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Abstract

A delayed three-species food chain system with two types of functional responses, Holling
type and Beddington—DeAngelis type, is investigated. By analyzing the distribution of
the roots of the associated characteristic equation, we get the sufficient conditions for the
stability of the positive equilibrium and the existence of Hopf bifurcation. In particular,
the properties of Hopf bifurcation such as direction and stability are determined by using
the normal form theory and center manifold theorem. Finally, numerical simulations are
given to substantiate the theoretical results.
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1 Introduction

In population dynamics, two-species predator-prey systems have been studied by many re-
searchers [1, 2, 3, 4, 5, 6]. However, there is often the interaction among multiple species in
nature, whose relationships are more complex than those in two species. Therefore, it is more
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realistic to consider the multiple-species predator-prey systems. Recently, Do et al. [7] pro-
posed and studied the following three-species food chain system with Holling type II functional
response and Beddington—DeAngelis functional response:

dz(t) _ m(t)(a o b:}:(t)) _ az®)y@®)

dt aj+xz(t)
dy(t) c2x(t)y(t) cay(t)z(t)
i = —hy() + T T S (1)

dzt C. t)z(t
) — _yz(t) + o)

where z(t), y(t) and z(t) denote the population densities of the prey, the mid-predator and the
top predator, respectively. All the parameters in system (1) are positive constants. a is the
birth rate of the prey. b is the intraspecific competition rate of the prey. ¢; and ¢y are the
interspecific interaction coefficients between the prey and the mid-predator. c3 and ¢4 are the
interspecific interaction coefficients between the mid-predator and the top predator. d; and ds
are the death rates of the mid-predator and the top predator, respectively. a; and as are the
half-saturation constants and § scales the impact of the predator interference. In [7], Do et al.
proved that system (1) is dissipative and the conditions for the stability and the persistence of
system (1) were obtained.

It is well-known that time delays have important effect on predator-prey systems. They
could cause a stable equilibrium to become unstable and cause the population to fluctuate.
And predator-prey systems with time delay have been investigated widely by many researchers
8,9, 10, 11, 12, 13]. In [8], Xu investigated the stability and persistence of a predator-prey
system with time delay and stage structure for the prey. In [12]. Meng et al. investigated
the stability and Hopf bifurcation of a delayed food web consisting of three species. Motivated
by the work above, and considering that the consumption of prey by the predator throughout
its past history governs the present birth rate of the predator, we incorporate time delay due
to gestation of the mid-predator and the top predator into system (1) and get the following
delayed predator-prey system:

S = o) = brlt) — ST

dy(t) _ can(t=7)y(t—) cay(t)=(t)
Zzl_t - _dly(t> + 2041+x(f—7’) N 042-35(’5)""/32('5)7 (2)

dz : L
% = _d2z(t) + azﬁ;/((tt—T))+gZ(t)_T)’

where the constant 7 > 0 is the time delay due to the gestation of the mid-predator and the
top predator. In this paper, we shall investigate the effect of the time delay on the dynamics
of system (2).

The structure of this paper is arranged as follows. In Section 2, we will consider the local
stability of the positive equilibrium and the existence of Hopf bifurcation at the positive equi-
librium. In Section 3, we give the formula determining the direction of Hopf bifurcation and
the stability of the bifurcating periodic solutions. Finally, we give some simulations to support
our theoretical predictions.

2 Local stability and existence of Hopf bifurcation

According to the literature [7], we know that if the following condition holds,

d
(Hy) ¢* — 4pr >0, 0<z, <2 <20 < Y,

67 C4—d2
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system (2) has a positive equilibrium F,(z., y., z«), where

~(a—bx.) (o + x,) _ (ea = da)y. — daay
y* - ’ By = )
C1 da

and x, is a positive solution of the quadratic equation
pr+qr+r=0,

with

p=— bC2C45 + bC4dlﬁ + ngC4 — ngdQ,

q =acocy3 + begdion 8 — acydi f + acsds + bezcaay — acsey — besdoar,

r = — acydiaq B + ci1c3docig — acscgan + acsdoor.

Let uy(t) = x(t) — xy, ua(t) = y(t) — ys, uz(t) = 2(t) — z.. We can rewrite system (2) as the

following equivalent system:

(

W (t) = anug(t) + apue(t) + > l%],fl(;)ull (t)ud(t),

i+j5>2
112 (t) = (IQQUQ(t) + (123U3(t) + 621u1 (t - 7') + b22u2 (t — T)
2) 4 j
Y i (= Tt — m)ub(e)ub (), (3)

i j+hI>2
U3(t) = assus(t) + bsaua(t — 7) + bsgus(t — 7)

3) i j
+ Y dmfiub(t— )bt — r)ub(),

\ i+ +k>2
where 1ty o
1L xYx 1L %
a11 = —bx, + NETRYE a1p = — ,
(al + x*) a + Ty
c3z«(ag + B2y)
agp = —dy —

(g + yu + B24)?
csyi (g + vs)

a = — 5 a — _d P
BT (agty. o+ By BT
b - CoX1Yx o Coly
21 — (al +I*)27 22 — al +x*7
az(as + B2) _ayloe + )
b32 == b33 -

(c + 4 + Bz)? (a2 + yu + B20)?
Fo O [ (&, ., 24)
i Ol (£)Oud(t)
PO A AN REN
ikl — Ol (t — T)au% (t — T)au’g(t)(?ulg(t),
@ OO (g, g, z,)

fz‘jk = 8u§(t _ T)aué(t — T)aulgf(t)?
D — o (A b (g L (Du2()
D = uy (t)(a — buy () ()’
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cui(t —Tus(t —7) czug(t)us(t)
ar + uy(t —7) ag + us(t) + Bus(t)’
caus(t — Tus(t — 1)
g +ug(t — 1) + Bus(t — 1)

Then we can obtain the linearized system of system (3)

f(2) = —d1U2(t) +

f(3) = —d2U3(t) +

’L'Ll (t) = a11U1 (t) + alqu(t),
1:L2 (t) == a22u2(t) + a23u3(t) + bglul (t — 7') + b22u2(t — 7')
U3(t) = assus(t) + bsaua(t — 7) + bagus(t — 7).

The characteristic equation of system (4) is
AS b AoXN2 4 AN+ Ag + (BoA? + B\ + By)e™ + (CoA + Cple ™7 =0,
where
Ay = —(a11 + ag + ass), A = ajjaxn + a1azs + axnass,
Ay = —anagazs, By = —(by + bs3),
By = (a11 + as3)bas + (@11 + a22)bsg — a12ba — aszbss,
By = aj1ag3bsy + ajpassbey — a11(a22b33 + a33b22),
C, = 5225337 C'0 = G12521533 - a11b22(733'

For 7 = 0, Eq.(5) can be reduced to

N (Ay + B)MN 4 (A1 + B+ C)A+ Ag + By + Cy = 0.

(5)

(6)

The Routh-Hurwitz criterion implies that the positive equilibrium FE,(z,, y., z.) is locally

asymptotically stable if the following condition holds:
(Hg) A2—|—B2 > O, (A2+B2)(A1+B1+Cl) >AQ—|—BQ—|—C().
For 7 > 0, multiplying e*™ on both sides of Eq.(5), we can obtain

Bg)\g + Bl>\ + BO + ()\3 + A2>\2 + Al)\ + Ao)BAT + (Ol)\ + Cg)e_/\T = 0.

(7)

Let A = iw(w > 0) be a root of Eq.(7). Substituting A\ = iw into Eq.(7) and separating the

real and imaginary parts, we can get
(Ag + Cy — Asw?) cos Tw — (Ajw — Ciw — w?) sin 7w = Byw? — By,
(Ag — Cy — Asw?) sinTw + (Ajw + Cw — w?) cos Tw = —Byw.

It follows that

, msw® + maw? + miw maw? + maw? + my
sin 7w = — . : . COSTW =
WP + NyW* + Now* + Ng

WO + nywt + now? + ng’
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where

mo =ByCo — Ao By, m1 = A1 By + BoCy — AgBy — B, Cy,

my =AgBy + Ay By — A1 By + B1C7 — ByCy,

mg =Ay By — A1 By — BoCy — By, my = By — Ay By, ms = By,
ng =A5 — C5,ny = A} — C} — 24pAz,ny = A5 — 2A,.

As is know to all, sin® 7w + cos? 7w = 1. So we have
w'? + e5wt + eqw® + 3w’ + esw? + eqw? + ey = 0, (8)

with
€o :ng — mg, e1 = 2ngng — m% — 2moms,
€ :ng — m% — 2ngng — 2momy — 2myms,
es =2ng + 2nang — m% — 2mims — 2maomy,

ey4 :ni — mi + 2n9 — 2mams, e5 = 2n4 — mg.
Let v = w?, then Eq.(8) becomes
V8 + esv” + eqvt + e30 + eqv? + v + g = 0. (9)

Next, we give the following assumption.
(H3) Eq.(9) has at least one positive real root.

Without loss of generality, we assume that Eq.(9) has six real positive roots, which are
defined by vy, va, vs, -+, vg, respectively. Then Eq.(8) has six positive roots wy = /vk, k =
1,2,---,6. Thus, let

G 1 mawj; + mawi + Mo 2jm
T, = = —— arccos

6 4 2 ) k:172776a ]:Oa172
Wi Wy + Nywy, + Nowy + Mg Wi

Then +iwy, are a pair of purely imaginary roots of Eq.(7) with 7 = Tk(;j). Define
7'0:7']50) :Hlin{Tk(:O)}, k:1’27 ,6’ Wozwko-

Let A(7) = &(7) + iw(7) be the root of Eq.(7) near 7 = 7y satisfying £(m9) = 0, w(7) = wo.
Taking the derivative of A with respect to 7 in Eq.(7), we obtain

dA d\
2B By)— 2424 Ap)er—
( oA + 1>d7’ +<3)\ + o\ + 1)6 I

d\
+ (A3 + A\ + A\ + Ag)e” (A - TE>

d\ dA
v AT [y —
+ C’le _dT + (Cl)\ + C())G ( A TdT) 0.

It follows that

dA]Th 2B+ B+ Cie™ 4+ 32 4 240 + A))eM 7
dr|  (CiX2 4 Col)e ™ ™ — (M + A3 + A N2 + A\ e N
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Thus,

Re Q - :PRQR+PIQI
ar| 2 Q7

where

PR Ay + Cy — 3w cos Towy — 2Aawp sin Towo + By,

Cowo + Agwo — Agw?) sin Towg — (Crwa — Ajwi + wy) cos Tew,

(
(A; — Oy — 3w}) sin Towg + 2Aswg cos Towp + 2Bawy,
(
(

Cowo — Agwo + Agw?) cos Towy + (Crwi + Ajwi — wy) sin Towp.

Thus, if the condition (Hy) PrQg + PiQ; # 0 holds, then Re[22]71 ~+# 0. Namely, if the
condition (Hy) holds, then the transversality condition is satisfied. Through the analysis above,
we have the following results.

Theorem 1 For system (2), if the conditions (Hy) — —(Hy) hold, then the positive equilibrium
E (%, Ys, 24) is locally asymptotically stable for 7 € [0,79) and unstable when T > 1. And
system (2) undergoes a Hopf bifurcation at the positive equilibrium Ey(x., s, z.) when T = 1g.

3 Properties of bifurcating periodic solutions

In Section 2, we have obtained the conditions for the existence of Hopf bifurcation when 7 = 7.
In this section, we shall investigate the direction of the Hopf bifurcation and the stability of
the bifurcating periodic solutions by using normal form theory and center manifold theorem in
[15].

Let 7 = 79+ p, p € R, then p = 0 is the Hopf bifurcation value of system (2). Rescaling the
time delay t — (¢/7), then system (2) can be transformed into an FDE in C' = C([—1,0], R?)
as:

i(t) = Ly + Fl(p,w), (10)
where
air a2 0 0 0 0
Lio=(mo+p) | 0 agx axs | ¢(0)+ (to+ ) | bar bz 0 | o(—1),
0 0 ass 0 b3y b33
and
F(p,¢) = (10 + p)(Fy, Fy, Fy)",
with
Fr=g197(0) 4 g201(0)$2(0) + g3¢7(0) + 9493 (0)p2(0) + - - -,
Fy=h1¢5(0) + ha¢5(0) + hsd2(0)¢3(0) + hadi(—1)
+hsdr(—1)g2(—1) + he3(0) + hr¢3(0) + hsg3(0)ds(0)
+ho2(0)05(0) + h1od}(—1) 4+ h11¢3 (—1)da(=1) + - - -,
Fy=k1¢3(—1) + ka3 (—1) + kaga(—1)¢3(—1) + ka3 (—1)
+hs3(—1) + ko3 (—1)ps(—1) + krda(=1)@5(—=1) + - -,
with

PO 01 T L U
! (051 + ZL'*)?)’ 2 (051 + l'*)27
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C1001 Y C10

9= (g + )Y 9= (ag + x,)3
By — 0375*(@2 + Bz*) _ 6C3y*<042 + y*)
! (a2+y*+ﬁz*)3’ ? (O‘2+y*+6z*)37
R — C3y*<a2 + Ys — BZ*) - 03(042 + y*)
T (aoty+B2)3 (azt+ s+ Br)?
CoV1 T4 Yx CoQvy
hy = — 20Tl g M
T (a4 7 (g Fa)?
B — — 632*(052 + 53*) _ 6033/*(042 + y*)
0 (as +ys + B2)4 7 (g + Yo + B2V
_ o +2Bz) 3fczran + Bz
(g +ys + B2:)% (2 +ys + B2)*
he Bes(an +2y)  3Bcsyilon + ys)
" (e Aty + 828 (aaty. + Bzt
Co1Yx Covy
hig = — 230 g = 2%
10 (051 _'_ 1‘*)4’ H (Oél + l‘*)S’
o GamlaetBz) 0 Beydlas +y.)
! (a2+y*+ﬁz*)3’ ? (0524'?#+5'Z*>37
oo ooty cylasty — Bu)
’ (0524‘3!* +5Z*>2 (OQ + Ys +5Z*>3
g, = Cmlaat Ba) o Bays(az +y.)
YT (et e+ B2)Y T (s + B2)Y
b 3Beazi(az + Bz)  calaz + 282
7 (ot ys + Bz)t (an+y.+ Bz.)3
b — 3Bcay. (oo + i) Bea(ag + 2y.)
= _

(2 +yu + Bz)t (2 +yu + 2)3

By the Riesz representation theorem, there exists a 3 x 3 matrix function n(6, ), 6 € [—1, 0]
whose components are of bounded variation, such that

L6 = / (0. )00).0 € C([=1.0]. 7).

In fact, we choose

air ajz 0 0O 0 O
N0, 1) = (ro+p) | 0 ax as | ¢0)+ (o +p) | b2 b 0 | ¢(—1).
0 0 as 0 b3y bss

For ¢ € C([—1,0], R?), we define

wo) - 1<6<0,
A(p)g = { 0
Jo dn(0, w)e(0), =0,
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and

A B 0, —-1<60<0,

Then system (10) can be transformed into the following operator equation
u(t) = A(p)ue + R(p)uy. (11)
The adjoint operator A* of A is defined by
. —dﬁ—f), 0<s<1,
) =9 o .
f,1 dTZ <S7 0)90(_8)7 s = 07

associated with a bilinear form

(otsho) = 20100) - [ [ ote—nanoroterie (12

where n(0) = n(0,0).

By the discussion above, we know that +itgwy are eigenvalues of A(0) and A*(0). Let ¢(0) =
(1, g2, g3)T €™+ be the eigenvector of A(0) corresponding to iTow and ¢*(s) = D(1, g5, ¢5) T e0«0s
be the eigenvector of A* corresponding to —imowy. Then we have

A(0)q(0) = irowoq(6), A*(0)g"(0) = —iTowoq"(0).

By a simple computation, we can get

in — ayy (’in — all)b32€7i7—0w0
Q= ——", 3=~ -
ag (iwo — agz — bgze™"0%0)ayy’
. . _,i w
= lwy + an i = (two + aq1)agze ™70
2 b21€i7'0w0 ’ 3 (ZCUO + ass + b336i7'0w0>b21 .

From (12), we obtain

D =1+ @0 + ¢33 + (5 (ba1 + baagz) + G (b32go + bszqs))moe 00

such that (¢*,q) =1, (¢*,q) = 0.
Following the algorithm given in [15] and using the similar computation process in [16], we
can get the coefficients used to determine the qualities of the bifurcating periodic solutions:

920 =270D[g1 + 924 P (0) + @& (h1(¢®(0))* + ha(¢®(0)) + kg™ (0)¢¥(0)
+ ha(gD(=1))% + hsq (=1)¢® (=1)) + G (k1(¢P (=1))* + ka(¢P (1))
+ kgq‘”(—l)q(g’(—l))],
gn =10D[291 + (g (2)( ) +7%(0)) + 3 (2h1¢(0)g(0) + 2h2¢™ (0)™ (0)
+ ha(¢®(0)g™(0) + (O)q(3’(0)))+2h4q (—1)g" ( 1)
+hs (¢ (~1)g (2)( ) M (—1)¢? (1)) + G (2k1¢P (-1)g® (—1)
+2k2¢ (=1)8% (=1) + k3(a? (= 1)¢¥ (=1) + ¢? (= 1)g¥ (- 1)))],
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goz2 =270 D\ + g2 (0)+q2(h1((j (0)) +h2( (O))2+h3q ()5(3)(0))
+ ha (M (=1))% + hsqV (—1)@P (1) + @ (k1 (P (—1))?
+ ko (@P)(—1))% + k3@ (-1)g® (1)),
0))

g1 =210D[g1 2W(0) + WD (0)) + g2(W L (0)42(0) + 2L (0 (0)

2
1
+ Wi (0) + §W2(§)(0)) +3gs + 94(g®(0) + 2¢?(0))
+ g3 (h 2W1(0)g® (0) + WL (003 (0)) + ha W17 (0)g®) (0)
| 1 ~
+ W3 (0)79(0)) + ha (W17 (0)¢®)(0) + 5 W3 (0)7(0)

+ W (0)¢%(0) + 55 (07 (0)) + ha(2Wy (~1)g" (-1)

1
+w£%4mmenwwmwﬁ%4m®ew+—w£%4m®@w

(
WW4D+QQWHFW¢W—)+W$Fﬂ¢W—W
RV ()¢ (-1) + SWR (13 (1) + W ()¢ (-1)

+5Wa (=1)a® (1)) + 3k (0¥ (=1))°¢? (-1)

)
+ (P (~1PaD (1) + 202(~1)g (~1)g9 (-1))
)

with

19204(0) 1902q(0) _; .
WZO(G) — Mezmwoe + MG—ZTOWOG + E206217'0w097

ToWo 37'0(.(.)0
W (9) _ _2911Q(0) eiTowOG + Zgn(j(()) efiTngO +E
11 ToWo ToWo 11,

where Fyy and E4; can be computed by the following equations, respectively

2iwg — a —ai2 0 Eg(l))
—b21€72i7—0w0 21wy — Qo9 — b22672i70w0 —a93 Ey =2 Eé(Q))
0 —Dbgge 270w 2iwy — agz — bsge 20w Eé‘g)

a11 12 0 Eﬁ)

ba1 agy + oy g3 Ey=— Eﬁ)

0 b3o asz + bss Eﬁ)
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with

ES) = g1 + 920(0),
ES) = hi(q®(0))? + ha(q®)(0))?
+h3q? (0)g® < ) + ha(qV(—1))?

+hsqM(—1)g® (~1),

By =ki(q®(-1))? +k2( /(—1))?
+h3g® (—1)g®) (- >

B =291 + g2(¢®(0) + 72(0)),

E® =2h,q 2>< 0)7®(0) + 2h2q<3><o>q< (0)
+h3(q®(0)g 3<> 72 (0)¢(0)))
+2hiq™ (~1)7V(-1)
+hs(qD(~1)g? (~1) + ¢V (~1)¢P(-1)),

B = 2kiq®P(~1)? (~1) + 2k2¢® (—1)7®) (~ 1)
+hs(7P(~1)¢® (1) + ¢ (=1)g® (-1)).

Then, we can get the following coefficients:

i 2

o RelCi0)}
Re{N (1)}’

B2 =2Re{C1(0)},

T, — ~Im{C1(0)} + ,UQIIH{)\,<7—O>}.

ToWo

Based on the discussion above, we can obtain the following results.

Theorem 2 The direction of the Hopf bifurcation is determined by the sign of jo:

(13)

if pe >0

(1o < 0), the Hopf bifurcation is supercritical (subcritical). The stability of bifurcating periodic
solutions is determined by the sign of Ba: if fo < 0 (2 > 0), the bifurcating periodic solutions
are stable (unstable). The period of the bifurcating periodic solutions is determined by the sign
of To: if Ty > 0 (Ty < 0), the period of the bifurcating periodic solutions increases (decreases).

4 Numerical simulation

In this section, we give a numerical example to support the theoretical analysis. We consider

the following system:

dz(t) _ J](t)(]_E) . ZL‘(t)) . O.Gz(t)y(t)’

dt 1+x(t)
dy( 06:17(th) (t—7) 0.7y(t)z(t)
th = —0.1y(t) + 1+x(ti/f) - 1+yy(t)+z(t)7

dz(t 0.7y(t—7)z(t—7
g = —0452(1) + 1+y:lé§—7')2}—2(’(t—7)')’

(14)

which has a unique positive equilibrium £, (0.4097,2.5617,0.4232). Then, we can get As+ By =
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0.8 w w 3

| —— Mid—Predator
0.6/ | |
< ‘\\‘H\H“‘\‘A‘HM A A
0.41/| u‘\ I NV
u J H Ve
%% 200 400 600 25 200 400 600
Time t Time t
0.46 .
—— Top Predator ]
0.44+
% ‘ $05 .
042 1 08
VU ’ 3
04 2.5
0 200 400 600 y(t) 04 2 x(t)
Time t

Figure 1: E, is locally asymptotically stable for 7 = 0.225 < 7y = 0.2766 with initial value 0.3, 2.5, 0.45.

3 : :
— Mid—-Predator
0.6* ] 28l |
,\0.5 h\ MMﬁ\“ﬂ\\”\“\‘\‘“\\w‘(\\‘\‘U\‘\‘ﬁ\”\ﬂ\“\\w“\\"\\‘\\\“M“\U‘ —
Z AN ‘wmww WHH 26
X | | | | U =
0-4[ il J‘H\H\‘ \M\M\“H‘JU ‘HJ\H\‘ M\‘\\\“‘\W\”\‘“‘
0.3t HM‘\““\“‘\H\\‘U\‘w“”‘w\““‘\‘“““H‘ ““““\““\‘”‘\‘HM 24
%% 200 400 600 2% 200 400 600
Time t Time t
0.44| — Top Predator| |
Foazl 11
0.4}
. . 0.4 24 2.
0 200 400 600 y(t) 0.35 2.2 : x(®)
Time t

Figure 2: E, is unstable for 7 = 0.355 > 15 = 0.2766 with initial value 0.3, 2.5, 0.45.
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0.0928 > 0, (As + Bs)(A; + B + C1) = 0.0133 > Ag + By + Cy = 0.0073. Further, we obtain
wo = 0.1921, 79 = 0.2766 and PrQr + P;Q; = 1.5071le — 004, N'(79) = —0.0431 + 0.1673:.
That is, the conditions (H;) — (H4) hold. Thus, from Theorem 1, the positive equilibrium
FE.(0.4097,2.5617,0.4232) is locally asymptotically stable when 0 < 7 < 79, as is illustrated
by Fig.1. When the time delay 7 passes through the critical value 7y, the positive equilib-
rium F,(0.4097,2.5617,0.4232) loses its stability and a Hopf bifurcation occurs and a family
of periodic solutions bifurcate from the positive equilibrium F,(0.4097,2.5617,0.4232). This
property can be seen from Fig.2. In addition, from (13), we have C1(0) = —0.1317 + 0.23521,
po = —3.0557 < 0, B = —0.2634 < 0, T = 5.1947 > 0. Therefore, from Theorem 2, we know
that the Hopf bifurcation is subcritical, the bifurcating periodic solutions are stable and the
period of the bifurcating periodic solutions increases.

5 Conclusion

In the present paper, a three-species food chain system with time delay and the hybrid type of
functional responses, Holling type and Beddington—-DeAngelis type is studied. Compared with
the system considered in [7], we mainly investigate the effect of the time delay due to gestation
of the mid-predator and the top predator on the system. The sufficient conditions for the local
stability of the positive equilibrium and the existence of periodic solutions via Hopf bifurcation
at the positive equilibrium of system (2) are obtained. It is proved that when the conditions are
satisfied, then there exists a critical value 7y of the time delay below which system (2) is stable
and above which the system is unstable. Especially, system (2) undergoes a Hopf bifurcation
at the positive equilibrium when 7 = 7. In reality, the occurrence of Hopf bifurcation means
that the existence of the species in system (2) changes from the positive equilibrium to a limit
cycle. For the further investigation, formulae are derived to determine the direction of Hopf
bifurcation and the stability of the bifurcating periodic solutions by using the normal form
theory and center manifold theorem. If the bifurcating periodic solutions are stable, then we
can conclude that the species in system (2) may coexist in an oscillatory mode. A numerical
example verifying the theoretical results is also included. And from the numerical example,
we can see that the species in system (2) may coexist in an oscillatory mode under some cer-
tain conditions. Do et al. [7] obtained that the species in system (2) without delay could
coexist. However, we get that the species could also coexist with the time delay due to ges-
tation of the mid-predator and the top predator. This is very valuable from the view of ecology.
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