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Abstract. This paper is concerned with new boundary value problems of nonlinear g-
fractional differential equations with nonlocal and sub-strip type boundary conditions.
Our results are new in the present setting and rely on the contraction mapping prin-
ciple and a fixed point theorem due to O'Regan. Some illustrative examples are also
presented.
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1 Introduction

In this paper, we introduce a sub-strip type boundary condition of the form

1
x((f):b/ x(s)dgs, 0<g<py<l,
U

which relates the contribution due to a sub-strip of arbitrary length with the value of the
unknown function at an arbitrary (nonlocal) point off the sub-strip. Precisely, we consider
the following boundary value problem of nonlinear fractional g-difference equations with
nonlocal and sub-strip type boundary conditions:

‘Dix(t) = f(t,x(t)), t€[0,1], 1<v<2 0<g<],

1]
x(0) =x0+g(x), x(¢) = b/l x(s)dgs, 0<g<n<l, (1.1)
n
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where ‘D; denotes the Caputo fractional g-derivative of order v, f: [0,1] x R — R and
¢: C([0,1],R) — R are given continuous functions, and b is a real constant. Here we em-
phasize that the nonlocal conditions are more plausible than the standard initial conditions to
describe some physical phenomena. In (1.1), g(x) may be understood as g(x) = Zf L x(t)
where aj,j =1,...,p, are given constants and 0 < t; < ... < t, < 1. For more details we refer
to the work by Byszewski [1,2].

Recent extensive studies on fractional boundary value problems indicate that it is one of
the hot topics of the present-day research. There have appeared numerous articles covering
a variety of aspects of these problems. The nonlocal nature of a fractional order differential
operator, which takes into account hereditary properties of various material and processes,
has helped to improve the mathematical modelling of many real world problems of physical
and technical sciences [3,4]. For some recent work on the topic, please see [5-13] and the
references therein.

Fractional g-difference (g-fractional) equations are regarded as the fractional analogue of g-
difference equations. Motivated by recent interest in the study of fractional-order differential
equations, the topic of g-fractional equations has attracted the attention of many researchers.
The details of some recent development of the subject can be found in [14-20], whereas the
background material on g-fractional calculus can be found in a recent text [22].

The paper is organized as follows. In Section 2, we recall some fundamental concepts of
fractional g-calculus and establish a lemma for the linear variant of the given problem. Section
3 contains the existence results for the problem (1.1) which are shown by applying Banach’s
contraction principle and a fixed point theorem due to O’ Regan In Section 4, we consider
a new problem with a Condition of the form Dyx({) = b f ) dgs (flux sub-strip condition)
instead of x() = b f s) dys in (1.1). Finally, some examples 111ustrat1ng the applicability of
our results are presented in Sectlon 5.

2 Preliminaries

First of all, we recall the notations and terminology for g-fractional calculus [21-23].
For a real parameter g € R* \ {1}, a g-real number denoted by [a], is defined by

1—-4g°
[a]; = —y ae€R.

The g-analogue of the Pochhammer symbol (g-shifted factorial) is defined as

k—
(@qo=1, (q=]]1-aq), keNU{w}

H

I
o

The g-analogue of the exponent (x — y)k is
k=1 ,
(=@ =1 (x=y)=T](x-ua), keN xyeR
j=0

The g-gamma function I';(y) is defined as

—g)-D)
i) =

where y € R\ {0, -1, —2,...}. Observe that Iy (y + 1) = [y]sT4(v).



Nonlinear q-fractional differential equations 3

Definition 2.1 ([21]). Let f be a function defined on [0,1]. The fractional g-integral of the
Riemann-Liouville type of order § > 0 is (I‘;J f)(t) = f(t) and

B [t (t—gs)FD s — tB(1— s k@D 4, k
11 = [ SR —r @ ds =1 -0 L L0, B0t

Observe that B = 1 in the Definition 2.1 yields g-integral

t <)
LF) = [ f)dgs = t1—q) Y 4" F(tg").
k=0
For more details on g-integral and fractional g-integral, see Section 1.3 and Section 4.2 respec-
tively in [22].

Remark 2.2. The g-fractional integration possesses the semigroup property ([22, Proposition
4.3]):

IPF(E) = EF(E); e RY

Further, it was shown in Lemma 6 of [23] that

T (c+1)
B (o) q (B+0) +
I (x) _—Tq( 1)(x) , O0<x<a, BeR", ce(-1,0).

Before giving the definition of fractional g-derivative, we recall the concept of g-derivative.
We know that the g-derivative of a function f(t) is defined as

D)0 =TI o (D,£)(0) = lim(D,f) ().

t—qt t—=0
Furthermore,
DYf =f, Dif=DyD;'f), n=12.3,... 2.1)
Definition 2.3 ([22]). The Caputo fractional g-derivative of order p > 0 is defined by
CDgf(t) _ Iq(m—ﬁngf(t),
where [B] is the smallest integer greater than or equal to .

Next we recall some properties involving Riemann-Liouville g-fractional integral and
Caputo fractional g-derivative ([22, Theorem 5.2]).

Bep [Bl-1 tk ) .
I Dy f(t) = f(t) — kgo W(Dm(o ), Yte(0,a], p>0; 2.2)
DEIPF(t) = f(t), Vte (0,a], B>0. (2.3)

Lemma 2.4. Let y € C([0,1],R). Then the following problem

‘Dix(t) =y(t), 1<v<2,

1 24
x(0) =yo, x(&) = b/’7 x(s)dgs, yo € R, t € [0,1], @4)



4 B. Ahmad, S. K. Ntouyas, A. Alsaedi and H. Al-Hutami

is equivalent to an integral equation:

gy (0-1)
w) = [ s

)
o e [ ) 0

+yo[1+§(b(l—ﬂ)—1)}/

where b1 — )
B=~C— 2 £, 2.6
-t 26)
Proof. Applying the operator I{ on the equation “Dyx(t) = y(t) and using (2.2), we get
t(t—qs) Y
x(t) = /0 Wy(s) dgs + aot + ay, (2.7)

where ap,4; € R are arbitrary constants. Using the given boundary conditions, it is found
that a; = yo, and

L e s e & (x_ oo\(v-1)
AT e B
+%(b(1—17)—1>-

Substituting the values of ag, a1 in (2.7) yields (2.5). Conversely, applying the operator “Dy on
(2.5) and taking into account (2.3), it follows that ‘Dix ( ) = y( ). From (2.5), it is easy to verify

that the boundary conditions x(0) = yo, x({) = b f ) dys are satisfied. This establishes
the equivalence between (2.4) and (2.5). O

3 Main results

We denote by C = C([0,1],R) the Banach space of all continuous functions from [0,1] — R
endowed with a topology of uniform convergence with the norm defined by

|| = sup{|x(#)] : t € [0,1]}.
Also by L!([0,1],R) we denote the Banach space of measurable functions x: [0,1] — R which
are Lebesgue integrable and normed by ||x||;1 = fo |x(t)| dt.
In view of Lemma 2.4, we can transform the problem (1.1) into an equivalent fixed point
problem: Fx = x, where the operator F: C — C is defined by
f(t—qs) Y

(Fo0) = [ gy f o x(e) dos

)
t Lo (s —qu)Y
+B{@A§ARNOfWJW»%@dﬁ -
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Observe that the existence of a fixed point for the operator F implies the existence of a solution
for the problem (1.1).
For convenience we introduce the notations:

_ o=y g
K= T v+1) yB| T,v+2) ' T,o+1) [’

and
ko 1+®\b( n) —1|. (3.3)

Furthermore, we assume that the condition (2.6): B =
forthcoming analysis.

Theorem 3.1. Assume that

(A1) f:]0,1] x R — R be a continuous function such that

If(t,x) — f(t,y)| < L|lx—y|,¥t€[0,1], L>0, x,y € R;

(A2) g:C(]0,1],R) — R is a continuous function satisfying the condition

lg(u) — ¢(v)| < lllu—v|| Yu,veC(0,1],R), £ > 0;

(A3) 6= Lug + kol < 1.
Then the boundary value problem (1.1) has a unique solution.

Proof. For x,y € C and for each t € [0,1], from the definition of F and assumptions (A1) and
(A;), we obtain

[(Fx)(#) = (Fy) (1)

_|_/0§(€_rjsl)};_]f(s,x(s)) —f(s,y(S)WqS}

N [1+|13||b<1 ) —1\] 150 — 5v)]

t(t— gg)v-1) 1 s (s —gy)v—1
< Lx—y] [/0 “rfi’(f])dqsﬂ;{wﬁ (f S )as

C(E—go) Y
+/O Fq(v) dqs}]
+ [t grlb =) =11 elx =y

1 b|(1 — 7" g
SL”’C_V”qu( )+]B|{ T,(v+2) +Fq(v+1)}
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1
{1+ @\b(l — 1) = 1| £lx =yl

= (Lpo + kof) ||x — y]|-

Hence
[(Fx) = (Fy)ll < ollx =yl

As 6 < 1 by (Aj3), the operator F is a contraction map from the Banach space C into itself.
Hence the conclusion of the theorem follows by the contraction mapping principle (Banach
fixed point theorem). O

Our next existence result relies on a fixed point theorem due to O’Regan in [24].

Lemma 3.2. Let U be an open set in a closed, convex set C of a Banach space E. Assume 0 € U. Also
assume that F (U) is bounded and that F: U — C is given by F = Fy + Fa, in which Fy: U — E
is continuous and completely continuous and F,: U — E is a nonlinear contraction (i.e., there exists
a continuous nondecreasing function 9: [0,00) — [0,00) satisfying 9(z) < z for z > 0, such that
| F2(x) — Fo(y)|| < O(||x —yl|) for all x,y € U). Then, either

(C1) F has a fixed point u € U, or

(C2) there exist a point u € oU and x € (0,1) with u = «F(u), where U and 9U, respectively,
represent the closure and boundary of U on C.

In the sequel, we will use Lemma 3.2 by taking C to be E. For more details of such fixed
point theorems, we refer a paper [25] by Petryshyn.
To apply Lemma 3.2, we define 7;: C — C,i = 1,2 by

t(t—gs)Y

(Fx) = | gy 5 XD das
s _ (v-1)
+ ;{b/ql (/0 %f(u,x(u))dqu) dgs (3.4)
C(E—gs) Y
and ;
(Fax)(t) = [1+ 5 (6 = 1) = 1) | (xo + g(x). (35)
Clearly
(Fx)(t) = (Fix)(t) + (Fax)(t), t€[0,1]. (3.6)

Theorem 3.3. Suppose that (Az) holds. In addition, we assume that:

(A4) g(0) = 0;

(As) Let f:[0,1] x R — R be a continuous function, and there exist a nonnegative function
p € C([0,1],R) and a nondecreasing function x : [0,00) — (0, 00) such that

[f ()| < p()x(|u]) for any (t,u) € [0,1] X R;
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r

(Ag) sup , Where gy and ko are defined in (3.2) and (3.3) respec-

>
re(0,00) Kol X0l + pox(M)llpll = 1= kot
tively.
Then the boundary value problem (1.1) has at least one solution on [0,1].

Proof. By the assumption (Ag), there exists a number rp > 0 such that

40 S 1
kolxol + pox (ro)llpll = 1 — kot
We shall show that the operators F; and F; defined by (3.4) and (3.5) respectively, satisfy all

the conditions of Lemma 3.2.
Step 1. The operator JF is continuous and completely continuous. Let us consider the set

(3.7)

Qry = {x € C([0, 1], R) : ||x]| < ro},

and show that F;(Q),) is bounded. For any x € ), we have

t(t— gg)(v-1)
|VﬂH§A(t£&)V@ﬂWWW

(v—l)
|m%“/ ([ S 1 x(a)l ) ds
¢ (é’ _ []S) v—
+Amw)V@ﬂWWﬁ}

PR (1O B
T,(v+1) |B\ r,(0+2) @ T,0+1)

< [Ipllx(ro)mo

< lpllx(ro)

Thus the operator F;(()y,) is uniformly bounded. For any t3,t, € [0,1], t; < t,, we have

|(F1x)(t2) — (F1x)(t1)]

< 7 1= 0907 = (0= 49) V) 5 () s
iy (a1 () s

|t —t ’ 1 s (S_qu)(v—l)
+ 2’3, 1 {’b‘/n (/0 T’f(u,x(u))\dqu) dgs

CEg Y M dos
A Iﬂ,(M%}

0

< HPI!L)(:();O) /01[(t2 _ E]S)(U_l) o (tl o C]S)(U_l)] qu + Hli-!L)(C(;O) /t12(t2 B E]S)(U_l) qu

llpllx(ro)|t2 — t] qu )=1) (& — gs)v=1)
+ ’B‘ {|b’/ / ) d u q5+/ 70)6{,75

which is independent of x and tends to zero as t, — t; — 0. Thus, F; is equicontinuous. Hence,
by the Arzela—Ascoli theorem, F;((),) is a relatively compact set. Now, let x, C ), with
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||x, — x|| = 0. Then the limit ||x, (t) — x(¢)|| — 0 is uniformly valid on [0, 1]. From the uniform
continuity of f(t,x) on the compact set [0, 1] x )y, it follows that || f(t, x,(t)) — f(t,x(¢))|| = O
is uniformly valid on [0, 1]. Hence || F;x, — F1x|| — 0 as n — oo which proves the continuity
of Fi. This completes the proof of Step 1.
Step 2. The operator F»: Q, — C([0,1],R) is contractive. This is a consequence of (A3).
Step 3. The set F(QYy,) is bounded The assumptions (A;) and (A4) imply that

[ F2(x) || < Ko(|xo] + £ro),
for any x € Q). This, with the boundedness of the set F1((),,) implies that the set F(Q),,) is
bounded.
Step 4. Finally, it will be shown that the case (C2) in Lemma 3.2 does not hold. On the contrary,

we suppose that (C2) holds. Then, we have that there exist x € (0,1) and x € 9Q),, such that
x = kFx. So, we have ||x|| = ryp and

t —as (v-1)
x(t) = K/O %f(s,x(s))dqs

Kt 1 s (s —qu)D ¢ (& —gs)v-D
+B{b/,7 (/0 rq(v)f(u,x(u))dqu) dqs—/o rq(v)f(s,x(s))dqs}
+K[1+%(b(1—;7)—1)}(x0+g(x)), te(01].

Using the assumptions (A;) and (A4)—(As), we get

< qs)( / / (071)
<
[x(8)] < ||p||x<||x||>[ [ SRV Om |B‘ ] ) S —dgu) dys
+ / (G qs dqs}
Taking the supremum over t € [0, 1], and using the definition of (),,, we obtain
1 (1 _ qs)(v (v 1)
/0 Sl et @ 1b] / / ) B ) dys

(G —gs) Y 1
+/0 I,q(v)dqs} + [1—}—’m(b(l—n)—lﬂ(]xo\—i—ﬁro),
ro < pox (ro) [Pl + kolxo| + £roko.

+ [1+|;|(b<1 — )= 1) (1xol + £l

ro < |Ipllx(ro)

which yields

Thus, we get a contradiction:

ro 1
pox TP+ Kool = 1— kol

Thus the operators F; and J; satisfy all the conditions of Lemma 3.2. Hence, the operator F
has at least one fixed point x € (), which is the solution of the problem (1.1). This completes
the proof. O



Nonlinear q-fractional differential equations 9

Remark 3.4. If we consider the equation of the form ("D + A)x(t) = f(tx(t)), A € R
in the problem (1.1), then the condition (Aj3) in the statement of Theorem 3.1 modifies to
0 = (L+ A)pp + kol < 1 whereas the condition (Ag) in the statement of Theorem 3.3 takes

the form
r 1

su > .
e o) Kolxol + pox (Tl ~ 1= (JAlpa + kof)

We emphasize that the equations similar to one considered in this remark appear in applied
problems, for example, see [26,27].

4 A boundary value problem with flux sub-strip conditions

In this section, we discuss the existence of solutions for a boundary value problem of nonlinear
fractional g-difference equations with nonlocal and flux sub-strip type boundary conditions.
Precisely, we consider the following boundary value problem

Dix(t) = f(t,x(t), te[0,1], 1<v<2 0<qg<1

x(0) =x0+g(x), Dyx(¢) = b/1 x(s)dgs, 0<g<n<l, @1
Ul

where ‘D} denotes the Caputo fractional g-derivative of order v, f: [0,1] x R — R and
¢: C([0,1], R) — R are given continuous functions, and b, A are real constants.

As before, we can convert the problem (4.1) into an equivalent fixed point problem as
F'x = x, where the operator F': C — C is defined by

t _ (v-1)
F0 = | S r%

s (s —qu)®=D
+;{b/ﬂl</o ( FZ(I)J) ,f(u,x(u))dqu> dgs

_ e)(0-2)
[eon f(s,x(squ} 1 Lo -] o+ g0,

f(s,x(s)) dgs

For the sequel, we set

N T 1
fo= rq<v+1>+|B|{ Ly(0+2) +rq<v>}' 42

6::1+(Z((1—;7). (4.3)

Now we are in a position to give the existence results for the problem (4.1). We do not
provide the proofs for these results as the method of proof is similar to the one employed in
the preceding section.

Theorem 4.1. Let the assumptions (A1)—(Asz) hold with pj and ki in place of uy and ko, where uj
and kj, are given by (4.2) and (4.3) respectively. Then the boundary value problem (4.1) has a unique
solution.

Theorem 4.2. Assume that (Ay), (As)—(As) hold with gy and ki, in place of po and ko, where yjy and
ki, are given by (4.2) and (4.3) respectively. Then there exists at least one solution for the problem (4.1)
on [0,1].
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5 Examples

In this section we present some examples to illustrate our results.

Example 5.1. Consider the following g-fractional boundary value problem

1
‘DY %x(t) = §’tarf1 x(t) +£, te01],

Now,v=3/2,g=1/2,b=1/7,(=1/4, n=3/4,¢=1/12,0< 0 < 1,and f(t,x) =
§tan~1x + 2. Note that (A;) is satisfied with L = 1/9, since |f(t,x) — f(t,y)| < (1/9)]x —y|.
It is found that B = 0.208333, uo ~ 1.52327, ko = 5.62857, and 6 = Lug + kol ~ 0.6383 < 1.
Thus, the conclusion of Theorem 3.1 applies and the boundary value problem (5.1) has a
unique solution on [0, 1].

Example 5.2. Consider the g-fractional boundary value problem given by

1 .
CD3/2Xi' _ e(1+\51nx(t)|)’ teo,1],
7 Vt+25 01] (5.2)
©=Lx0), (1) =L] x4 |
X = 12x , X i) 75 3/49( s)dgs.

Here, v = 3/2,g = 1/2, b = 1/5, ¢ = 1/4, 5 = 3/4, { = 1/12,0 < ¢ < 1, and
ft,x) = L ,(I+|sinx(t)) With the given values, it is found that B = 0.191667, yo ~ 1.66069,
ko = 5.95652 and the condition

i
N
&)

o > 1
ko|xo| + pox(ro)llpll = 1— kot

implies that ro > 4.87306. Clearly all the conditions of Theorem 3.3 are satisfied and hence by
the conclusion of Theorem 3.3, the problem (5.2) has a solution on [0, 1].
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