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Abstract

We are concerned here with the existence of monotonic and uniformly asymptot-
ically stable solution of an initial-value problem of non-autonomous delay differential

equations of arbitrary (fractional) orders.
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1 Introduction

In a number of papers [1, 2, 3, 7] stability and existence of solution of some equations of
fractional order has been investigated.
In [2] the authors proved the stability (and some other properties concerning the existence

and uniqueness) of solution of the problem of non-autonomous system

Diy X(t) = At) X(t) + f(t), a € (0,1, X(to)=X",
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where the coefficients of the matrix functions A(t) and f(¢) are absolutely continuous func-

tions. And the problem

d d B
X0 = A@) - Iy XO) + f(1), € (0,1], X() = XY

where the coefficients of the matrix A(t) are bounded and measurable and the function f(t)
is integrable.
Let ; € (0,1], B; €10,1), i=1,2,...,n, j=1,2,...,m, and r;, oj are positive

constants. Consider the initial-value problem

—a(t) — f(t,=(t),Dta(t —r1),...,Dpra(t — 1))
dt (1.1)
= g(t,x(t), DI x(t — 01),..., DIma(t — 0,)), t >0,
z(t) = xo, t <0, (1.2)

We prove here the existence of uniformly asymptotically stable and monotonic increasing
solution x € C[0,T7] of (1.1) with 2 € C[0,T].
As an application the special (linear) case

n m

% 2(t) - a(t) 2(t) = S () Dl — i) + 3 b)) DL (i — )
i=1 j=1 (1.3)

x(t)=z9 t<0

and the initial value problem of the multidimensional neutral delay differential equation

d n m

— | z(t) =) ai(t) z(t— T2)> = bi(t) z(t — o)

dt ( E% ;‘: ’ ’ (1.4)
2t)=0 t<0

will be studied

2 Preliminaries

Let L'[a,b] denote the space of all Lebesgue integrable functions on the interval [a,b],

0<a<b<oo.
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Definition 2.1. The fractional (arbitrary) order integral of the function f € L'[a,b] of
order 3 € R" is defined by (see [4] - [6])

where T'(.) is the gamma function.

Definition 2.2. The (Caputo) fractional-order derivative D® of order o € (0,1] of the
function ¢(t) is defined as (see [4] - [6])

Dg g(t) = I; = g(t)v t e [avb]'

The following properties are some of the main ones of the fractional derivatives and
integrals. Let 3,7 € R and a € (0,1). Then we have
() If « L' > L', and if f(z) € L', then IJ I} f(z) = 177 f(a).
(i) limg_p 17 f(z) = I? f(z) uniformly on [a,b], n = 1, 2, 3,---,
where I} f(z) = [ f(s) ds.
(iii) limg_.g 17 f(x) = f(x) weakly.
(iv) If f(x) is absolutely continuous on [a,b], then lim, .1 Dg f(xz) = =5~

(v) If f(z) = k#0,kis a constant, then D% k = 0.

3 Existence of solution

Let C[0,T] be the class of continuous functions. For x € C[0,T] we use the norm |z|/; =
sup, e Nz (t)| , N > 0.
Let f:[0,T]xR"! - R,, ¢:[0,T]xR™! — R, and f, g satisfy the Lipschitz condition

n
|f(t,£l?0,$1,... axn) - f(t’y(],yl,"' >yn)| < klz |'IZ _y2|, kl >0
=0 (3.1)

m

‘g(t7x07x17"'7xm) _g(t7y07y17"'7ym)‘ S kQZ’wj _y]’7 kQ >0
7=0

Theorem 3.1. If f and g, satisfy the Lipschitz condition (3.1), then the Cauchy problem
(1.1) - (1.2) has a monotonic increasing solution x € C[0,T] and % € C[0,T).
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Proof. Let y(t) = 4 x(t) then =z(t)=z0+ 1 y(t), which implies

t
/ y(0 —r;)do,

i

ie.

x(t —r;) =z + I, y(t —

from which we obtain

d
— ot —rg) = L7 y(t =),

1—a;
L dt

Similarly we obtain

1-8;, d 1-8;
IUJ' & i ot — Uj) = IUJ' & y(t — Uj)7

Now equation (1.1) can be written as
y(t) = f(t,z0+ Ty(t), [} y(t

+g(t,zo + 1 y(t), I, ™

Define the operator F : C[0,T7] — CI[0,T] by
Fy(t) = f(t.zo + Iy(t). [

+g(t,zo + I y(t), 1177

then

Fy(t)—Fz(t) = f(t,zo+Iy(t),I};™

— f(t,mo + Tz(t), I 2(t —

+ g (towo + T y(t), 157

—T‘l),...

y(t —o1),...

y(t —r1),...

y(t —o1),...

1=0,1,2,...,n

ri)a

1=0,1,...,n.

j=,0,1,...

Il_a"

s Lry

y(t —740))

Il_ﬁn y(t - 0-"))’

Y 0on

L y(t =)

0yt — ay),

y(t—ry),... ,Iﬁn_o‘" y(t — rn))

) Ama z(t — rn))

TR

7’1),...

y(t - 01)7 s 713;671 y(t - Un))

-9 t,xo—i—Izt,Ilfﬁl z(t — o1 ,...,Ilfﬁ"zt—an ,
o1 On
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and

e N Fy(t) — Fz(t)] = e M | f (t, 20 + Ty(t VL y(t =), Iyt — 1))

7"1) ...,Iﬁna" (t—?"n)ﬂ
—i—e*Nt‘g(t,xo—i—Iy( ),I;lﬁ1 (t—al),...,I;;ﬁ" y(t—an))

-9 (t,xo +1 z(t),[i;ﬁl 2t —01),... TP 2(t — an)>

— f(towo + T2(t), I 2(t -

1T

s don,

(k1 + k2) /0 e VO Jy(s) — 2(s)|ds
+ k1 Z / e—N(t)% ly(s —r;) — z(s — r;)|ds

t—s —Bi
+k22/ s ot =) = =l =l

)

IN

which implies that

t
1Py~ Fzll, < (ki +ko)lly — =, / e NE=0) g
0

n s o
+ ) v o t—rpr. —0) %
klly =zl E e N / e Nt=ri ot —ri—0)""

do
i1 0 (1 —a)
- t=0j (t—o;—0)5
+hally— 2l Yo eV / R M/ Rk 2 )
! ; 0 T(1—5)
ki1 + ko
< N ly — 2l
N(t—r;) U g = du
]C _
+hally— =, Z/ VT
N(t UJ) ei ufﬁj du
sy, Y | aa
1;0 N T(1-38) N
ki + ko ~ 1 — 1 -
< N klz;w‘f‘kzzgm ly — zll; < K lly — =l ,
i= Jj=
where
= ki + ko =
1=

Now we choose N large enough such that K < 1, then
1Fy = Fzll, < ly =z,
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and the map F is contraction and has a unique positive fixed point y € C[0,T"] which proves
the existence of a unique solution = € C0, T of the Cauchy problem (1.1) - (1.2). Now the
solution of (1.1) - (1.2) can be written as z(t) = zo + I y(t), this implies that £ =y > 0

which prove that Ccll—f € C[0,7] and z is monotonic increasing. O

4 Stability

In this section we study the stability of the solution of the initial value problem (1.1) -
(1.2).

Theorem 4.1. If the solution of the initial value problem (1.1) - (1.2) exists, then this

solution is uniformly asymptotically stable.

Proof. Let y(t) be a solution of problem (1.1) - (1.2) and y*(¢) be a solution of problem
(1.1) with the initial value z*(t) = zf; t <0 then

e N y(t) — v < eV F(tmo+ Ty(t), L y(t — 1), L7 y(t —70))
— f(t,x5+ Ty*(t ),Irl1 A y*(t —7“1),...,[,%70‘" y*(t —rn))‘

+ e NMg(t,zo + 1 y(t), I y(t — o), ... Io P y(t —0y))

= g(tag + 1y (), Ip, " y*(t = o), I Py (t = o)

Yol

t
< O {e Moo =il [N N () -y (slas)
0
th t_S M R
Z/ s byl 1) (s = )l s
(t—s)" Bi
+hge N / y(s — o) —y*(s — 0;)| ds
: Z s s =) == )
t
< (k) {e—mrmo —a [N N ) - (olds)
0

+k12 / e r<1_2>ai N Jy(6) — y*(6)|d6

b N(t— o =0 _ *
; kQZ / ”Tﬁj) N 1y(6) — y*(6)|a0
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and

. _ . k1 + ko .
=yl < (kat ko) e Hwo—wolllJr(T)Hy—y I
N(t—ri) u_o‘i du
t OJ) ufﬁj du
k
o ly — "l Z/ WA =5y ¥
< (k14 ko) e [lzg — a5
ki + ko 1 " 1 *
N klz;m—FkQZ;W ly —y"ly
1= j=

this implies that

where

Now

this implies that

then
* —Nt * 1 *
le =2, = e llzo —aglly + 5 ly =97l
— * ~\ 7L kl + kz — *
< e flmo—ail + (1-K) (S e flao — il
ki + ks ) Nt ]
< 1+ —F—] e To — ZTollq
(1 gt ) e o =il
therefore limy_,o |[x — 2*||; = 0, then the solution of the system (1.1) is uniformly asymp-
totically stable. O
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Application

(1) Consider now the initial value problem (1.3). Letting

n

f(t,z(t), Dttt —r1),...,Dira(t — ) = a(t) z(t) + Z a;(t) Dzt —r;)

1=1
and
m
g(t, 2(6), D2 a(t — 1), ..., DEnr(t — o)) = S by (1D a(t — o)
j=1
where a; and bj, 7,7 = 0,1,2--- are positive continuous functions on [0, 7] with |a;(t)| < a

and |b;(t)| <b. Then our results here can be applied to the initial value problem (1.3) and

prove the existence of positive monotonic and uniformly asymptotically stable solution for

the initial value problem (1.3).

(2) Consider now the initial value problem (1.4). Letting «; — 1 and § — 0 in (1.3)

and use the proberties of the fractional derivative ([1]) we obtain (1.4).
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