(t)|?dt
- 2 T— 2T J_T

> P 4 m

> 0.

Let o = (Md? — @)p Then (ii) of Lemma 4.1 holds.
By (3.3), we know that

—¢(u) — —oo, asu € Vand |ul| — oo. (4.1)

Then for any sequence {u,} C V such that —¢(u,) is bounded and —¢'(u,) — 0 as n — oo,
(4.1) implies that {u,} is bounded. Similar to the argument of Theorem 1.6, {u,} has a
convergent subsequence in V. Hence, —¢ satisfies (PS) condition. Thus by Lemma 4.1, we
obtain that —¢ has infinitely many nontrivial critical points. The proof is complete. O

Proof of Theorem 1.9. By the proof of Theorem 1.6, it is easy to see that —¢ also satisfies (PS)
condition. Moreover, by the proof of Theorem 1.8, we know that (f;)’ and Lemma 2.2 imply
that (i) of Lemma 4.1 and (f9) implies that (ii) of Lemma 4.1 holds. Thus by Lemma 4.1, we
obtain that —¢ has infinitely many nontrivial critical points. The proof is complete. O
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