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System of singular second-order
differential equations with integral
condition on the positive half-line

SMAIL DJEBALI*AND KARIMA MEBARKI

Abstract

In this work, we are concerned with the existence and the multi-
plicity of nontrivial positive solutions for a boundary value problem of
a system of second-order differential equations subject to an integral
boundary condition and posed on the positive half-line. The positive
nonlinearities depend on the solution and their derivatives and may
have space singularities. New existence results of single and multi-
ple solutions are obtained by means of the fixed point index theory
on special cones in some weighted Banach space. Examples with nu-
merical computations are included to illustrate the obtained existence
theorems. This paper surveys and generalizes previous works.

1 Introduction

In this paper, we are interested in the following nonlinear second-order
boundary value system with an integral condition at positive infinity and
posed on the positive half-line:

{ —Y"(t) + kY (t) = F(t,Y(t),Y'(t)), tel w1
_ . —kt _ [too .

Y(0) =0, thOOY(t)e = Jo " 9(s)Y (s)ds,
where

Y1 Yh yY

Yo Y Yy

y=1|" Yy = | - Yy =| -
Yn Y, Yn
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¢1(t)f1(t)y17 cee )yn)yiv ce. )yqlv,)
G2 (t) f2 (L Y1, -+ s Yns Y1 -+ -5 YUp)

F(t,Y,Y') = ’

d)n(t)fn(tv Yis- - Yn, ylla BRI y;z)
g(t) = diag(g1(t),g2(t),...,gn(t)), and k > 0. For i = 1,2,...,n, the non-
negative functions ¢; € C(R4) are such that ¢; # 0 and f0+°° e Fsgi(s)ds <
0o. The functions f; = fi(t,Y, Z) : Ry x (R%)" x (R\{0})" — R4 are con-
tinuous and may be singular at Y = Ogn and Z = Ogr. The scalar functions
gi € L'(Ry) (for i € {1,...,n}) satisfy

+oo
(Ho) /0 (eFs — %) gi(s)ds < 1.

The interval I := (0,+00) denotes the set of positive real numbers, R, =
[0, +00), R = (0,400), and R* = R\ {0}. For brevity, ¢ € {1,...,n} will
be written ¢ € [1,n] throughout.

Throughout this paper, by a positive solution, it is meant a vector-
function Y = (y1,92,...,yn) € C'([0,400),R7) such that Y exists and
Y satisfies (1.1) with Y > Orn on [0,+00). For V = (v1,...,v,), V' =
(v],...,v,) € RY, V > V' means that v; > v}, for all i € [I,n] and V' > V'
means that v; > v}, 7 € [1,n], i.e. component-wise. Singular differential sys-
tems arise in many phenomena involved in applied mathematics and physics
(gas dynamics, Newtonian fluid mechanics, nuclear physics,. ..). Boundary
value problems (bvps for short) for such systems have been the subject of
several research works during the last couple of years; many authors have
been interested in investigating various questions relating to the existence
as well as to the behavior of solutions (see, e.g., [2, 11, 20, 22, 23] and the
references therein). Regarding the existence of positive solutions to sys-
tems of boundary value problems on finite intervals, we refer the reader to
[18, 19, 27, 26, 32, 33] and related works. To deal with such problems, several
methods have been employed so far; we quote the application of the fixed
point theory in some special Banach spaces, the index fixed point theory on
cones of special Banach spaces [6, 18, 19, 26], the upper and lower solutions
method [27], as well as the monotone iterative techniques [32]. In 2001, Ma
[21] studied the existence of positive solutions to the following second-order
differential equation with an integral boundary condition at some end-point:

{ ' +at)f(y) =0,0<t<1,
y(0) =0, y(1) = [ h(t)y(t)dt,
where [a, ] C (0,1) and the nonlinearity f has either superlinear or sub-

linear growth in terms of the variable y; the problem reduces to a three
point bvp. The case of integral boundary conditions on a bounded interval
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is also considered in many recent papers (see, e.g., [5, 10, 30]). In [15, 16],
Karakostas and Tsamatos weakened the restrictions on the nonlinear term
f and considered boundary conditions given by a Riemann-Stieltjes inte-
gral, improving by the way some results obtained in [21]. This was further
improved by Webb and Infante who used the index fixed point theory and
gave a general method for solving problems with integral BCs of Riemann-
Stieltjes type (see [24, 25]). In 2009, Xi, Jia, and Ji [28], using the Kras-
nosel’skii fixed point theorem, studied the existence of positive solutions to a
boundary value problem for the following system of second-order differential
equations with an integral boundary condition on the half-line:

ylll(t> + fl(t7y1(t)7y2(t)) = 07 t > 07

Yo () + fa(t,y1(t),y2(t)) =0, t >0,

y1(0) = 2(0) = 0,

Y (+00) = [17 g1 (s)yi(s)ds, yh(+00) = [ ga(s)y2(s)ds.

Some of the results obtained were improved by the same authors in [29]
where they employed a three-functional fixed point theorem in a cone due
to Avery-Henderson and a fixed point theorem due to Avery-Peterson (see
also [17] for such theory) in order to prove the existence of multiple positive
solutions for n equations in the above system. The special cases regarding
the following two equations

{ -+ + Xy = f(z,y), (¢, A>0)
y(0) = y(+00) =0

and
{ —a" + Kz = m(t) f(t, ),
y(0) = y(+00) =0

are investigated in [8], [9].

In this work, the aim is to extend some of these works to the case of a
system in which the positive nonlinearities do also depend on the first deriva-
tives and are allowed to be singular at the space arguments; in addition the
nonlinearities satisfy general growth conditions, including the polynomial
one. We prove the existence and the multiplicity of nontrivial positive so-
lutions in suitable cones of some weighted Banach space. The singularity
involved in the nonlinearities is treated by approximating a fixed point op-
erator with the help of some compactness arguments.

The proofs of our existence theorems rely on the Krasnosel’skii fixed
theorem of cone expansion [1], a recent fixed point theorem of cone expansion
and compression of functional type (see [3], [4]) and the Zima compactness
criterion (see [34, 35]) adapted to our purpose. Recall that the fixed point
theorem of cone expansion and compression of functional type is an extension
of the fixed point theorem of cone expansion and compression of norm type
which is usually referred to as Krasnosel’skii’s fixed point theorem in cones
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(see [12, 13, 14]). It makes use of positive functionals instead of usual norms.
More recently, Avery, Anderson, and Krueger [4] have used the convergence
of Picard iterates to establish an extension of the fixed point theorem of cone
expansion and compression of functional type by proving the convergence of
sequences to the fixed point. This theorem will be used in proving existence
of at least one solution.

Some preliminaries needed to transform System (1.1) into an abstract
fixed point problem are presented in Section 2 together with some appropri-
ate compactness criterion. In particular, important properties of the Green’s
function are given and the main assumptions are enunciated. Then, we con-
struct a special cone in a weighted Banach space. The properties of a fixed
point operator denoted A are studied in detail in the same Section. Section
3 is devoted to proving existence results of single and twin solutions when
the nonlinearities are not singular. The cases when they are singular at
Y = Ogr» and Z = Og» are studied in Section 4. Each example of application
is illustrated with numerical computations.

2 Problem setting

2.1 Cones of solutions

First, we recall that a mapping in a Banach space is completely continuous
if it is continuous and maps bounded sets into relatively compact sets. In
the following, we give some definitions regarding cones and their properties.
More details may be found in [7, 12, 31].

Definition 2.1. A nonempty subset P of a Banach space X is called a cone
if P is conver, closed, and satisfies the conditions:

(i) ax € P for all x € P and any real positive number «,
(ii) x,—x € P imply x = 0.
Every cone P C X induces in X an ordering denoted < and given by
x <y if and only if y —xz € P.

Definition 2.2. A nonempty cone P of a real Banach space X is said to
be normal if there exists a positive constant & such that ||z + y|| > & for all
z,y € P with |[z]| = [ly| = 1.

The following result characterizes normal cones.

Proposition 2.1. [12] The cone P is normal if and only if the norm of the
Banach space X is semi-monotone; that is there exists a constant N > 0
such that 0 < x <y implies that ||| < N|y]l.
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As for functions defined on cones, we have

Definition 2.3. Let P be a cone in a real Banach space X and < be the
partial ordering defined by P. Let D be a subset of X and F : D — X
a mapping. Then the operator F is said to be increasing on D provided
x1,x2 € D with x1 < x9 implies Fx1 < Fao.

Throughout this work, given some real parameter 8 > k, consider the
weighted space:

Y = (yhwa 7y7’b) LY S Cl(R+7R) and
X=q sup ([lwi()] + [g(®)]]e ) < oo, for i€ [1,n]
t€R+

This is a Banach space with the norm

Yo = Z lyillo, where [|yillg = Sup([!yz( )|+ lyi@) ] e ).
i=1

Let 0 < v < 0 be given positive numbers. The interval [y, §] will play a key
role in estimating the solutions of System (1.1). Let

Ag = min(e *0, k7 — e7kY),

— k_ _—ké
A= pge™, (2.1)
Ay = min (hi e ko kv + _I’W)

Obviously, these constants are less than 1. Let P denote the positive cone
defined in X, for k& > 1, by

A
P = {Y €X:Y >0rr on Ry and Z min (2ky;(t) + y;(t)) > =1 HY||9},
t€[y,0] 2

(2.2)
and, for 0 < k < 1, by

P = {Y €X: Y >0gn on Ry and Ztlen;n] yi(t) + yi(t)) > 72 HY”@}

(2.3)
2.2 The Green’s function

In this subsection, we study the linear problem associated with (1.1).

Lemma 2.1. Assume that (Ho) holds. LetV = (vi,va,...,v,) € C(Ry,R%)
be such that

+00
/ e Fsv;(s)ds < oo, i € [1,n].
0
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ThenY € C’l(RJr,Rﬁ) s the unique solution of

YY"+ EY =V(t), tel,
{ Y (0) =0, tl}frnooY(t)e*kt = [7 g(s)Y (s)ds, (2.4)
if and only if
Y(t) = 0+Oo H(t,s)V(s)ds, teRy, (2.5)

where H(t,s) = diag(Hi(t,s), Ha(t,s), -+, Hy(t,s)) and the positive func-
tions H; (i € [1,n]) are defined on Ry x Ry by
(eFt — e7kt) [F° gi(T)G (s, T)dT

H;(t,s) =G(t,s) + =
(t:5) (t:5) 1— [[F°(eks — e=Fs)gi(s)ds

0
and
1 e7Fs(ekt —eF) 0 <t <s< oo
: _ 1 ) =" = ’ 2.
G(t,s) 2k { e M(eks —ehs), 0 <5 <t < +oo, 20
with partial derivative with respect to ¢
1 e hs(eht + eHt) 0<t<s<+o0
1 ) = ’ 2.
Gy(t,s) 2 { —e M (eks — 7R 0 < s <t < +o0. @7)

Proof. Let y; € C*(R,) be an ith component of a solution of (2.4) and
uils) = 9i(s) — kwils), s € Ry (2)

Then
wi(s) + ku;(s) = —vi(s), s€R;. (2.9)

Multiplying (2.9) by €* and integrating over [0, ] yield
t
ui(t) = ekt <u1(0) —/ eksvi(s)d8> , tel. (2.10)
0

k

Similarly, multiplying (2.8) by ™" and integrating over [0, ] guarantee that

yi(t) = ekt (yi(O) + /Ot e_ksui(s)ds) , tel. (2.11)

From (2.10) and (2.11), we obtain that for ¢t € T

1 t
yi(t) _ <Clekt + Cge_kt +/ (e—k(t—s) _ €lc(lt—8)> vi(s)ds> , (2.12)
2k 0

where C1 = y(0) + ky;(0) and Cy = ky;(0) — y.(0). In addition (2.4) yields

1

0= yi(O) = ﬂ(Cl +02) — C1 = —Cs.
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Moreover, (2.11) gives

yi(t) 1 Cy + Coe™ 2kt+e—2kt/ oksy. (s)dS—/t e_ksv(s)ds
ek:t 2]{7 0 ! 0 ' .

We claim that .
lim e_th/ e*5vi(s)ds = 0. (2.13)
0

t——4o00

Indeed, if f+oo eFsv;(s)ds < oo, then (2.13) holds. If f+oo eFsv;(s)ds = oo,

then -
t e®v;(s)ds
lim e_%t/ e"v;(s)ds = lim fo27]z()'
t—4o00 0 t——+o00 e2kt

Hence, from L’Hospital’s rule, we get

i geksvz(s)ds i eMu;(t) - 1
im 2———~" = lim =
t—+o0 e2kt t—+oo 2ke2kt t—>+<x> 2%

e () = 0.
From (2.13) and the boundary conditions, we obtain the values

1 = 2k<f (s)ds + [;F>° ek ()dg
Cy = —2k<0 %() (s)ds + [;F° e~k ()d%

A substitution in (2.12) gives

wilt) = (o7 guls) wa()ds + i e Foui(s)ds)
—e‘kt< 0+°° 9:(8) y; d8+f+oo —ks (5)ds>

o Jo(e™M) — e’f(t Dyvi(s)ds
= (ekt — k) [0 g,(s)i(s) ds+f+°° k(”v()
f+oo —k(t+5),, i(s)ds + =~ fo e—k(t=s) _ ok(i— vy (s)ds.

Hence
—+o0

+oo
yi(t) = (ekt - e_kt> /0 9i(s)yi(s)ds + ; G(t, s)vi(s)ds, (2.14)

where _ )
1 e e —e ), 0<t<s < +oo,
G(t S) 2k3 { —kt(eks _ e—k‘s)7 0 S S S t < +OO
Multiplying (2.14) by g;(.) and integrating over [0, +0c0) yield
g is)ds = [ (gi< ) (€5 = e7) [ gi(ryi(r)dr ) ds
+ e ( (5) JoF° G(s,7) vi(7)dr) ds
= (fo )dT) ( 0+°° 9i(s) (eks - e‘ks) ds)

+ (0 m@a@f)()m)m.
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Then

I gis)uis)ds (1= J57 gils) (¢ = ) ds)
= 0+o<> 0+OO 9i(8)G(s, T)ds) vi(T)dr
= 0+OO [)+Oo i (T)G(T7 S)dT) vi(s)ds.

Hence

+o0 +oo too
(s (8)ds — o 9i(T)G(s,T)dT o ($)ds
/o gi(sJyi(s)d _/o 1— [7%°(eks — e=ks)g;(s)ds i(s)ds.

By substitution in (2.14), we arrive at the formula

400 kt _ —kt +oo G d
yi(t) —/ & e+o<>) o 9ilT)Gls, T)d7 + G(t, s) | vi(s)ds,
0 1 — [ 7 (ks —e7ks)g(s)ds
i.e.
400
yi(t) = Hi(t,s)vi(s)ds, i € [1,n],
0
where . —
—e o ()G (s, T)d
Hi(t,s) = G(t,s) + G 6+OO) o gilT)Gs, T)dT.
1— [ (eFs — e79)gi(s)ds
Consequently,
:/0 H(t,s)V(s)ds, teRy,
with H(t,s) = diag(H1(t,s), Ha(t,s), -+, Hy(t, s)).

t,s)
Conversely, let y; € C1(Ry) be deﬁned by (2.5). A direct differentiation

of (2.5) gives for i € [1,n], and t > 0

yit) = 57 Gt s)vi(s )C_lf, 01s)
oo [ k(eFttert * g:(T)G(s,7)dT 2.15
= fO ( < 1—f0+°°()ek£—ek5)gi(s)ds + Gt(tvs)> vi<3>d57

where

1 ( o—hs(kt | o=kt <
Gyt s) = {e (e +e ™), 0<t<s<+oo,

2 e F(ehs —e k) 0<s<t< +oo.
Differentiating once again (2.15) leads to
Y'(t) = —V(s)+ k2/ G(t,s)V(s)ds
0
= V() +EY(@1), teR,.

Hence Y € C1(R,) and Y satisfies (2.4). O
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Some fundamental properties of the function G are given hereafter. We
omit the proofs.

Lemma 2.2. The function G satisfies

(a) G(t,s) >0, Vt,seRy

(b) G(t,s) < ette #G(s,s), Vt,s € Ry; Vu > k.
(c) G(x,8) > AgG(s,8)e™*, YVt [y,d]; VseR,.

Denote by G¢(s + 0, s) the right-hand side derivative of (2.6) at (s, s)
and G¢(s — 0, s) the left-hand side derivative at this point. The first partial
derivative of G then satisfies

Lemma 2.3.
(a) |Gi(t,s)| <ette ™ Vi, s c Ry and Vu> k.
(b) Assume that k > 1. Then for every t € [y,d],s <t, s€ Ry and up >k

2kG(t, s) + G(t, s) A1 [G(8,8) + |Gi(s +0,5)[] e
M
2

>

> GG s) + |Gt s)[] e

(c) Assume that 0 < k < 1. Then for every t € [v,d],s < t, s € Ry and
p=k

G(t,s) + G(t,s) A2 [G(s,8) +|Gi(s+0,8)|] e

>
> B [G(t,s) + [Gult,s)] e

Moreover, the first inequalities in (b), (c) remain valid if we take G¢(s—0,s)
and s >t instead.

Let

v; = <1 - /O +oo(eks - eks)gi(s)ds)

From [Lemma 2.2, (b)] and [Lemma 2.3, (a)], we get the following properties
of any function H = (Hy,..., Hy).

-1

+oo
and @i(s):/o gi(T)G(s, T)dr.

Lemma 2.4.
(a) e H;(t,s) >0, Vt,seR,.

(b) Assume that k > 1. Then for every t,s € Ry and u >k,

e (Hi(t, s) + \gtHi(t, s)]) <e % (G(s,5) + 1)+2max(k, 1)1;0;(s).
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Proof. We prove (b). For any t,s € Ry and pu > k, we have the estimates:
e M (Hi(t,s) + | & Hi(t, s)|)
= e M (G(t,s) + |Gy(t, 5)\) e M ((eM — e M) + k(M + e M) 1,0,(s),
with, for £ > 1
e M (G(t,s) + |Ge(t, s)]) + e ((e — ) + k(P + k) 1,0,(s)
< (G(s,8) + 1) e + ((k+ el 4 (k = 1)e= ")) 1,0;(s),
and for 0 < k < 1

e M (G(L, s) + |Gelt, s)]) + e ((eM — e™F) + k(eP + e7*)) 1;04(s)
< (G(s,8) +1)e ks 4 26—ty 0,(s).

O

2.3 A compactness criterion

Let p: Ry — (0,+00) be a continuous function. Denote by X the space
of all weighted functions Y = (y1,92,...,yn), where for all i € [1,n], y; is
continuously differentiable on R, and satisfies

tsel]%p([!yi(t)\ +1yi(®)]]p(t)) < oo, i € [1,n].

Equipped with the Bielecki’s type norm

Yl = Z Slllgp [lys ()] + 1y 1p(2)),

=1

X is a Banach space. Recall that a set of functions ¥ €  C X is said to
be almost equicontinuous if it is equicontinuous on each interval [0, 7], 0 <
T < 400. The following compactness result involves the boundedness of
solutions with respect to a dominant weight. It is an adaptation of Zima’s
compactness criterion [34, 35] to the case of systems.

Proposition 2.2. Let Q C X and assume that the functions Y € Q and
their derivatives are almost equicontinuous on Ry and uniformly bounded in
the sense of the norm

1Yllg = E sup ([yi()] + [yi ()] a(®)),
i=1 1€R+
where the function q is positive, continuous on Ry and satisfies . 11£Ln @
%

0. Then Q is relatively compact in X.
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Proof. Let (Yi)meN = (Y1,msY2,m;» - - - » Yn,m)meN be a sequence in €, uni-
formly bounded with respect to the norm ||.[[;. Then there exists some
K > 0 such that for all m € N, [|Y;,,]|; < K; thus

sup ([[yim ()] + |yim(OI] (1) < K, i=1,2,...n.
teR,
Hence
VmeN, Vte Ry, [Yim(t)] + yint)] < K/q(t).

For i € [1,n], the functions (y;,m)men and (y; ,,)men are uniformly bounded
on any subinterval of Ry. In addition, these functions are, by assump-
tion, equicontinuous on subintervals of Ry. By the Ascoli-Arzela Lemma
and a diagonal procedure, for each i € [1,n], there exists some subsequence

(§§Tn))meN of (Yi,m)men converging almost uniformly to some limit func-
tion g; and the sequence ((fi(j;))' )men is almost uniformly convergent to the

derivative ¥} in the interval [0, +00); moreover
v ()] + lyi ()] < K/q(t).
m

We prove that the sequence (g,ST))meN = (5%7:2,557:2, .. ,fq(w%) o
’ ’ me

verges in X for the p-weighted norm. Indeed, for all ' > 0 and i € [1,n], we
have

sup ([ () — wi(6)] + () () — v ] p(z))

teR4

< s (| € (1) = wa(D] + 15 (1) = wi() 1 p(®))
+sup( 167 (6) = wi(t)] + (63 (1) = () 1 p(0).
Then
I — will, < ; up € (1) = w(B)] + (€7 (1) = ()] ] ()
+2nK sup 20

ST q(t)

Since, for any 7 € [1,n], the sequence (fg;?)meN converges almost uniformly

to y;, the sequence ((fl-(j;?)’ Jmen is almost uniformly convergent to y, in

[0, +00), and sup % — 0, as T'— +o00, we deduce that lim ”fv(:zn) — il =
t>T n—o0

0, proving our claim. O

3 The regular problem

This section deals with Problem (1.1) when no singularity is assumed on the
nonlinearities which first satisfy the following hypothesis:
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(H1) The functions f; : Ry x (R4)™ x R™ — Ry are continuous and when

ot ot ot
Yy -y Uns 21, - - - » 2n are bounded, fi(t, e%y1, ..., %y, ez, ... e 2,)

are bounded on [0, +00). In addition for i € [1, n], the 1ntegrals

“+oo
B; = / bi(s) <(G(5, s) +1) e + 2max(k, 1)Vi@i(8)) ds
0
are convergent.

3.1 A fixed point operator
Let Q@ C X be a bounded subset and Y = (y1,...,yn) € . Then, there
exists M > 0 such that ||Y]|p < M. From Assumption (H;), let

S(i):sup{ fi(t,eatyl,...,eetyn,eetzl,.. e? zn) te Ry }
M (yla---ayn)e[O7M]n? (|Z1|,...,|Zn|) [OvM}

Hence for any ¢ > 0, 0 < y;(t)e™% < M and |y}(t)| e < M (i € [1,n]) we
have

Jor2e e ks i (s) fils, ya (s), ---7yn(5)7y1() ;Y (8))ds
— f+oo _ksgzﬁl(s) Z(se e %y (s),...,e7% 95 Yn(s),
6 bsePoy) (s),..., e 95'())618

= M f0+oo e ks, (s)ds < o0, i € [1,n].

So for all ¢ € [1,n], the integrals

+0o0
/0 K 0i(5)) (s, y1(5), - Un(9),¥4(5), -, Wa(s))ds

are convergent. From Lemma 2.1, we deduce that the boundary value prob-
lem (1.1) is equivalent to the integral equation

“+oo

Y(t) = ; H(t,s)F(s,Y(s),Y’(s))ds.

For i € [1,n], define the integral operators 4; : QNP — C*(R,,R,) by
+oo
(A:Y)(t) :/0 Hi(t,8)i(s) fi(5,y1(8), - yn(8), y1(8), - -, Yn(s))ds

and let (AY)(t) = (A1Y (), A2Y (t),..., A.Y ()", We have

A: QNP — Cl(R+,R”)

Y — (AY)(t) = (3.1)

0 P H(t,s)F(s,Y(s),Y'(s))ds.

Next, we study the compactness of the operator A.
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Lemma 3.1. Under Assumptions (Ho) and (H1), A maps the set QNP
into P.

Proof.

Claim 1. A(QNP) C X. Indeed, by (Ho), (H1), and [Lemma 2.4, (b) with
p = 6], we obtain the following estimates, for all i € [1,n], Y € QNP and
te R+Z

e P (AY)(t )\+!(A Y)’( )]

= Jo  (Hit,s)+|F Hit, 5)]) 6i(s) fi(s,51(5), - yn(), 41 (), -, yn(s))ds

< S8 [ ((G(s, s)+1)) ks 4 2 max(k, 1)1i0i(s)) ¢i(s)ds
J-

—S()B <oo, Vie[l,n

Claim 2. A(QNP) C P. Clearly AY (t) > 0Vt € R,. Using the inequalities
in part (b) of Lemma 2.3 with 1 = 6, we obtain for ¢ € [y,d] and 7 € Ry
the successive estimates:

2k(AY)(t) + (AiY)'(t)

= [T (2kH (t, s) + ZHy(t,s)) di(s)
fi(svyl(s)a e ,yn(s),yﬂ(s), < 7941( ))d

> [ (2kG(t, 5) + Gi(t, ) + k(3eF — eF)1,0,(s)) di(s)
X fi(8,91(8) -+, yn(8), y1(8)s - - -, yp(5))ds

> A1 [y (G(s,5) + [Gel(s +0,5)]) e 6;(s)
Xfi(87y1(8)7'"7yn<3)7yll(3)7"'7yn ))
+A1 [T (G (s, 8) + |Ge(s — 0,5)]) e 7oy (s)
Xfi(87y1(8)7'"7yn<3>7yll(8)7"'7yn ))

> $Ae ™ [1(G(r,5) +|Gi(r,5)]) dils)

sz(s y1(s), "'7yn(3)uy/1(5)7"‘7y;z(5))d8

+3 A7 [T(G(r, 5) + |Gi(7, 5)]) hi((s)

><fz(s Y1(8)s -+, Yn(8),¥1(8), - - -, yp(s))ds
> A ([(AY) ()] + [(AY) (7)) -

Passing to the infimum respectively over ¢ and then over 7 € R, guarantee
that for all 7 € Ry

Jmin (RAY () + (AYY(1) = e ((AY)()] + (4 ) (7)),
min QEAY (1) + (AYY(1) 2 M Ay, Vi€ L

> min (2kA;Y (t) + (A4;Y)(t))
i=1t€[7,9]

v

AV

A [AY |y,

ending the proof of the lemma. O
Next, we prove a compactness result.

Lemma 3.2. Under Assumptions (Ho) and (H1), the map A: QNP — P
1s completely continuous.
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Proof.
Claim 1. A is continuous on © N P. Let the convergent sequence Y,, =
Yims - Ynm) =Y = (y1,...,yn) in QNP, as m — +o00. Then there exists
N > 0 independent of n such that max{[|Y||g, sup ||Y|lo} < N. Let

m>1

S(l) — Sup{ f’b (t7 69ty1,m7 ey eetyn,my eetzl,mu e 7€9t2n,m) ) te [07 +OO)7 }
N (yl,ma e ayn,m) € [O7N]na (|21,m‘7 R |Zn7m|) € [O7N]n
So for i € [1,n], we have
’fl (tayl,ma s 7yn,mvyi,mv s 7y;z,m) - fl (ta Yis -5 Yny y/17 R y;l)l < 2S](\’;)
By continuity of the functions f;, ¢ € [1,n], we have as m — +o00

‘fl (tayl,maayn,mvyi,m7’y;l,m) _fl (t’yl”yn’y/b’yfn)l -0

Hence, for each ¢ € [1,n], the Lebesgue dominated convergence theorem
implies that

[AiYm — AiY lo
= s (I(AYom) (1) = (AY)()] e + [(AiYon) () — (AiY ) (t)] e~?)
< sup e 0 [o70 (Hy(t, ) + | & Hi(t, s)]) ¢i(s)

X|fi(8,y1m(8)s -+ Ynn(5), Y1, (5), - -+ U ()
_fi(sayl(s)v"'vyn( ) yl( ) "'ayn( ))’ds

S ((G(s,y8) + 1) _k5+2max(k: 1vi®i(s ) i(s)
X|fl (8,y1,m(8),---,yn,m( ) yl m( "'7ynm 8))
_fi<3’y1(s)7"'7yn(8)7y1( ) ayn( ) ’dS

where the right-hand side tends to 0, as m — +oo. Consequently,

IN

n
|AY;, — AY [lg = Y || Ai¥o — AY [l — 0, as m — +oo,
i=1

proving our claim.

Claim 2. A is completely continuous. Let £ be some bounded subset of X;

then there exists M > 0 such that [|[Y]|p < M, for all Y € QN P.

(a) The functions {AY, Y € QN P} are almost equicontinuous on Ry.

Indeed, for any Y € QN P, T > 0, and t1,ts € [0,T] (t1 < t2), we have for
€ [1,n] the estimates

= (51 [Hi(t1,5) — Hi(ta, s)| ¢i(s) fi(s,91(8)s - yn(5)41(s), - - yn(s))ds
+ Ji) [ Hi(ty, 5) — Hilta, $)] 6i() fi(5,91(5), -, yn (), 41 (8), - - yn(5))ds
+ftc2>o|HZ(t175) _Hi(t2’5)’¢i(5)f1(57y1(8)7 ’yn(s)ayll(s)v ) ;’L(S))d‘s
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Now, we estimate each of the sums in the right-hand side:

fotl |H t17 ) (t27 )|¢l( )fi(s7y1(s)a"'7yn(8)7yi(8)a'"7y7l~b(s))ds
z) f z 2k ‘e—k‘tl( ks _ —k:s) _ 6—kt2 (eks _ 6—ks)’
+| ktl) — (e ktz _ efth)‘ v;0;(s)]ds
= S](\i[) ‘e*ktl —e k2| [0 tl 21k (s) (|e¥ — e75| + 2kv;©4(s)ds) ds
—1-51(\? |ekt1 - kt?} f(fl ®i(8)v;0;(s)ds
— 0, as ‘tl — tg’ — 0,

IN

and

Jii 1Hiltr, ) = Hi(tz, )| 94(5) fis,11(5). - un(), 61 (5). v () s
< S(z @( % ]e ksl( kty _ efktl) _ekt2 (eks _ efks)‘

+ (e ktl — e k) — (M2 — e7M2)| 1,0;(s)]ds

_ 1 S(z |ekt1 _e—ktl‘ fttf pi(s)e Fsds

+ﬂS](\J) —kto i s) }eks _ e—ks‘ ds

S0 ekt — ekt _ ghts _ okt | 12 ¢ils)vi©i(s)ds

— 0, as |t; —ta] — 0.

Finally
f+OO|H (tla ) (t27 )|¢’L( )fi(sayl(s)""ayn(s)’yi(s))'"ay%(s))ds)
S(Z) f 2k ‘efksl( kt1 efktl) _ ka1 (ektg . efktgﬂ
+‘ kt1 _ fktl) _( kto 7kt2 ‘Vz l( )]ds

LS](\? ‘ektl — ekt _ gtz _ 7“2‘ f:roo bi(s ( ks 4 lefi@i(s)ds) ds
—)0, as ’tl—t2| — 0.

i € [1,n] and for all Y € QN P, that the

Similarly, we obtain, for any ¢
) (t2)| tends to 0, as |t; — t2| — 0. Then

difference |(A;Y) (t1) — (A;Y

n

I(AY)(t1) — (AY)(t2)]| = X2 [(AiY)(t1) — (A:Y)(E2)] — O,

=1

I(AY)'(t1) = (AY)'(ta2)[] = 2 |(4s Y)Y (t1) = (AiY) (t2)| — 0.

s

This shows that F(NP) is equicontinuous.

(b) Consider the open ball 2 = {y € X : ||y||,« < R} with some positive real

number k < 6* < §. The family {AY : Y € QN P} is uniformly bounded

with respect to the norm ||.||g- because, as in Lemma 3.1, claim 1, we have
n

[AY [lo = ;HAYH@*
= > sup ([[(AY)0)] + [(AYY()]]e )

i=1teR,

3 5B <00, VY e PNAQ.

=1

IN
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(c) Taking the dominant weight ¢(t) = e=%* > 7% = p(t) in Proposition
2.2, we conclude that the operator A is completely continuous on PN, [

3.2 Existence of at least one solution

In this subsection, we shall apply a functional type fixed point Theorem in
order to establish the existence of at least one positive solution of System
(1.1). Let « and [ be nonnegative continuous functionals on P and, for
positive real numbers r and R, define the sets:

P(B,R) = {zeP: p(x)< R},
PB,a,r,R) = {x€P: B(xr) <R and a(x) >r}.

If a and 8 are usual norms in the space X, the sets P(3, R) and P(53, a,r, R)
are respectively the open ball and the annulus. The following result is the
extension of the fixed point theorem of cone expansion and compression of
functional type and provides solutions in the conical shell P(3, o, r, R).

Theorem 3.1. [3] Let P be a cone in a real Banach space (X, ||.||) and let
a and [ be nonnegative continuous functionals on P. Let P(B,a,r, R) be a
nonempty bounded subset of P and

P(a,r) CP(B,R).

Let the mapping
F: PB,a,r,R) — P

be completely continuous. Assume that either one of the following two con-
ditions hold true:

(H1) a(Fy) <r, Yy € dP(a,r), B(Fy) > R, Yy € OP(B,R), and

inf |[Fy| >0,
yE€OP(B,R)

and for all y € OP(a,r), z € OP(B,R), X > 1, and p € (0,1], the
functionals satisfy the properties

a(Ay) = Aa(y), B(pz) < pB(z), and a(0) =0,
or
(H2) o(Fy) >r, Yy € OP(a,r), B(Fy) < R, Yy € OP(B, R), and

inf Fyll >0
seoPlar |V

and for all y € OP(a,r), z € OP(B,R), 0 > 1, and X € (0,1], the

functionals satisfy the properties

a(Ay) < Aaly), B(uz) > pB(z), and B(0) = 0.
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Then, F has at least one positive fized point y* € P(B, a1, R).

The following theorem complements the results of Theorem 3.1 when
the cone P is normal. It is concerned with the estimates of some iterates
which converge to the fixed point y*. We denote U™ the n-time composition
Ur=UoUo...0U.

Theorem 3.2. [/, Theorem 2.1, p.19] Further to the assumptions in Theo-
rem 3.1, let P be a normal cone and suppose that there exist y;,y, € P such
that P(B,a,r, R) C [y1,yu]. Then the following statements hold:

(E1) If there exists an increasing completely continuous operator
U : [y, yu] — P such that Fy < Uy for all y € [y;,yu] and Uy, <
Uy, then

Yy <y, <U"y, ¥neN,
* 3 n
where ¥y = nll)l_’I_loo Umyy,.

(E2) If there exists an increasing completely continuous operator
L: [y1,yu] = P such that Ly < Fy for all y € [y, yu] and Ly < Ly,
then

L'y <y <y*, VneN,

where y; = ngﬁloo L™y;.

To prove our first existence result, we distinguish between the cases k > 1
and 0 < k < 1. For k£ > 1, consider the subset of the half-space

(yla‘ 9y Yny R,y 7Zn) € (Ri)n X (R*)n :
Ar={ & 0 . (32)
> (2ky; + z) > 0 and y; + |z| < Re”, i € [1,n]
i=1

Clearly, this set is nonempty. In the sequel, we will denote

yi(t), - yn(t), 21(1), - -, 2 (1)
by y1,-..,Yn, 21, - - - , 2n, respectively. We need the following hypothesis.

(H2) The functions f; : Ry xR} x R™ — R, are continuous and there exist
continuous functions h,a; € C(Ry,Ry), b € C(R},R;) and ¢; €
C(R™, Ry ) such that for all t € Ry, y; € R4, and z; € R, (i € [1,n])
we have

0 < filt,y1, -y Yns21,y---,2n)
a; (Z min (h(t) 4+ 2ky; + 2;)

i=1t€[7,9]
x (b (e7%yn,....e %yn) + ¢ (e, ... e7%2,)),

IN

where a; is nonincreasing and b;, ¢; are nondecreasing functions.
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(Hs3) There exits R > 0 such that
n Al
ZBiai(7R) bs(R,...,R) +¢(R,...,R)] <R, (3.3)

where, for i € [1,n],

+oo
B; = / ( (s,8)+1)e " + Qkui@i(s)> ds,

+oo
vi=(1- / (e — &) gi(s)ds) ",
0
and

400
©i(t) :/ gi(T)G(t, T)dT.
0
Finally, the following notations will be used throughout (i € [1,n])

C; = min f ¢i(s) (2kH;(t, s) + 2 H;(t,s)) ds,
te[y,9]

D; = tg{l;r(ls]f di(s) (Hi(t,s) + atHi(t,s)) ds.

(3.4)

Theorem 3.3. Let k > 1 and assume that Assumptions (Ho), (H2) and
(Hs) hold together with

(H4) N;= min Filt, Y1y oo Yny 215+, 2n) > 0, 7 € [1,n].
te[%fs]:(ylv--~7yn,217~~-,2n)€A1

Then System (1.1) has at least one positive solution Y* = (yi,vy5,...,y})
satisfying

S sup (0 [y (0 + 1) ®l]) < R,

i=1teR,
S min (2kyf() + (2)(0) > max (A HY*ug,zciNi)m.
i=1 t€[7,9] o

(3.5)
In addition, under Assumption

(H) ©;(t) — %1V (5’“ - 6*3’“) >0, for t€[0,T) (T >0),ic[l,n],

we have that (Y*)' > Ogn on R4

Proof.

(a) First part. Let R be as defined by Assumption (H3), consider the open
set

Qr:={Y €X: |Y]|¢ < R},
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and let r be any real number such that

(A
0 <7 < min <2R, Z; (M\Q) . (3.6)

On the cone P, define the positive functionals

n

oY) = 3> min (2kylt) +4l(0).
17:11 te[y,d] (37
slY) = ;tsellkp (e [y + 1y @) = 1Y llo-

We show that Assumption (Hz) in Theorem 3.1 is satisfied.
Claim 1. P(a,r) C P(B, R). Indeed, if Y = (y1,...,yn) € P(a,r), then

r> Z min Qky,( ) + y{(t)) A1[Y o

1
te«,é} 2

With (4.4), we infer that [[Ylp < 25> < R, and so Y € P(B, R). Also, for
all Y € OP(a,r), Z € OP(B,R), A € (0,1], and p > 1, the functionals «
and [ satisfy

a(AY) =xa(Y), B(pZ) = pp(Z) and B(0rn) = 0.
Claim 2. a(AY) > r for all Y € OP(a,r). Indeed, Let Y = (y1,...,yn) €
OP(a, 1), that is a(Y) = > H[lir(ls] (2ky;(t) + y.(t)) = r. As checked in Claim
i=11€ly,

1, |Y|lg < R. Hence, for every t € [y,0], (y1(t),...,yn(t),y1(t), ...,y (t)) €
Ay, where A is given by (3.2). By Assumption (H4), we have the estimates:

n

a(AY) = 3 min (2kA;Y(t) + (A;Y) (1))

znlte[% ]
> > min f oi(s) (2kH;(t, s)

i=1t€[7,9]

+ 2 Hi(t,9)) fi (1(5), -+ Un(8), 45 (), -,y (s)) ds
> iCZ‘Ni>7‘.

i=1

Claim 3. B(AY) < R, for all Y € OP(B,R). Let Y € 0P(f,R). By As-
sumptions (Hz2) and (H3), for all ¢ € Ry and ¢ € [1,n], we get successively
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the following estimates:

B(AY) = 32 sup (=% [(A;Y)(t) + [(AY ) (1)]])

1= 1 t€R+

= Z sup [o ™ e (Hi(t, s) + | 5 Hi(t, 9)]) di(s)

=1 t€R+

fi(‘i{yl(s)v s 7yn(5)a yl(s)v s 7yn(8))d8
< ; [57° i(s) ((G(s,8) + 1) e7F + 2k1,0,(s))

xaz(lererg%]( (s )+2kyz( )+ yi(s)))
x[bz( y1(s), . (s)) +ci (e "yl (s)],. .., e "y (s)])] ds
< ZBal(TlR) [b (R .,R)+cl-(R,...,R)] <R.

=1

Claim 4. . 81%% )HAYHQ > 0. For every Y € 9P(a,r), and for some
€ a,r
to € Ry, we have

n

; sup (e [(AY)(t) + |(AY ) (1))

= 3 swp f+oo —ot (Hi(t,s)—i-|%Hi(t,3)’)¢i(s)
), Y1

i=1tinf Ry
fi(s:y1(5),- - yn(5), 41 (5), -, yn(5))ds

> ZNf+°° 0o (Hy(to, ) + | & Hilto, s)) ¢i(s)ds = Ko.

Passing to the infimum, we get  inf ||AY||p > Ky > 0. Therefore Hy-
YeoP(a,r)

pothesis (H2) in Theorem 3.1 is satisfied. Using Lemmas 3.1 and 3.2, we
find some Y* = (y7,...,v}) lying in the conical shell P(«, 3, r, R) such that
AY* = Y™ satisfies

0<[Y*lg= 3 sup (e~ [yr(&)] + () D]) < R

i=1teRy
Z min (2ky; (1) + () (1) = 51Vl (3.8)
i= 1t€[’y,5} "
Z min (2ky; () + (y;)'(t)) > > CiN; > .
i=1t€[7,9] i=1

Since r satisfying (3.6) is arbitrary, the last estimate in (3.8) follows from
Claim 2. Moreover ||Y*|lg < R. Indeed, if [|[Y*|[g = R then the definition of
the function 8 and the condition (3.3) will lead to a contradiction.

(b) Second part: We will prove that (y})'(t) >0, Vt € Ry, i € [1,n]. In
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fact, we have

(y7)'(t) = (AY™)'(1)

= f0°° SiHi(t,8)0i(s) fi(5, 57 (5), -y (), (1) (5), -, () (5))ds
=k (’sz(kt+€‘kt)9()+G( s)) di(s)
X fi(s,y7(s), - yn(s), (07) (), - ( ) (s))ds,
> i (i (4 1) ©4(s) — e M ek — k%) (s
fz(syl()---yyn()(i“)()-- (Y )(8)18
> k’VZ ekt+e—kt) fO )_ 21@11/1 —kte —e” ) ( )
< i, yi(5), - v (s )7(yi‘) ) (Y )’(3))
> k z(e’“+e*’“> Jo(©i(s) = 31 ( kL)), ()
< fi(s,41(s), - up(s )7(yT>() (Y )(8)

> 0.
O

Regarding the other case 0 < k < 1, we can prove a similar existence
result to Theorem 3.3. It suffices to use the inequalities (a), (b) in Lemma
2.2 and part (b) in Lemma 2.3. We omit the details.

Theorem 3.4. Let 0 < k <1 and
(yla"'vynazlv" ) (R* )n (R*)n
n
Z(yl +2;) >0 and y; + |z < Re? e [1,n]

=1

Ay =

Further to Assumptions (Ho), assume that the following hypotheses hold:

(Hy) fi: R xR x R™ — Ry are continuous and there exist continuous
functions h,a; € C(Ry,Ry), b; € C(R},Ry) and ¢; € C(R",R,),
such that for allt € Ry, y; € Ry, z; € R (i € [1,n]), we have

0 S fi(tayl)'"7ynuzlu‘~'7zn)
n
< a;(>] min (h(t) +yi + 2;)) [bi (e_etyl, ol e_etyn)
i=1t€[,9]
+c; (e_gtzl, ce, e_etzn)] s

where a; is nonincreasing and b;, c; are nondecreasing functions.

(H%) There exits R > 0 such that
ZBZ-aZ-(?R) bi(R,...,R)+¢(R,...,R)] <R,

where for i € [1,n]
+oo

B; = i (s) ((G(s, s)+1)e ks 1 21/1-@1'(3)) ds

0
together with
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(H)) N/ = min fittsy1y oo s Yny 215 -5 20) > 0, 7 € [1,n].
LE[Y,0], (Y15e-sYns21seerZn ) EA2

Then System (1.1) has at least one positive solution Y* = (yi,vy5,...,y})
satisfying

n

> sup (e [ (0] + 07 (0]]) < R

S min (W) + @) > max (A ||Y*||9,zDiN;)>0.
i=1t€[,9] i=1

Moreover, if Assumption (H) holds, then (Y*)' > Ogn on Ry.

Remark 3.1. Assumptions (Ha) and (H}) imply that f(t,0,...,0) # Ogn
preventing Problem (1.1) from having the trivial solution. Moreover, it is
clear that (Ha) and (HY) imply (H1).

Remark 3.2. The cone P = {Y € X: Y > Ogrn on Ry} is not normal in
X endowed with the norm ||Y|lg = > sup ([|lyi(t)| + |} (t)|]e=%). In fact,

=1 t€R+
if P was normal, then, by Proposition 2.1, there would exist some constant

N >0 such that Ogn < X <Y implies || X|| < N||Y||. Forn =2, let X,,, =
((1 = cos(mt))e, e, Yy, = (2%, 2e%). Then Ogz < X, < Yony | Xinllo =
3(0+1)+m and ||Yilloe = 4(0 + 1). Consequently, m < (0 +1)N, Vm € N,
which is impossible.

Now, consider the normal cone
P:{YGX: Y > Ogp» and Y’ > Ogn onR+}.

We denote the partial order induced by P on X by < . Regarding the solutions
obtained in Theorems 3.3 and 3.4, we can state a more precise result:

Corollary 3.1. Let 0 > 1. Further to Assumptions (Ho), (Hz2), and (Hgz)
for k> 1 (respectively (H%) for 0 < k < 1) and (H), suppose that

Jdp>R>0: Biaj(n min h(s)) [bi(p,...,p)+ci(0p,...,0p)] <p,

S€[Y,9]
(H3)" § where for i e [1,n] !
Bi =[5 ((G(s,8) + 1)e " + max (2k, 1) 1,0:(s)) ¢i(s)ds,

For i € [17n]7 fi(tayla"'aynazla"'72n) > Qpi(t?yl)"wyn)v
V(& Yty Yns 21 -5 2n) € [7,0] X RY X R™,

TV where

(Ha) i € C([y,6] x R, Ry) satisfies

tE[,0], (Y1,0--yn)€[0,pe?]
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Then Y* satisfies:
Yi(t) S Y*(t) <Y (t) S UY,(t), Vj €N,

where the mapping U = (Uy,...,U,)T is defined on X by

+0oo
UY(t) = ; Hi(tvs)qbi(s)ai(nsg’if,g]h(8)> (3.9

X [bi (e_esyl(s), .. ,e_esyn(s)> + ¢ (e_esyi( ), e %y (s ))} ds,

Yi(t) = lim U"Y,,, Y, (t) = (pe, ..., pe?), Yi(t) = (KiGi(t),...,K.Gn(t))
and G;(t f ¢i(s) (G(t,s) + (eM — ™) 1,0,(s)) ds, i € [1,n].

Remark 3.3. The convergence of the integrals B; follows from the conver-
gence of the integrals B; and clearly (H4)" implies (H4) and (H'4).

Proof. To study the convergence of some iterates of the solution Y* obtained
in the previous theorem, we define an increasing operator U : P — P by (3.9)
and then check Assumptions (E1) and (E2) in Theorem 3.2. In the proof
of Theorem 3.2, we can observe that we only need to assume Y™ € [Y},Y,]
instead of the stronger condition P(53, o, r, R) C [V, Ya).

Claim 1. Y* € [Y},Y,]. Since by (3.7), B(Y*) < R, we get

Y (t) < ReP < pet and (y7)(t) < pet < 0pe®, Yt e Ry, Vie[l,n].

So (Y, = Y*)(t) > Ogn and (Y, — Y*)'(t) > Ogn, V¢t € Ry. Then Y* <Y,,.
In addition, for all t € Ry and i € [1,n],

yi(t) = Hi(t, 8)¢z( )fi(s,yT(S)v---ij( ), 1) (s), -, (y) (5))ds
f i(s) (G(t,5) + (¥ — ™) vi©4(s)) (s, yi (s), - .., yn(s))ds
gz(t) min bis,41(s), -, yn(s)) = KiGi(t) = yr(t),

te[y,6], y:€[0,pe%]

(AVANAY]

and also (y))'(t) > K;G/(t) = (y1.;)'(t); hence ¥; < Y™*. Therefore, ¥; < Y* <
Y.
Claim 2. Y; < AY < UY. From the growth assumption (H3), we have
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that for all Y € P,t € Ry and i € [1, n]

+o00

Azy(t) = 0 Hi(tv 5)¢i(8)fi(83y1(5)7"'7yn(5)ay/1(s)a'-'ay;L(S))dS
+o0
< Hi(t,s)¢i(s)ai(n min h(s))
0 s€[v,0]

X (bz (6_9ty1(8)7 ) e_etyn(5)>
i (7o), e M(s)) ) ds
= UZY(t)
too 9
(AY)'(t) = /O oy it 8)0i() fils,y1(s)s o yn(3), 91 () -y () ds
UY)'(t).

IA

In addition, if Y € [V},Y,] then, for every t € [y, d] and i € [1,n] y;(t) lies in
[0, pee‘s}. As in Claim 1, we can find that

( ) (t S)¢i(3)fi(37y1(5)7 < 'ayn(s)ayi(s)a s 7yf:1(s))d5
> yl z(t) Vt € Ry

YY) = fo ™ S Hit, 9)i(5) fi(s:y1(5), - yn(5), 1), -,y (s))ds
(yu)’( ), Vit e R+

Claim 3. Uy, < y,. Since 6 > max(k, 1), we get, by Lemma 2.2(b) with
w = 0 together with Assumptions (Hz) and (H”3) the estimates:

U;Y,(t)
= e [F° e O H (L, 8)¢i(s)ai(n n%ir}s] h(s))
sel,
X [bi (e‘esyuvl(s), cl e_esyu,n(s)) + ¢ (8_95%’J 1( ) P e_esy; W(s ))] ds
< e Bia;(n H%iné] h(s)) [bi(p, ..., p) + ci(Op, ..., 0p)]
EIS

)

< pe® = yuit), Vt € Ry
Also we have

(UiY.)'(t)
= eft f+oo e‘etQH-(t,s)gbi(s)ai(n min hA(s))

SE[v,0
X [bz (6 yul( ) e yun( ))+CZ (6 esy,ul( )7'-'76_05y;,n(8))] ds
< e Ba;(n H%ln h(s)) [bi(p,...,p) +ci(Op,...,0p)]
s€ ’Y7
< peft < Gpett = Yui(t), YVt € Ry.

Since U is increasing, U?y, < Uy,. As in Lemma 3.2, we can see that U
is completely continuous. To sum up, let the constant operator L on X
be defined by LY = Y;. Then, for any j € N, L’Y; = Y; and LY < AY
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follow from Claim 2. Therefore, by Theorem 3.2, the solution Y* satisfies
the estimates

VjeN, Vi e Ry, Yi(t) = LYI(t) = LIYi(t) < Y*(1) < Yi(t) < UFYa(0),

where Y = (Yu1s- s Yun) = ( lim UlY,,..., lim UJY,) = lim U7Y,,

Jj—r+oo Jj—+oo j—+oo

ending the proof of the theorem. O

3.3 Existence of at least two solutions

Theorem 3.5. [1, Theorem 7.9] Let P be a cone in a Banach space (E,||.]|),
0 <r < R < L be three real constants and let ||.|| be increasing with respect
to the cone P. Let A: B NP — P be a completely continuous operator
such that the following conditions hold:

(a) = # Az for all x € PN OBg.

(b) ||Az|| > ||z||, for all x € P N OBy.
(c) [|[Az| < ||z||, for all x € P N OBR.
(d) ||Azx| > ||=||, for all z € PN OB,.

Then A has at least two fired points x1 and v with 1 € PN (Br\By) and
To €PN (BL\BR).

As a consequence, we easily derive

Corollary 3.2. Let P be a cone in a Banach space (E,|.]|),0<r <R <L
be three real constants and let ||.|| be increasing with respect to the cone P.
Let A: By NP — P be a completely continuous operator and assume that
the following conditions hold

(a) ||Az|| > ||z||, for all z € PN OB,.
(b) ||Az|| < |||, for all x € PN OBR.
(c) ||Az|| > ||z, for all x € PN OBL.

Then A has at least two fived points x1 and x3 with x1 € P N (Br\B;) and
x9 € PN (BL\BR).

In this subsection, we prove the existence of two distinct nontrivial pos-
itive solutions to System (1.1).
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Theorem 3.6. Let k > 1 and assume that hypotheses (Ho), (Hz2), and (Hs)
hold together with

filt,y1, oo Yny 21, -y 2n) _ 4k

(Hs) liminf  min — > A—Mo
£ (a0 3 i+ |24 :
AZ) yercsYny 2Ly - - o5 20 2
and lim inf min filt yln Yn, 21 ) > A—MO7
'21 (2ky;+2zi)——+o0 tel,d] Z (Qk?yi + ZZ') 1
= i=1
n 5 -1
where My (5 s [86-0 (B(,9)-+ 4550, 9) o

Then System (1.1) has at least two positive solutions Y1, Ya such that
0 <[Yile <R < |Y2[lo.

Proof. Define the operator A by (3.1) and consider the open set Qr = {Y €
X: ||[Y]lg < R} where R is as introduced in Assumption (H3). Lemmas 3.1
and 3.2 guarantee that A : Q7 NP — P is completely continuous. So, we
only have to verify the conditions of Corollary 3.2.

Claim 1. As in the proof of Theorem 3.3, Claim 3, we can check that

|AY [lo < Y ]lo, VY € 0QrNP. (3.10)

So the condition (b) of Corollary 3.2 is satisfied.

Claim 2. Since  liminf  min f"(t’yﬁ,’""yn’zl""’zn) > %Mg, then there

3 erlal—0 S0 R =D

n
exists a positive number ro such that for ¢ € [y, d] and Y (y; + |vi]) < ro, we
i=1
have "
bt = 400 3 (0 + )
1=
Consider the open set Q, = {Y € X: [[Y|lp < r}, where r < min(R, ).
n
Then, for all Y € 9P,, Y (e %(vi(t) + [¥i(t)])) < r,Vt € R,. Hence

=1
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n

> (yilt) + yi(@)]) < re <o, Vi€ [y,9].

=1
jAY ]y = z sup (e [(AY)(0) + (¥ ()
> z mavs [ e (Hi(t, ) + | e Hilt, ) 0i(5)
Xfl (s,y1(s), ...,yn(s),yi(s),...,y;(s))ds
> thlen[il,}g] f e % (H,(t,s) + |%Hi(t, s)|) ¢i(s)ds
x4 My ; (yi(s) + 1.(s)])
> 432 () + S Ii(s))
> &% min (2hy(s) +4](s)
> 28y, = v,
Therefore

JAY g = [Y]s, VY €00, N7P.

So the condition (a) of Corollary 3.2 is satisfied.

Claim 3. Since lim inf min LYl YnZizn) s 2 2 My, there
£ (ki) 400 <) 3 (2kyta)

=1

i=1

exists Ry > 0 such that for ¢ € [y,6] and > (2ky; + ) > Rp, we have
i=1

n
=1

Consider the openset Qr ={Y € X: ||Y||p < L}, where L > max(R, A%Ro).
Y € 0Py, implies that

5 @) +ui(t) 2 3 min (kw(®) + (1)
> AlHYH AL > Ry, Yt € [y,4].
Using the inequality (3.11) and arguing as in Claim 2, we can prove that
|AY [lg > ||Y]le, VY €0QrNP.

As a consequence, the condition (c) of Corollary 3.2 is satisfied. According to
Corollary 3.2, we infer that A has at least two positive fixed points Y7, Y € P
such that » < [|Yi|l¢ < R < [|Y2]l¢ < L. Consequently, Y7 and Y> are two
distinct positive solutions of System (1.1) and satisfy

r<|Yille <R <|Yallo < L.

O]
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The following result deals with the case 0 < k£ < 1; the proof is analogous
and is omitted.

Theorem 3.7. Let 0 < k < 1 and assume Assumptions (Ho), (Hz2) and
(H'3), (H's) hold, together with

fi(t7y17"‘7yn7217'"7Z7l) 2

(H's) liminf  min — > /TMO’
S itz —0 <07 > (i + |2]) 2
= i=1
and lim inf min filt: 1, m Y 25y 2n) > — M.
2 (yitzi)—+oo telr] Z (yi + Zz) 2
= i=1

Then System (1.1) has at least two positive solutions Y1, Ya such that

0 <[Yillo < R <Yzl

3.4 Example

Let gi(t) = g2(t) = 73, ¢1(t) = e_%,gbg(t) = ¢75 and consider the
nonlinearities

fit,y1,y2, 21, 22) =
2

ai( 2 tmi%](h(t) +2kyi + 2;)) [bi (e %y1, e %y2) 4 ¢i (€721, 67 2) |
i=1t€l,

for (t,y1,y2, 21, 22) € Ry X Ri x R? and i = 1,2, where

1
h(t) =t = 1 =—+41 R
O=t alw=g 7+l el=g7+luck
1075 1 1075 1
bi(u,v) = T\/(u+v)3+m, ba(u,v) = . (u—l—v)3+ﬁ, u,v € Ry
1071 1071
c1(u,v) = 5 et co(u,v) = 5 "t u,v € R.

In order to check the inequality (3.3) in Assumption (H3), we choose k =
2>1, v= %, and 6 = 50; then 6 = % and R = 5. Moreover

2 2210 1495
A =2e (B,Bs) = | oy 7oy
r=3¢ 0 (BB = { 3597 1364
and
+oo 1
1 —/ (e* — e *)gi(s)ds = =, i=1,2
0 5
Hence

2
Z Bzaz(%R) [bZ(R, R) + CZ'(R, R)] ~ 0.0456 < R-
=1
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Moreover, we have that f;(¢,y1,y2, 21, 22) > Wlov for any (¢,y1,¥y2, 21, 22) €
R4 x R% x R? and ¢ = 1, 2. Therefore Assumptions (Ho)-(H4) are satisfied.
As a consequence, the boundary value problem

—yi () + 4y (t) = f1(t y1(8): (1), 91 (1), 95(8)), ¢ > 0,

—ys (1 )+4y2( ) = Lt (1), 1:(8), 1 (1), 5(1)), £>0,
(0) =0,  Tim y(t)e f*“gl(swl(s) s, (3-12)
y2(0) =0, Tim ya(t)e™ = [7 ga(s)ya(s)ds

has at least one positive solution Y = (y1,y2). In addition, for i = 1,2
Assumption (H) in Theorem 3.3 is obvious. Indeed

3, 3

1 1 1
0.(1) — (—kt_ —Bkt>:_ ey e >0, teRy.
ST G 5 T¢ Tt C *
Also, we have that (B, B2) = (319, 132) (K1,K») = (185, 155) and then

the inequality in Assumptions (Hs3)” is obvious for p = 6. Finally Assump-
tions (H4)” in Theorem 3.1 is fulfilled. Therefore, the solution also verifies
the conclusion of this theorem. Some computations of the bounds of the
functions Y;(x) and U"Y,(x) are shown in the following Table:

t Yi(t) = (yi,1,41,2) Yu(t) = (Uyu(t), Uyu2(t))
t=15 (0.0008, 0.0008) (0.1218, 0.1241)
t=1 (0.0047, 0.0043) ( 0.5896 ,0.6009)
t=1 (0.0120, 0.0110) (1.5192, 1.5485)
t=2 (0.0781, 0.0715) (19.9776,10.1701)
t=>5 | (0.0307 x 103, 0.0282 x 10%) | (3.9327 x 103, 4.0086 x 10?)
t=10 | (0.0676 x 107, 0.0621 x 107) | (8.6620 x 107, 8.8290 x 107)
t =20 | (0.0328 x 106, 0.0301 x 10'6) | (4.2025 x 106, 4.2835 x 10'6)
t =50 | (0.0375 x 10%2, 0.0344 x 10%2) | (4.7993 x 10%2, 4.8918 x 10*?)
t =100 | (0.0101 x 10%, 0.0092 x 108¢) | (1.2901 x 10%¢, 1.3150 x 10%%)

We further can check that Assumption (#Hs) in Theorem 3.6 is fulfilled.
Indeed, for all t € [,6], (y1,y2) € [0, +00)?, (21, 22) € R?, we have

fi(t,y1, 92, 21, 22) 1072
2 - )
y1 +y2 + 21| + |22
Zl(yz' + |2i])
1=

2
and if ) (2ky; + 2z;) > 0, then

=1
fl(tv Y1,Y2, 21, 22) > 10711 6_7t(yl + 92)3 + 6673t(21+22) .
2 - 2k(y1 + y2) + 21 + 22
> (2ky; + z)
=1

Therefore, Problem (3.12) has at least two positive solutions.
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4 The singular problem

In this section, we study the existence of one or two positive solutions to
(1.1) when the nonlinearity F' has possible singularities at ¥ = Ogn and
Z = Ogn.

4.1 Existence of at least one solution

For k > 1, consider the subset of the half-space

(yla"'aynazla"'vzn) € (Ri)n X (R*)TL :
r={ &

> (2kyi + zi) > 0 and y; + |z;] < R(e +2), i € [1,7]
i=1

Clearly, this set is nonempty. We will consider the following hypothesis:

(Hp) The functions f; : Ry x (R%)" x (R*)® — Ry are continuous and
there exist continuous functions h € C(Ry, Ry ), a; € C(R%,R4), b; €
C((R%)™Ry), and ¢; € C((R*)",Ry) such that for all t € Ry, y; €
R%, z; € R*, (i € [1,n]) we have

fi(tvyla <y Yny 21y - 'azn)
n
< q <Z min (h(t) + 2ky; + Zz)) (bi (e_etyl, .. ,e‘etyn)
i=1t€[7,0]
+c; (e_etzl, ce ,e_etzn)) ,
where a; is nonincreasing and b;, ¢; are nondecreasing functions.

(H3) There exits R > 0 such that

n

Ay
; Biai(— R) [bi(2R, ..., 2R) + ci(2R, ... . 2R)] < R, (4.1)

where B; = f0+°° ¢i(s) ((G(s,s) +1) e + 2k1;0,(s)) ds, i € [1,n].

Theorem 4.1. Let k > 1 and assume that Assumptions (Ho), (H2) — (Hs)
hold together with

(H4) M: min fi(tayla"'7ynazla"',zn)>O7 (&S [1,7’L]
te[’%&]v (yl7---7y7L7Z17---7Z7L)EF1

Then System (1.1) has at least one positive solution Y = (y1,...,Yyn) Satis-
fying

S sup (e [lyi(®)] + W) (]]) < R,

i=1teR4+
> min (2ky;(t) + (y;)'(t)) > max (Az Hyug,zci/\fi),
i=11t€[,9] i=1

(4.2)
where the constants C;, i € [1,n] are given by (3.4).
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Proof. Let R be as defined by Assumption (Hj3) and consider the open set
Qr ={Y eX: ||Y||p < R}.
For each m € {1,2,...}, define a sequence of functions by
MY, Z) = filtboyi+ 5 e+ S+ Az ), € [Ln).
Then, for Y € Qr NP, define a sequence of operators by
(AMY) (1) = /0 T H(L ) FO) (s, (5), Y (5))ds, (4.3)
where

¢1(t)f1(m)(t,y1, ey Yny 2Ly ey Zn)
FM(t,Y,Z) = :

¢n(t)f7(lm)(t7yla <y Yny 21, - - '7Zn)

Let R be given by Assumption (Hs) and r be any real number such that

(A
0 < r < min <2R, z_; CZM> . (4.4)

On the cone P, we introduce the positive functionals

n

aY) = > min (2kyi(t) +yi(t)),
121 tely,0] 4.5
BY) = ;tsé%p (e [l ()] + i) = 1Y llo-

We show that Assumption (Hsz) in Theorem 3.1 is satisfied.

Claim 1. P(a,r) C P(B, R). Indeed, if Y = (y1,...,yn) € P(a,r), then

ro> Y min (2kyi(t) + yi(t) = ALY o-
i=1t€[,9]

Using (4.4), we infer that ||Y|ly < 24> < R, and so Y’ € P(B, R). Also, for
allY € OP(a,r), Z € OP(B,R), A € (0,1] and p > 1, the functionals o and
B satisfy

a(AY) = Aa(Y), f(nZ) = pp(Z) and B(0gn) = 0.

Claim 2. a(A™Y) > r forall Y € OP(a,r) and m > mg > %. Indeed,

let Y = (y1,...,yn) € OP(a,r), that is a(Y) = g:l tIEI[l’iy%} (2ky;(t) + yi(t)) =
r. As checked in Claim 1, ||Y||p < R. Hence, for every t € [v,d],

1 1 1 1
H+— . oy + =)+ —,...,y(t)+— | €T.
(1204 o0 )+ i)+ ) €T
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By Assumption (Hy), we deduce the estimates:
a(A(m)Y) = > min 0 (Zer (t,s)+ m H;(t, s)) ®i(s)
i:lte[%fﬂ

Xfm (8 yl( ) "'7yn(8)7y/1(8)7'"7y;7,(8))d8
> Z m1n f oi(s (QkHi(t,s) + atH(t s))

i=1t€[r,0
x fi (s, yl( ) e Yn(8) s U1 (8) F sy (s) + o) ds
> E Cz./\/; >,
i=1
Claim 3. B(A™Y) < R, for all Y € OP(8,R) and m > mg > . Let
Y € OP(B, R). By Assumptions (Hz) and (Hg), for allt € Ry and ¢ € [1,n],
we have the estimates

BAMY) =3 sup (e [(AMY) () + (AT Y Y ()]

= 1t€]R+
< Z f 9i(s) ((G(s,s) +1) e + 2k1;,0,(s))
sz (5 yl( )+* '--7yn(s)+%ay/1(s)+ ma"'ayn( )+%)ds
< Z f 9i(s) ((G(s,s) +1) e + 2k1;,0,(s))

xaz(Z min_ (h(s) + 2k(yi(s) + ) +yi(s) + )
186['75] o

Ao (5) 52 e () + )
FesleTOL(8) s () + S ds

< V_f: i 83(5) (G5, 5) + 1) e* + 2kni©i(s))

xaz(E min (2k(yi(s) + y;(s)))

i= 15 ['Y‘S] » o
x [bi(e ™y (s >+em9 ..,e—“yn(s>+em g
+ei(e My (s)| + =, eyl (s) ] + &) ]ds.

Then

- A
Y) < ZBiai(éR) [b:(2R,...,2R) + ¢;(2R,...,2R)] < R.

Claim 4. inf  ||A"Y |y > 0. Indeed, for every Y € 0P(a,r), for
YeoP(a,r)

m > mgy > % and some ty € Ry, we have that

n

> sup (e 1 [(AY) (1) + |(A™YY (#)]])

z—1t€R+

me 0o (Hy(to, ) + | & Hilto, s)])

sz (5,91(5) + 7o Un(8) + U4 () 4 750 U (5) + ) ds
> ZNJ"*“ —0t (Hy(to, s) + | 2 Hi(to, s)|) ds = K.

v
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Passing to the infimum yields  inf ||[A™Y|, > K; > 0. Therefore

YeoP(a,r)
Hypothesis (H2) in Theorem 3.1 is satisfied. With Lemmas 3.1 and 3.2, we
conclude that, for each m > myg, there exists some Yy, = (Y1.m,-- -, Yn,m)

lying in the conical shell P(«, 8,7, R) such that AMY, =Y, with

0 < [Yaullo = 3 sup (€™ [yim ] + [(yim)' ®]]) < R

i=1teRy
S min (2kyim(t) + (Yim)' () = 5 [Vl (4.6)
i=1 tely,9] N
S min (2ky;m(t) + (yim) (1) > > C;N; > 0.
i—=1t€[v,9] i=1

Since r satisfying (4.4) is arbitrary, the last estimate in (4.6) follows from

Claim 2. Now consider the sequence of functions (y1,m, - -, Yn,m)m>mo-

(i) Let k < 6" < 6 be some positive real number. The sequence of functions
{Yo, = (Wims-- - Ynm) bm>me is uniformly bounded with respect to
the norm ||.||¢«. As in Lemma 3.1, Claim 1, we have

[Youll = A€ Yol = 3 1A Yol
— 3 sup (e (ATY;) ()] + (AT, (9)])

i=1teR
o)

<Y SR'Bi < o0, Ym > my,
i=1

where

gl sup{ fit, eetylym, .. ,eetymm, eetzl,m, ol eatzn,m), t>0, }
R (yl,mv'”:yl,m) € [O)R]n7 (‘Z1,m|""7‘zl,m|) € [OvR]n .

(ii) The sequence of functions {Y;, = (Y1,m; - - - s YUn,m) fm>m, 1S almost equicon-
tinuous on Ry . The proof is identical to that in Lemma 3.2, Claim 2.
We have that for all Y,,, m > mg

M=

1(Ym) (t1) = (Ym)(t2) || =

1Y) (t1) = (Yin)' (£2) ]| =

(A Yo) 11) = (A7) 1)

-.
Il

-

I
—

(A Yon (1) = (A Yon) (82)].

7

The right-hand side tends to 0, as [t; — t2] — 0.

Consequently, Proposition 2.2 guarantees the existence of a convergent sub-
sequence {Yin,; }i>1 = (Y1,mjs-->Ynm;) Of {Ymbm>me = Wims-- s Ynm)
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such that lim Y, =Y = (y1,...,ys) strongly in X. Moreover the conti-

Jj—+oo
nuity of the functions f;, ¢ € [1,n] implies

0 < lim fi(m")(t,yl,---,ymy'l,---ay%)
J—+o00
1

= jLiIfoofi(t,yl+%j,---,yn+%j7yi+m%a---=yfl+mj)
= filt,yrs . Uny Uiy h), 1 € [1,n].

Moreover, lim Y, = ( lim yim,,..., Im ¢, m, ). The dominated con-
j—+oo 7 j—+oo J j—=4oo T

vergence theorem guarantees that Y = (y1,...,y,) with

yi(t) = lHm y;m,(t)

Jj—+o00
+oo
= lim Hi(t, s)¢i(s)

1 1, 1 L1
Xfi Sayl+7a---7yn+77y1+77"'ayn+7 ds
my; m; mj m;
“+o0o
= Hi(t75)¢i(3)fi(Sayh”'7yn7yiv'°'7y7,7,)d55 tER"r
0

Finally, 0 < ||Ym,ll¢ < R,Vj > 1 implies that 0 < [|[Y|l¢ < R. Also (4.1)

guarantees that ||Y||p # R. Hence

> sup (¢ [[yi(a)| + ) (@)]]) < R

i=1teR,
> min (2kyi(z) + (1) (x) > S|V,
2211‘/6[%5] .
>, min (2kyi(z) + ()" (x)) > > CiN; >0,
i=1t€[7,9] =1
as claimed. O

For the other case 0 < k < 1, we can prove an existence result similar
to Theorem 4.1. It is sufficient to use the inequalities (a), (b) in Lemma 2.2
and part (b) in Lemma 2.3. The constant R is as given by (4.7). We state
without proof the result.

Theorem 4.2. Let 0 < k <1 and

(yla‘ s Yns 21y e 7Zn) € (Ri)’n X (R*)Tl :

2= (yi + 2) >0 and y; + |z| < R(e? +2), i € [1,n]

L0=

7

Assume that Assumptions (Ho), (H1) hold and
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(HY) fi: Ry x (RY)™ x (R*)™ — Ry are contz’nuous and there exist contin-
uous functions h € C(R4,Ry), a; € C(RY,Ry), b € C((RY)",R4)
and ¢; € C((R*)",Ry) such that for allt € R+, yieRY, z eR, (i€
[1,n]), we have

filt,y1,- o yn, 2155 2n)
< <Z tlemn (h(t) +yi + Zi)) (bs (e 1, ..., e Oyp)
i=1t€[7,6]
+c; ( otzl, c ,e_etzn)) ,
where a; is nonincreasing and b;, c; are nondecreasing functions.

(H3) There exits R > 0 such that

i Bzaz(%R) [bi(QR, ce 2R> + 07;(2R, ce, QR)] < R, (4.7)

where B; = f ((G(s,s) + 1) e +21;,0;(s)) ¢i(s)ds,i € [1,n]
together with

N! = min filt,yiy oy Yny 2152y 2n) >0, 7 € [1,n].
te[’Y75]9(yli"'7yn7217"'7Zn)€F2

Then System (1.1) has at least one positive solution Y = (y1,Y2,.--,Yn)
satisfying

n

> sup (e [ + 1) (0)l]) < R
- m ‘ ) max | A2 DA
£ min ) + ) (0) > max (% [Vl 3 DAT)

where the constants D;, i € [1,n] are given by (3.4).

4.2 Existence of at least two solutions

In this subsection, using Corollary 3.2, we prove an existence theorem of
two distinct nontrivial positive solutions to System (1.1).

Theorem 4.3. Let k > 1 and assume that Assumptions (Ho) and (Ha) —
(Hs) hold together with

(Hs) :
lim inf min L1yt ,yn+u 21y 20 1) > dk MO
5 (yi-tlil) 0 10 > etz
i=1
and
lim inf min fi(t’y1+ﬂ7~~r~;yn+u721+u7 ) > AQ Mo,
i(Qkyl—I—z,)—)—f— te[y.0] l; (2kyi+2;) 1
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where [ is an arbitrary real positive constant and

n k) a
My = —0t ) 9 . ‘
0= (Ztgl@;;] A ¢ (Hz<t,s>+! 5 tHz<t,s)|> qﬁz(s)ds)

Then System (1.1) has at least two positive solutions Y1, Ya such that

-1

0 <|[Yillo < R <|Yzllo-

Proof. Define a sequence of operators A™) by (4.3) and consider the open
set Qp = {Y € X : |[Y]lsp < R} where R is as introduced in Assumption
(H3). Lemmas 3.1 and 3.2 guarantee that A™ : Q;NP — P is completely
continuous.

Claim 1. As in the proof of Theorem 3.3, Claim 3, we can check that

IA™Y [lg < |[Y]lo, VY €0QrNP, Vm € {mo,mo+1,...}.  (48)

So the condition (b) of Corollary 3.2 is satisfied.
fz(t Y1+, ,yn+u 21+ H,... Zn+M) > 4k‘ MD thel’l

Claim 2. Since lim inf min

> (yi+‘2i|)~>0teh’§] Z(yﬂrlzz\)
=1 =1
n
there exists 79 > 0 such that for allm > mgy > 0, ¢ € [v,0], and Y (y;+|y}]) <
7o, =1
fillsyi b —o g+ Y ey ) > 1T Z_: vi + [yl

Consider the open set Q, = {Y € X: [[Y|lp < r}, where r < min(R, ).
Then, for all Y € 0P,,

S (i) + lyi(0))) < 7V >0,
i=1
Then i (yi(t) + |yi()]) < re?® <o, Yt € [y,0]. In addition
=1
||;L4(’”)Y||9
= > sup (e [(A"Y)(0) + (A YY)
i=1teR,
> 5 e (00,9 + i 91) 00
=1ty
<fi (s,y1(8) + oo yn(s) + oyt (s) + o yn(s) + ) ds
> %4_1 (wi(s) + ﬁ|y¢(5)\)
> 2 min_ (2ky;(s) + yi(s
> & 5, (o) + ()
> 25y, = v
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As a consequence,
JA™Y [lg > [V, VY €90 NP, Ym € {mg,mo+1,...}.

So the condition (a) of Corollary 3.2 is satisfied.

Claim 8. Since lim inf min LBty 2zt A%MO,

n
Z (2ky;+2;)——+00 teld] ZE (Zkyitzi)
=

n
there exists Ry > 0 such that for ¢ € [, 0] and Z (2ky; +y}) > Ry, we have

for m > mg >0

1 1 1 , 1 2 - ,

Now, consider the open set Q;, ={YeX||Y||p <L}, where L > max(R, A%Ro).
Notice that Y € 0Py, implies that for all ¢ € [y, d]

S (kyi(t) + (1) > z - min (2kui(t) + (1)

’L:1 77
> BYlly = 4L > Ry

Using the inequality (4.9) and arguing as in Claim 2, we can prove that
JAT™)Y |lg > Y |lo, VY €8QLNP, Vi € {mg,mo+1,...}.

So the condition (c) of Corollary 3.2 is satisfied. According to Corollary
3.2, we infer that, for each m € {mg,mg + 1,...}, the operator A" has
at least two positive fixed points Y, 1, Y2 € P such that » < ||Y,1]lo <
R < ||Yp2]lo < L. Consider the sequence of functions {Y, i }m>m,, ¢ = 1,2.
Then the same argument used for {Y;,, }m>m, in Theorem 3.3 shows that
{Ymitm>me, @ = 1,2 has a convergent subsequence {Yp,; ;};>1 such that

lim Y, ;=1Y; ¢=1,2 for the norm topology of X. Consequently, ¥1 and

Jj—+oo
Y5 are two positive solutions of System (1.1) and satisfy

r<|Y1]lg < R < ||Ya|lg < L.

In addition, (4.1) guarantees that ||Y1||p # R and ||Y2||p # R. Finally, System
(1.1) has at least two positive solutions Yj,Ys with 0 < [[Yilg < R <
Y26 O

The following result deals with the case 0 < k < 1 and the proof is
identical.
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Theorem 4.4. Let 0 < k < 1 and assume that Assumptions (Hg) and

(H'9) — (H'3) hold together with
(H'5) :
lim inf min fityi+u,. ,yn+u,Z1+u, Znt) > 2 Mo,
3 itz =0 1ol > @it
and
lim inf min f(t y1+N7---7gn+ﬂvzl+ﬂ,...,zn+u) Z AAQMO’
Z (yitzi)—+o0 €] 1-;1 (yi+zi)

where p is arbitrary real positive constant. Then System (1.1) has at least
two positive solutions Y1, Yo satisfying

0 <|[Yillo < R <|Yzllo-

4.3 Example
Let gi(t) = ga2(t) = e 3t $1(t) = et po(t) = 2!, and consider the

nonlinearities

filt,y1,y2, 21, 22) =
(Z min (h(t) + i +Zi)> (bi (e7 %y, e

i=1t€[,9]

_etyz) +c (6_6t21, 6_‘%22))

for (t,y1,y2,21,22) € Ry X (Rj_)2 x (R*)? and i = 1,2, where

1
h(t) = (v —t)%, al(u):%+ , az(u) = W‘*‘l ueRy,
1073 1 1073 1
by (u,v) = 1 ——(u+v)*+ 0 bo(u,v) = ——(u + v)* +%, u,v € Ry,

and
c1(u,v) = 1070 " co(u,v) = 107%™, u,v € R.
=2<1,

In order to check the inequality (4.7) in Assumption (Hj), let k = £
v = %, and § = 1 so that we can choose § = 3, and R = 2. Moreover

Ay =Le™5, (B, By) = (2,322,
and 1 — +oo(ek3 — e *)gi(s)ds = L, i=1,2
Then
2 A
> Biai(gR [bi(2R,2R) + ¢;(2R, 2R)] ~ 0.2810 < R-
=1

Indeed, we have that fi(t,y1,y2, 21,22) > 75 and fo(t,y1,¥2,21,22) > =5,
for all (t,y1,y2,21,22) € Ry x R% x R2. Therefore Assumptions (Ho)-(H1)
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and (H5)-(H%) in Theorem 4.2 are satisfied. As a consequence, the singular
boundary value problem

—y () + Jy1(t) = fi(t,yi (1), y2(8), y1 (1), 95(1)), t > O,

—y(t) + Jy2(t) = fot,pn 3t),y2(t)»y’1(t), ys(t)), t >0,

n(0) =0,  lim yi1(t)e 2t = [7° g1(s)y(s)ds, (4.10)
y2(0) =0, lim ya(t)e 2" = [ ga(s)ya(s)ds

has at least one nontrivial positive solution Y = (y1,y2). Finally, Assump-
tion (HY) in Theorem 4.4 is satisfied. Indeed, for any positive real constant
pand t € [v,0], (y1,y2) € RZ, (21, 22) € R?, we have

1
S 50
T (it y2 |+ 2l)

fi(tayl + My Y2 + My 21 + My 22 + ,U,)
2
2<yi+ |23])
1=

2
and in the other hand, if > (y; + z;) > 0 then
i=1

filt,yr + gy y2 + py 21 4, 22 + 1)
2

> (yi + i)

=1

e Oy +y2)? + e (A1)

> 1078
Y1 ty2+ 21+ 29

Therefore Problem (4.10) has at least two nontrivial positive solutions.
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