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SPATIAL ANALYTICITY OF SOLUTIONS OF A NONLOCAL
PERTURBATION OF THE KDV EQUATION

BORYS ALVAREZ SAMANIEGO
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ABSTRACT. Let 3 denote the Hilbert transform and n > 0. We show that if
the initial data of the following problems u¢ +uug + Uuzee +N(Huz + Huzzz) =
0, u(-,0) = ¢(-) and vt+%(vz)2+vzzz+n(9{vz+f}fvzzz) =0, v(-,0) = ¢¥(-) has
an analytic continuation to a strip containing the real axis, then the solution
has the same property, although the width of the strip might diminish with
time. When n > 0 and the initial data is complex-valued we prove local well-
posedness of the two problems above in spaces of analytic functions, which
implies the constancy over time of the radius of the strip of analyticity in the
complex plane around the real axis.

1. INTRODUCTION

We are interested in studying spatial analyticity of solutions of the following

problems:
Up + Uy + Ugze + N(Hug + Huges) = 0, u(-,0) = ¢(-), (1)
1
Ut + 5(“&0)2 + Vazx + T](J‘CUI + :}C’UIII) = 07 U('a 0) = d}()? (2)

where H denotes the Hilbert transform given by Hf(x) = %TP ffooo %dy for f €
8(R) the Schwartz space of rapidly decreasing C°°(R) functions, P represents the
principal value of the integral and the parameter 7 is an arbitrary nonnegative
number. It is known that (J{/?)(g) = isgn(€) f(£), for all f € H*(R), where
sm©={ 150
Equation (1) was derived by Ostrovsky et.al. (see [9] for more details) to describe
the radiational instability of long non-linear waves in a stratified fluid caused by
internal wave radiation from a shear layer; the fourth term corresponds to the wave
amplification and the fifth term represents damping. It models the motion of a
homogeneous finite-thickness fluid layer with density §;, which moves at a constant
speed U, slipping over an immobile infinitely deep stratified fluid with a density
02 > 1. The upper boundary of the layer is supposed to be rigid and the lower
one is contiguous to the infinitely deep fluid. Here wu(z,t) is the deviation of the
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interface from its equilibrium position. Let us remark that some numerical results
for periodic and solitary-wave solutions of equation (1) were obtained by Bao-Feng
Feng and T. Kawahara [4].

The Cauchy problems associated to (1) and (2) were studied in [1], where it
was proved that problems (1) and (2) are globally well-posed in H*(R) for s > 1,
considering real-valued solutions.

In this paper we are interested in proving that if the initial condition of the
problem (1) (resp. (2)) is analytic and has an analytic continuation to a strip
containing the real axis, then the solution of (1) (resp. (2)) has the same property.

Section 2 is devoted to studying the case when the solutions are real-valued on
the real axis at any time, and n > 0. Hence, the results obtained in [1] about
the initial value problems associated to (1) and (2) will be helpful. We use the
method developed by Kato&Masuda [8] which estimates certain families of Liapunov
functions for the solutions, to prove global spatial analyticity of the solutions, but
the width of the strip might decrease with time.

Section 3 shows that problems (1) and (2) admit a Gevrey-class analysis. For
1 > 0, we prove local well-posedness of problem (1) (resp. (2)) in X% for ¢ > 0
and s > 1/2 (resp. s > 3/2); here, the initial data can be complex-valued. So, if the
initial data of problem (1) (resp. (2)) is analytic and has an analytic continuation
to a strip containing the real axis, then the solution of (1) (resp. (2)) has the same
property, maintaining the width of the strip in time. It should be mentioned that
it was recently proved by Gruji¢&Kalisch [5] a result on local well-posedness of the
generalized KdV equation (KdV is an abbreviation for Korteweg-de Vries) in spaces
of analytic functions on a strip containing the real axis without shrinking the width
of the strip in time; their proof uses space-time estimates and Bourgain-type spaces.
Here we do not make use of Bourgain spaces, we mainly use some properties of the
Semigroup associated to the linear part of problem (1), namely Lemmas 3.1 and 3.2,
to prove local well-posedness of problem (1) in X?°. Moreover, proceeding as in
[2], where Bona& Grujié¢ studied some KdV-type equations, we prove for real-valued
solutions and n > 0 that if the initial state belongs to a Gevrey class, then the
solution of (1) (resp. (2)) remains in this class for all time but the width of the
strip of analyticity may diminish as a function of time.

Finally, in Section 4 we consider n > 0 in (1) and complex-valued initial data
in X,-spaces for r > 0. Similar as in [6], where analyticity of solutions of the KdV
equation was studied, we use Banach’s fixed point theorem in a suitable function

space in order to find a local solution of problem (1) that is analytic and has an
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analytic extension to a strip around the real axis although the radius of the strip

of analyticity in the complex plane around the real axis may decrease with time.
Notation:

. f = Ff : the Fourier transform of f (F~! : the inverse of the Fourier transform),
where f(£) = \/%7 [e~%2 f(x)dx for f € L (R).

o || - |ls; (-;-)s: the norm and the inner product respectively in H*(R) (Sobolev
space of order s of L? type), s € R. || f]|2 = [(1+ [€]?)%]f(€)[de.
l-II=1"lo: the L*(R) norm. (,-) denotes the inner product on L?*(R).
H>(R) = NH*(R).

e J{: the Hilbert transform.

e B(X,Y): set of bounded linear operators on X to Y. If X =Y we write B(X).
|l - IB(x,v): the operator norm in B(X,Y).

o S(r)={x+iyeC; z R, |y| <r}, forr>0.
A(r): the set of all analytic functions f on S(r) such that f € L2(S(r’)) for each
0 <7’ <r and that f(z) € R for x € R.

o A= (I—-02)'2 X7 = D(A%e*) the domain of the operator A%,

o L? ={f; f is measurable on R, || f||z» < oo}, where ||f||z» = ([ |f(x)|pdx)1/p if
1 <p <400, and || f||p=~ = esssup,¢ep |f(x)|, f is an equivalence class.

o Lo ={feL%|fI3, = (f, f)r, = (cosh(2r&) f, f) < +o0}.

o X, ={fel*|f%, = (f, Hx, = Xj—o(¥ (cosh(2r¢)+Esinh(2r€)) f, f) < oo}

o Vo ={feL%0.feL?|fI} =(f Ny, =X;_0(¥*2 cosh(2r§) f, f) < +o0}.

o f11B, = 105 f 1150, 1 <p < 400 [[fllmoo = D720 104f oo

e HP(r): the analytic Hardy space on the strip S(r).
HP(r) = {F; F is analytic on S(r), || F'|| v (r) = supjy|<, | F'(- + iy)[[Lr < oo}

o H™2(r) = {F € HP(): [ Ffyon ) = S0 102F B 0y < o).

e C(I;X) : set of continuous functions on the interval I into the Banach space X.

e C¥(I; X) : the set of weakly continuous functions from I to X.

e R(z): the real part of the complex number z.

2. REAL-VALUED INITIAL DATA.

We deduce in this Section global analyticity (in space variables) of solutions of
problems (1) and (2) when the initial data and the corresponding solution take real
values on the real axis and supposing moreover that the initial data has an analytic
continuation that is analytic in a strip containing the real axis. We will use the fact
that problems (1) and (2) are globally well possed in H*(R) for s > 1, when the

solution of the two previously mentioned problems take real values on the real axis
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at any time. More precisely we have the following two theorems (for real-valued

solutions) which can be found in [1].

Theorem 2.1. Let s > 1. If ¢ € H*(R), then for each n > 0 there exists a
unique u = u, € C([0,00); H*(R)) solution to the problem (1) such that Oyu €
C([0, 00); H*73(R)).

Proof. See Theorem 4.2 in [1]. O

Theorem 2.2. Let s > 1. If ¢y € H*(R), then for each n > 0 there exists a
unique v = v,; € C([0,00); H*(R)) solution to the problem (2) such that Oy €
C([0,00); H*73(R)).

Proof. See Theorem 4.1 in [1]. O

Theorem 2.3 (resp. 2.4) states that if the initial state has an analytic continu-
ation that belongs to A(rg) for some ro > 0 then the solution u(t) (resp. v(t)) of
problem (1) (resp. (2)), with > 0, also has an analytic continuation belonging to
A(rq) for all ¢ € [0,T], where r; might decrease with time. Theorem 2.3, below,
is an application of the method developed by Kato&Masuda in [8] to study global
analyticity (in space variables) of some partial differential equations. Similar as in
the proof of Theorem 2 in [8] we consider H™"™(R) = Z € X = H™?(R) and

Poim(v) = £[|]|2 5., defined on an appropriate open set O C Z, where
m e2jo . ) e e2jo -
13 wm =D (j,)gl\aiflls and  |fl2. =) L 102115, s €R.
j=0 " j=0 "

Lemma 2.1. Let F(v) be defined by F(v) = —vvg — Uggr — N(Hvy + Hvgyr). Then
there exist constants ¢,y > 0 such that for every v € H™5(R),

(F(v), Do (v)) < c(n+ [[v]l2)Poim(v) + T/ Do (V)06 Porim (V). (3)

Proof. Tt is not difficult to see that D@, (v) = Z;.":O G
A= (1-02)"2. Then

<F()D(I)<Tm :Z

J
:0

where Q;(v) = Y1_, ( ) (9Fv0i~* 1y, 0dv),, and Qo(v) = 0. By using Kato’s

inequality (K) in the Appendix we have that

(003 v, 9Jw)2| < cl|dzv]1]|030]5 < ellvl|2]|Ofv]3.
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2j0

(‘b

(97 (v0,v), 8£U)2 — n(02(HIpv + HI2v), 8;1))2}

—

]'

(00T v, Blv )y — Qi(v) — (02 (Hozv + HOZv), 8@})2},



Moreover

(@30, + HOPv), D), = / (1+ €262 (Je] — |e[*)o(e)Pde

< / (L4 2229 )0(0)2de = |03u]3. (&)
Then ‘
(F(0), D®oin (1)) < c((oll2+ )P (0) = > fjf)QQm). (5)

7=0
Now, using the Schwarz inequality and the formula || fgll> < v(||f[l2llglli 4+ f]l1]lg]l2)

we get

J .
Q01273 (1) 1920l 0kl 12 ol + kol ol). (@

k=1
We denote as in [8], b, = e;%||8gv||2, B? = YL b = 2®g;n(v) and B? =
Z;"Zl jb? = 0yPy;m(v). By using (6) it follows, as a partlcular case of Lemma
3.1 in [8], that

2jo

Ze, Qs

b

b
(b kkl(j—k—i-l)b] ki1 + bibrbi1)

Mz
MQ

=0 j=1k=1

= Vi bkkjl (i bi(j — K+ 1)bj—pt1) + Wibk(ibjbj—k)

k=1 j=k k=1 j=k
2 - i 1/2 = 1/2 L b_k
< B*( Hk kz:: +WBBI;\/E
< 2yBB?++BB( i ki 1/2(zm: kb2)'? < 4yBB2. (7)
k=1

By replacing the inequality (7) into (5), the Lemma follows. |

Next, we enunciate Lemma 2.4 in [8] and we give, for expository completeness,

a proof of this trivial result.

Lemma 2.2. Let ¢, € A(r), n =1,2,... be a sequence with ||¢n||s,2 bounded, where

e’ <r. If ¢, = 0 in H® as n — oo, then ||¢n|lor2 — 0 for each o’ < 0.

Proof. Let o’ < 0. Choose M such that ||¢,||,.2 < M for all n. Since e(jJTUZHG;qan% <

M 77, it follows, by using the dominated convergence theorem, that

2io—o)
2 = e j 2
Jim Ionll = 2 T lm, 1020415) =

O
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Theorem 2.3. Let n > 0 and T > 0. Let v € C([0,T]; H>*(R)) be a solution
of (1). If u(0) = ¢ € A(rg) for some ro > 0, there exists r1 > 0 such that
ue C([0,77; A(r1)).

Proof. Let us remark that ¢ € A(rg) implies, by Lemma 2.2 in [8], that ¢ €
H>(R). So, it follows from Theorem 2.1 and from Corollary 4.7 in [7] that u €
C(]0,T]; H*(R)). We proceed as in the proof of Theorem 2 in [8], to prove that
D, is a Liapunov family for (1) on O = Z = H™5(R), considering the functions:
afr) = yy/r, B(r) = c¢(n + M)r = Kr, for r > 0, where M = max;cjo,7 [|u(t)|2,
and «,c¢ > 0 are constants given by Lemma 2.1, p(t) = §||¢||b12€Kt where b < oy,
€?% < rg, and
o) = b= L2 ol o ¥ 1), 1€ 0.7 )
We have that u(t) € A(e®®), for all t € [0,T]. Then u(t) € A(ry) for all ¢ € [0,T],

o(T)

where r1 = e?*). The continuity of u, as in the proof of Theorem 2 in [8], is a

consequence of Lemma 2.2 above. (I

Theorem 2.4. Let n > 0 and T > 0. Let v € C([0,T]; H*(R)) be a solution
of (2). If v(0) = ¢ € A(rg) for some rg > 0, there exists r1 > 0 such that
v e C([0,T]; A(r1)).

Proof. We remark that v = v, € C([0,T]; H>*(R)) is a solution of (1) with u(0) =
' Since ¢ € H*®(R) and ||¢||s0 < ||¢|lo,1 for each o such that e? < rq it
follows, as a consequence of Lemma 2.2 in [8], that ¢’ € A(rg). So, by Theorem
2.3, there exists 71 > 0 such that v, € C([0,T]; A(r1)). Now, since v(t) € H>®(R)
and [[v(t)[120 < supyepo,7) [[0()]1? +€7 sup,e o,z [[u(t)]|5,0 < oo for each o such that
e? < ry and for all ¢ € [0,7], it follows that v(t) € A(ry) for all t € [0,T]. The

continuity of v follows as in the previous Theorem. O

3. GEVREY CLASS REGULARITY.

Now, we make a Gevrey-class analysis of problems (1) and (2). Let us remark
that, since each function f € X% = D(A%e’4) with ¢ > 0 and s > 0, satisfies
1£113, < [e2ll|f(€))2de < || f]|%0.s < 00, it follows from Theorem 1 in [6] that
f has an analytic extension F' € H?(c), where o > 0 is the radius of the strip of
analyticity in the complex plane around the real axis. Theorem 3.1 (resp. Theorem
3.2) states that problem (1) (resp. (2)), for n > 0 and complex-valued initial data,
is locally well-posed in X?*® where ¢ > 0 is a fixed number and s is a suitable
nonnegative number. Theorem 3.1 (resp. 3.2)) implies that if the initial condition

of problem (1) (resp. (2)) is analytic and has an analytic continuation to a strip
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containing the real axis, then the solution of (1) (resp. (2)) has the same property,
without reducing the width of the strip in time.
For ¢t >0 and € € R, let

F,(t,¢) = (i€ +n(lEl-1€1*))t
E,(t)f = ?*I(Fn(t,.)f), fELQ(R)_ o)

It is not difficult to see that |F,(¢,£)| < e, for all t > 0 and £ € R.

Lemma 3.1. Let n > 0. Then (E,(t))i>0 is a C°-semigroup on X°* for o > 0

and s € R. Moreover,
1By ()l B(xes) < €™ (10)
Whenn =0, [|[Ey(t)| pxes) =1 for all t > 0.

Proof. Similar to the proof of Lemma 2.1 in [1]. O

Lemma 3.2. Lett >0, A >0, >0, 0 >0 and s € R be given. Then E,(t) €
B(X 7%, X7s+tX\). Moreover,

IB0lxeo0s < er[ e+ o] ol ()
where ¢ € X7° and cy is a constant depending only on .
Proof.
1B, ()¢l %0n < er / (1+€2)°e2 | B (1, 6) P d(€) P de

+ [0 4 @yt e e P

A

< eale +sup nge—znt(lélsflil)] bl %s- (12)
£eR
On the other hand,
A 1
sup |¢PPe UL —IED = gup A e E -0 < /2 e 4 ¢y oyl (13)
= €20 (t)
The lemma follows immediately from (12) and (13). O

Next theorem proves, without using Bourgain-type spaces, local well-posedness to

problem (1) with n > 0 in X7® for ¢ > 0, s > 1/2, and complex-valued initial data.

Theorem 3.1. Letn > 0, 0 > 0 and s > 1/2 be given. If ¢ € X%, then there
exist T = T(s,0.m, 6] xo.s) > 0 and a unique function u € C([0,T]; X%°) satisfying
the integral equation
1 t
u(t) = E,(00 ~ 5 [ Eoft - 0)0ua*(0))at. (14
0
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Proof. Let M, T > 0 be fixed but arbitrary. Let us consider the map

1 [t
A = Ey(000 5 | Eyft =)0, )at.
0
defined on the complete metric space

Os.0n(T) ={f € C([0,T]; X7*); Sup If(t) = Ey(t)ollxes < M},

tel0,T

where T > 0 will be suitably chosen later. First, we prove that if f € ©, ,,(T") then
Af € C(]0,T]; X°®). Without loss of generality, we may assume that 7 > ¢ > 0.
Then

[Af(#) = Af(T) [ xoe < (Ep(t) = Ey(7))ol x00 + F(t,7) + Gt 7),
where F(t,7) and G(t,7) will be estimated below.
/ | Ey(r =)0 (f*(t")) | x 0 dlt’
3

< M ATl (€T 14 Sn(r = 1)) =0 as 7Lt
n

G(t, 1)

where in the last inequality we have used Lemmas 3.1 and 3.2 (with A = 1) and the
fact that X>° is a Banach algebra for s > 1/2 and ¢ > 0 (Lemma 6 in [2]). Since
T—t >t—1t, forall ¢’ € [0,t], it follows from Lemma 3.2 and from the triangle
inequality that

(B (t—=t) =By (r—=t))05 (F2(t')) | xos < s (MAe ] x0)? (7T~ +(m(t=1))75),

and the expression on the right hand side of the last inequality belongs to L([0, ¢], dt').
The fact that ||(E,(t—t')—E,(1—t'))0,(f?(t'))|| xo.« — 0as T | t is a consequence of
the dominated convergence theorem. So, by using again the dominated convergence

theorem, we have that
t
F(t,7) E/ 1(By(t —t') = By(r —1))0:(f*(t)) || xeedt — 0 as 7 | t.
0

Now, we prove that A(Q ».,(T)) C O..(T), for T =T > 0 sufficiently small. Let
u € Og,4,n(T). Then

[Au(t) = Ey ()] xoe < /0||En(t—t')az(UQ(t’)lemsdt'

%w+wwwmw%@x (15)

IN

where h(T) = e — 1 + 2(nT)%3. By choosing T = T > 0 sufficiently small, the

right hand side of (15) is less than M. Finally , we claim that there exists 7' € (0, T]
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such that A is a contraction on O, ,, (7). Let t € [0,T], u,v € O4 5, (T). Then

HAu(t) — AU(t)HXo,s S C1 /0 (en(tit/) + W) ||81(u2(t’) — ’U2(t/))||X<7,sfldt/

< (M A+ e"|[@llxos) sup u(t') = v(t')| xo
t'€[0,T]
"ot 1
. nit= dt’
/o 0+ )
Cs = -
< g(MJre"TH(bllxw)h(T) sup_lu(t’) —v(t')| xe.

t'€[0,T]
So, by choosing T' € (0, T such that %S(MJre”THgZ)HXU,s)h(T) < 1, the claim follows.
Hence A has a unique fixed point u € ©,,,(T"), which satisfies (14). Uniqueness
of the solution u € C([0,7]; X7**) follows from Proposition 3.2 in [1], which implies

uniqueness of the solution in the class C([0,T]; H*(R)) for s > 1/2. O

Proposition 3.1. Problem (1) is equivalent to the integral equation (14). More
precisely, if v € C([0,T]; X%%), s > 1/2 is a solution of (1) then wu satisfies
(14). Reciprocally, if v € C([0,T]; X%%), s > 1/2 is a solution of (14) then
u e CLH[0,T); X7*3) and satisfies (1).

Proof. Similar to the proof of Proposition 3.1 in [1]. However, here we use Lemmas
3.1 and 3.2. O

Theorem 3.2. Letn >0, 0 > 0 and s > 3/2 be given. Let ) € X%°. Then there
exist T = T(s o || xo) > 0 and a unique v € C([0,T]; X*°) solution of (2).

Proof. Since v € X%, it follows that ¢ =1’ € X°*~1. By Theorem 3.1 and Propo-
sition 3.1, there exist T = T{s .y, j| xs) > 0 and a unique u € C([0,T]; X7~ 1)
satisfying (14) and (1). Let us define

1 t
v(t) = E,(t)y — 5/ E,(t —thu*(t)dt', te€[0,T). (16)

0
It follows easily from (16) and from the uniqueness of the solution of (14) that
d,v(t) = u(t). Since u € C([0,T]); X°71), it follows from Lemmas 3.1 and 3.2 that

v e C([0,T]; X7%). Now, by similar calculations as in the proof of Proposition 3.1
in [1], we have that v € C1([0,T]; X7*~3) and satisfies (2). O

Theorems 3.3 and 3.4, below, consider the case of real-valued solutions (on the
real axis) to problems (1) and (2) respectively, for n > 0. So, Theorems 2.1 and 2.2
will be required again. The following theorem is proved similarly to Theorem 11
in [2], where the rate of decrease of the uniform radius of analyticity for KdV-type

equations of the form u; + G(u)uy — Lu, = 0 was also studied, where u = u(z,t),
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for z,t € R, G is a function that is analytic at least in a neighborhood of zero in C,
but real-valued on the real axis, and L is a homogeneus Fourier multiplier operator
defined by ﬂ(@ = [¢]*a(E), for some p > 0. In the case of problem (1) we have

that Lu(€) = [¢2 — ni(sgn(&) — €[¢))]a(€).

Theorem 3.3. Letnn > 0 and T > 0. Suppose that ¢ € X%, for some gy > 0
and s > 5/2. Suppose moreover that ¢(x) € R for x € R. Then the solution u
of problem (1) satisfies u € C([0,T); X°T)%), where o(t) is a positive monotone
decreasing function given by (24).

Proof. Letn, T, op, and s be as in the hypothesis of the theorem. Let r = s—1 > 3/2.
By the Remark at the end of this Section we have that ¢ € A(cg). So, by using
Lemma 2.2 in [8], we have that ¢ € H*®(R). Then v € C([0,T]; H*(R)), which

follows from Theorem 2.1 and from Corollary 4.7 in [7]. Let v = u,, then
v 4+ 0?2+ Vgge + N(HUz + Hzzw) +uve =0, v(0) = ¢'. (17)

Let 0 € C1([0,T];R) be a positive function such that o’ < 0 and o(0) = 0. Then
1d
2dt

r %2 2y1/2 —
Ol ow.» =0 Ol 50w, rsrre = 3?/(1%2) PO 0y0(t, €)o (. €)de.

It follows from the last expression and from (17) that
1d
571000 = O@ 1 Xow ez < I+ B+ nlo® ko0 (18)

where
I = [(ATe?DA2 (1), ATe? D Ay(t))],
I = [(ATe" DA (un, ) (1), ATe?OAy(1)))].

I and I are particular cases of the corresponding ones in [2], taking G(u) = u. For
the sake of completeness we estimate them here. Since r > 1/2, by using Lemmas
6 and 9 in [2], we have that

L er| AT O @)P < en| AT + o (8)[| AT PO (1)

<
< ellAOP + Ea()]|ATe” DA () ||| AT e O Au 1) 2. (19)

Since r > 3/2, by using Lemma 10 in [2], we obtain
I < e A u(O)[[I|AT0 (O] + Ero ()| A e OAu ()| AT 27O A0 (b))% (20)
Since u € C([0,T]; H*(R)), it follows that [|A™ " u(t)| < ¢(, 7). Moreover
AT+t erOhu(n)|” = / (L4770 ja(e, 1) Pdg + [|A7e O Ao() |

< e2V290lu(t) |2 + 2| ATe” DA (t)|[2 < 1) + 2] ATeT D0 ()2, (21)
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where c¢(,, 7., is a positive constant depending only on r,T" and o¢. Replacing the
last inequalities into (20) and since v € C([0,T]; H"(R)), we get

Iy < cirry + &0(8) (€ T00) + VAT OA0@)]) A2 OAo@))2. (22)

Let us remark that c(, 7y and c(, 1,4,) are positive, continuous, non-decreasing func-
tions of the variable T' € [0, 4+00). Now, by using (19) and (22) into (18), we obtain

1d
5%||v(t)||§(a<t),r — ' W)V 2o rs1/2
< em) + € 1,00) 0O (L [0 xow.0 ) 10O o017z + 1ll0 O
Then
d
E||v(t)||§(a<t>,r +2( =0’ (t) = cr1,00)0 (1) (L + [[0(8) ]| xo0.)) [V 2 oirrsase
< ey + 20llv(®) o0 (23)

Inequality (23) implies that v(t) € X°®)" for all ¢ € [0, T], where
o(t) = ope X1, (24)

1/2

K = o, .00) (14 €0 7,00,006"7)s a0 €(r.1,00,6) = (1A7€7 A9 |2 4 ¢y T) . More
precisely we have that

lo(®)|| xom.» < C(T,T,o-(h(b)enT, te[0,T]. (25)
Now, we will prove assertion (25). In fact let
T* = sup{T > 0; 3 u € C([0,T]; X°T)*) solution of (1), sup |[u(t)||xew. < 00}

te[0,T]
We claim that T* = +o00. Suppose by contradiction that 7" < co. It follows from
Theorem 3.1, Proposition 3.1 and Theorem 1 in [5] (for n = 0) that T* > 0. Let
T < T*. We have that
sup_|v(t)[|xow.r < sup fu(t)llxaw.. = Mgy = M.
te[0,7) te[0,7]

By ChOOSng a‘(t) — erff(t fort e [07 T], where R = C(T,T,ao)(l —+ ]\4)7 we have that

—0'(t) = ¢ 7.00) T A+ [0 xo00.r) = 0 () (y 7.5y (M = [[0(E) ]| xo00.) 20,
for all ¢ € [0,T]. So, it follows from (23) that

d
ZloOxew0.r < ey + 20l0®ON %o,

forallt € [0,T]. Now, Gronwall “s inequality implies that ||[v()|| xo(.» < ClrF 00 ¢)e"t7
for all ¢t € [0, T], where ooty = 19 15o0.r —l—c(T’T)T)l/Q is a continuous, positive,
non-decreasing function of T' € [0,00). So, we can replace above the upper bound

M by c(T7T~7UO,¢)e’7T and take o(t) = ope K, K = Cr o) (1 F C(T7T~7UU’¢)6"T), for

telo, T] . Since ClrT,00) and Clr,T\00,0) DL€ continuous, non-decreasing functions of
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Te [0,0), we can choose o(t) = ooe_f“, where K = ClrT*,00) (1 + c(TVT*JO@)e”T*)
for all t € [0, T*], and applying again the local theory we obtain a contradiction. Fi-
nally, it follows from (21) and (25) that u(t) € X7 ¢ XoT)s forallt € [0,T]. O

Theorem 3.4. Letn > 0 and T > 0. Suppose that ¢ € X%, for some og > 0
and s > T7/2. Suppose moreover that ¥(x) € R for x € R. Then the solution v
of problem (2) satisfies v € C([0,T); X7T)5), where o(t) is a positive monotone
decreasing function given by (24).

Proof. Since ¢/ € X! and s — 1 > 5/2, it follows from Theorem 3.3 that
u=v, € C([0,T]; X°T)5=1) where o is given by (24). Making similar calculations
to (21), we see that v(t) € X°®)s for all t € [0, T]. Finally, since

lo(t) = 0(7)[Zocrr.e < V27D o) = v(r) 12y + () = u() oo,

it follows that v € C([0,T; X"(T)vs)_ 0

Remark: For r» > 0, we have

X" C Ly, if s>0.

X CX,, it s>3/2.

X, CL,.

If feL, and f(z)€R for 2 € R, then f e A(r).
The first statement above was already proved at the beginning of this Section. The
second part in (26) follows from the inequality ||f[|% < 4||f[|%-. for s > 3/2. The

fact that X,. C L, is obvious. Finally, suppose that f € L, and f(z) € R for x € R;

(26)

then we already know (see the first paragraph of this Section) that f has an analytic
extension F' € H?(r); moreover, for every 0 < r’ < r we have

r’ +oo r’ +oo
/ / |F (2 + iy)|*dedy < / ( sup / |F(z + iy)[Pdx)dy < 21"||F||§qz(r).

lyl<r’J—oo
4. ANALYTICITY OF LOCAL SOLUTIONS OF (1) IN X,-SPACES.

In this section we show that if the initial data ¢ of (1), with n > 0, is analytic
and has an analytic continuation to a strip containing the real axis, then there exists
a T > 0 such that the solution u(t) of (1) has the same property for all ¢t € [0, 7],
but the width of the strip may decrease as a function of time. Similar to the proof
of Theorem 2 in [6], we establish in Theorem 4.1 existence and analyticity of the
solution of problem (1) simultaneously including the case when the initial condition
is complex-valued on the real axis, more precisely when ¢ € X, for some oo > 0.
The following lemma, which states a close relation between spaces X, and Y., will

be mainly used to prove that u € C*([0,T]; X, () in Theorem 4.1.
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Lemma 4.1. Y, is a dense subset of X,., for r > 0.
Proof. Let f € Y,.. We have that

/ cosh(2r) [ f(©)2de < cosh@n)||f]]? + /Igl cosh(2r€)|F(€) g
>

cosh(2r) (|| fII* + ||f||%/r)7

/ ¢sinh(2r€)|f(€)[2d¢ < sinh(2r)| f]* + / €% cosh(2r€)| £ (€)2d¢

1€1>1
cosh(2r) (I £1I* + [L£1%,),

and similarly [ €3 sinh(2r€)|f(€)[2d¢ < cosh(2r)(||f]|? + || f]|3,). So, using the last

three inequalities, it is not difficult to prove that

AN VAN

IN

1£11%, < 4cosh(r)(LFII* + [1£13,)- (27)

It follows from the last inequality that Y, C X,.. Now, let us consider the set
Lao(R)={g€ L2(R); 3K >0, [§(€)] < K ae. inR,§(€) =0 ae. in {&]¢] > K}}.

Let g € La,o(R), then 25 [ €72 cosh(2r€)|§(€)|dE < (K2 + K*) cosh(2rK)||g]|?,
so g € Y,. Now we will prove that La o(R) is a dense set in X,. Let f be an element
of X,. For each n € N, take f,, € L2 o(R) given by

T ={ £ 1l <mand i@ <1

0, otherwise.

It follows easily from the definition of f, that |ﬁ(£)| < |f(€)], for all n € N and
¢ € R. Moreover, ﬁ(f) — f(f) as n — oo, for all £ € R. So, by the dominated
convergence theorem, we have that || f, — f||x, — 0 as n — oo. This concludes the

proof. O

Lemma 4.2. (i.) Suppose that F € H*?(r). Let f be the trace of F on the real
line. Then f €Y, and

1£lly, < V2IIF || f22(r). (28)

(i.) Conversely, suppose that f € Y,.. Then f has an analytic extension F €
H?%2%(r) and
[E 22y < /10 coshr)([LfII+ [ fllv,.)- (29)

Proof. (i.) Since F € H*?%(r), we see that 0,F,0°F € H?(r). Then, by using

Theorem 1 in [6], we have that f’, f” € L, and moreover

AT, = P11, + 1L, < 2000:Fli3e ) + 102 F (132 ) < 21 F[1322(,-
EJQTDE, 2005 No. 20, p. 13



(ii.) By Lemma 4.1, Y, C X,. So, it follows from Lemma 2.1 in [6] that
f has an analytic extension F on S(r) such that [|0.F| 2y < V2[f|y, and
1Fll ey < V2||f|lx,. Now, using the last inequalities, we have that
||F||§{2v2(r) = ||F||§{1v2(r) + ||5§F||§{2(r) < ||F||%1172(r) + ||82F||%—11v2(r)
< 2(If1%, + I£1I5,) < 10cosh2r)(I£II* + I £1I3,),

A

where in the last inequality we have used (27). (I
Lemma 4.3. Let r > 0. Suppose that F,G € H*%(r). Then FG € H*2(r) and
[1EGla22(r) < cllFl 220 |Gl 2.2 - (30)

Proof. Using Leibniz’s rule and Sobolev’s inequality (|G|l g () < cl|Gllg1.2¢r)) We
have that

IN

102(FG) |l g2y 102 F || 12 |Gl #roo () + 2010 F || o (1) 0G| 112 ()

+||F||H°°(T)||85GHH2(T)'

IN

C||F||H2’2(’I‘) ||G||H2’2(r)-

Moreover, by Lemma 2.3 in [6], we have that || FG| g1.2() < || F||gr2( |Gl g2 ().
Since || FG|}2.2 () = 1F G312,y + 102(FG) |12, the proof of the Lemma follows

from the last two inequalities. (I

Lemma 4.4 and Corollary 4.1, below, are particular cases of Lemma 2.4 and its

Corollary in Hayashi [6] respectively.

Lemma 4.4. There exists a polynomial a of which coefficients are all nonnegative

with the following property: If r > 0 and f,g,v € X, NY,, then
|(f0uf—9029,v)x,] < a(ll fllx., lglx,) (I f Iy, 1 f =gl x4 =gllv.) (lollx, +lvly,)-

Corollary 4.1. There exists a polynomial a1 with nonnegative coefficients such that
if f,ve X, NY,, then

[(focfv)x,| < ar(lflx ) flly. (lvllx, +[vlly,)- (31)
Now, we state the main theorem of this Section.

Theorem 4.1. Let n > 0. If ¢ € X,, for some oy > 0, then there exvist a T =
T(l¢llx,,:m00) > 0 and a positive monotone decreasing function o(t) satisfying
0(0) = oo and such that (1) has a unique solution v € C¥([0,T]; Xo(1)). When
n=0,uecC(0,T]; Xo1))-
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Proof. Let n >0, 09 > 0, and ¢ € X,,. Let o(t) = ope™ ¥/ where the positive

constant A will be conveniently chosen later. For T' > 0, consider the space

T
B(T) = {1 0.TIR = Gy = sup 11Ol +4 [ 1FOIR, ,dt < oo}

and
B,(T)={f € B(T); | fllzcr) < p}-

Let p = 4[|¢[|x,,- For v € B,(T'), we define the mapping M by u = Mv, where u

is the solution of the linearized problem

{ Opu + 02u + n(Hozu + HI3u) = —vd,v (32)

u(0) = ¢.
More precisely u can be obtained as follows. Take the Fourier transform to (32),
then

Ovau(t, &) — i&3a(t, &) + n(—|&| + €13 a(t, &) = —vu5 (4, £).

Now, integrating the last expression between 0 and ¢, it follows that

t
ﬁ(t,f):e(igg"""(‘f‘_‘&‘g'))%(g),/ & +n(EI=IEMN =55 (7, £)dr, (33)
0

where the last integral is well defined, since

/Ot [0z (7, )l /Ot |(0(7) # v2(7)) (&) | dr = /Ot | /f;(r,f — w)wi(7,w)dw]|dr

IN

t
| @l < g2,
and in the last inequality we have used the fact that
[o(D)lx < lo(Dllx, ., < vl < p-
Let us choose A,T > 0 such that
7AT/G’0 1

Let v € B,(T). It will be proved that u = Mv € B,(T), for suitably chosen
T, A > 0. Now, it is not difficult to see that

G, = 200 [ (innole + Ccosh(zo)la( o) Pds
3=0

1
2R / €% (cosh(20(t)€) + &Esinh(20(1)€)) dyilt, £)alt, €)de.
= EJQTDE, 2005 No. 20, p. 15



Taking the Fourier transform to (32), multiplying both sides of the obtained equa-
tion by £%7 (cosh(20(¢)€) + &sinh(20(1)€))a(t, £), integrating with respect to &, sum-
ming the terms for j = 0,1 and finally taking the real part we get

%jtﬂ O, ., — Z / €% (¢sinh(20(£)6) + 2cosh(20(1)8)) la(t, £)|*dé

+n2/§2j (cosh(20(1)€) + Esinh (20 (£)€)) (—[¢] + [€17)]a(t, £)]*dE
j=0

= —R(vvz, u)x, (-

Since o’ (t) = —Ae™% and €] — €2 <1, for all £ € R, it follows that

1d _ At

L (0, + A )], < —Rve, w0, +nlu(®)]
Using (34) and Corollary 4.1, it follows from the last inequality that

A
2dtl\ O, o, T @I, ., < al@)lv®)llv, e, (e x0+Hu®lv,w)+lu®)x, .,

where a(-) is a polynomial with nonnegative coefficients. Now integrating the last

inequality from 0 to t we get
T

T
1/2
sup [0, +4 [ T, de < 20161, +200)( [ 1@, @)

0<t<T
T

T T
1 / lu(®)l,.,de)"* + ( / lu(®)I3,,dt) /"] + 21 / lat)[%., dt].

Then,

~

4pa(p

2
2 < 2 — anT
lullbery < G+ (VT + f)HuHB )+ 40T ulf )
< 2 Ly Ll
8 2t /A VA 2
By choosing T" > 0 small enough such that
1
T < —
T < 35 (35)
we have that )
3 48a%(p) 12
2 2
llfsry < (3+ =5~ (VT + %))
Now we take A, T > 0 such that
a(p) JT 1 1
—(VT'+—=) < —Fx. 36
avTr ) < 5s )
So, choosing A, T > 0 such that (34)-(36) are satisfied, it follows that u = Mwv €

B,(T).
Now let us prove that the mapping M is a contraction, defined from B,(T") into
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itself. Let v1,v2 € B,(T), w = Mvy — Mvy = uj — ug, where u1(0) = u2(0) = ¢.
Then,

atuA}(taE) - ZfB’UA}(t,g) + 7](_|f‘ + |£|3)UA}(?§,§) = ‘?(_vlamvl + UQaz'UQ)(tvg)'

Multiplying both sides of the last equation by 27 (cosh(20(¢)€)+¢sinh(20(t)€))w(t, €),
integrating in £, summing the terms for j = 0,1 and taking the real part we obtain

d
S0, + AR, < ~2R(10e01 — 020,02, 0)x,0, + 20O,

< 2a(p, p) (1)l v, o, o1 = v2llmer) + o1 (t) = v2(B)llv, ()
(lw®llx, 0, + lw®)lly,q) +20lw®)]%, .,

where the last inequality is a consequence of Lemma 4.4 and a(-,-) is a polynomial
with nonnegative coefficients. Integrating the last expression on [0, ¢] and applying

the Cauchy Schwarz inequality, we get

T 1 T 1
lwllry < 4ao, p)[lor — vellmer ( / o (8113, de) * +( / o1 () — 023, dt) *]

T 1 T 1
0] w20 + ([ 1O1R, ,0*] + a7l

4a(p, p) 1 2
< ——(||v + 1)||vg — v \/T+ — ) [|w + 40T ||w .
S/ (lorllBery + Dllor = vall sy \/Z)H BTy + 40T ||wl[ 5T

By using (35) in the last inequality we obtain

6ai(p, 1
lw| pry < %p)(l + P)(\/TJF ﬁ)”% —v2| B(1)-

If we take A, T > 0 such that

76“\(/’%” 1+ (VT + ﬁ)
then M is a contraction. So, by choosing A, T > 0 such that (34)-(37) are satisfied,
the mapping M has a unique fixed point v € B,(T) that is the solution of problem
(1). Since [[u(t)l|x, s < l[u(®)llx,q, for all t € [0,T], then u(t) € Xy (1), for all
te€0,T].

Now we will prove that u € C¥([0,77; Xo(1)). Let t € [0,T], without loss of
generality we may assume 0’ < ¢’ < ¢ < T. Since by Lemma 4.1, Y, (7 is a dense
— 0ast' 1t
for all f € Y,(r). So, let f be an arbitrary but fixed element of Y, (7). Let us
denote by h;(§,T) = £* ( cosh(20(T)€) + Esinh(20(T)E)). First, let us remark that
[a(t, &) —a(t’, )| — 0 as ¢’ 1 t, for all £ € R. In fact, by using (33), we have that
W(t,€) — At €) = X2, (4,8,6), where

Il(tvt/aé) (Fn(taé) 7F77(t/a§))é(§) — 0Oas t/ Tta
EJQTDE, 2005 No. 20, p. 17
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Bl = | [ & t—w)uuﬂgdrk [ @

enT|§| nT /
< ||u )Pdr < ce™ (¢ |[ullfyr) (t = t) — Oast' 1t

|I3(t,t', &) = ’/ Wt —7,8) — Fy(t' — 7,8)) ttg(,£)dr| — O ast' 1 t,

where the last convergence is a consequence of |y (t—7, &) — F, (t' —7, ) |[utz (7, €)| <
2e" | wu, (1, €)| € LY([0,t],dr), and the dominated convergence theorem.
On the other hand we have that

1

() = ul), )Xoy | < D HE) + Lo(t8) + I, 8),
j=0

where

Ijttf|/ (6.T)(Fy(t,€) — Fy(t'.€)d() F(€)de].

which, by the dominated convergence theorem, tends to zero as t’' ] t.

Now we estimate I5(¢,t") defined below. First we see that

/ el & DIF©)de < cosh(2o(T))|F] + / €71 cosh(20(T)E) | F(€)Pde

|€1>1
+sinh(20(T)) || £]I? + /E |€]%7F2 cosh(20(T)€)| f(£)[*de
>1
< 2 DNFIP+ 20 £11F, - (38)
Moreover, for every T € [0,T], we have that

lu(r)?|l < sup fu(r, 2)|[[u(r)]| < elfu(ll: lu(r)] < cllu(n), ., (39)

and

IN

V20U ()2l m220y) < U220y
(T) ([l + [T, ) (40)

()2 11v, i,

IN

where in the last inequalities we have used Lemmas 4.2 and 4.3, and U(7) is the

analytic extension of u(7) on S(o(T)). I2(t,t') is given by

L(tt) = |Z/ ,ET/F (t — 7,8 uuy(r,&)dr dﬁ‘

S / / W€ TV (t — 7. )T (r, O f(E)dedr|.  (41)
5=0"%
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The interchange of the integrals in (41) is a consequence of Fubini’s Theorem since
¢
[ [ e DR = ol -0l F€)dedr
1 2 1/2
[ iemenni©ra)( [ idn e nirerae)

(DAL + 1 o) /O ()l + ()2 [l o)) dT

IN

IN

T
< @)U+ 111vacr) / (B, o,y + la() + (), ., )dr

lul%
< D)+ 1 1Y) (ull )T+ —52) <

where the second and third last inequalities were consequence of (38)-(40). So, it
follows from (41) that

o(t, 1) = }/ L9(t, T))Xg(T)dT|,

where ¢(t,7)(&) = F,(t — T, £)f(€). Then gt I x,r < e"T||f||XU(T) and the
same thing for the Y, )-norm. By Corollary 4.1 we have that

00, (42)

12(t5 t/)

IN

t
/ ar([[u(T) X, 0 1D oy (19 DX, + 9 TV, ) ) dr
t/

IN

1/2
a(lull sery)e™ (11 xoery + 1 o) ( /Ilu DY, ydr) “VE= 1,

where a7 is a polynomial with nonnegative coefficients. Last inequality implies that
Ir(t,t') tends to zero as t’' 7 ¢.

Now we estimate I5(t,t’), given by

13(tat/) - |Z/hj(§7T)/O (Fﬁ(tf’rvg) 7F77(t/*7—'§))uu96(7_£ dd

yz// (6. T)(Ey(t —7.€) — Fy(t' — r.€)) s (v, ) (€)dedr|.

The interchange of the integrals in the last expression was a consequence of Fubini’s
Theorem (similar to (41)). So, by the dominated convergence theorem, we have that

I5(t,t') tends to zero as t’ 1 ¢ since

|hj (€, T)(F, (frofF(t’fTs))@(Tof(s)}
< e™hy( §T|g|yu ©|1f(©)] € L*(R x [0,1], dédr),

the last expression is obtained with similar calculations to (42).
Hence |(u(t) — u(t'), f)x,my| — 0 as ¢’ T ¢ (similarly as ¢’ | ¢). Then u €

CW([O,T];XU(T)).
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Finally, when n = 0 we have that v € C([0,T]; Xy(1)), as it was already
mentioned by Hayashi in Theorem 2 of [6]. In fact in this case, we have that
%%Hu(t)H%(U(T) = —R(u(t)0zu(t), u(t))x, - Integrating the last expression be-

tween ¢’ ant ¢t and using again Corollary 4.1, we obtain

lu®lx, o, = w1, | = 2!/t/ R(u(r)0au(T), u(T)) X, 7, ]

IN

t
- 1/2
2@1(IIUIIB<T>)[HUIIB(T)(/t, [u(T)I[Y, 0 dr) VE=T

t
+/ lu(r)2, o dr] — 0 ast 1+,
t/

and similarly as ¢’ | ¢. Since X, (7 is a Hilbert space, it follows that u € C([0,T]; X4 (7))
when n = 0. O

Finally, it should be mentioned that Bona, Gruji¢ and Kalisch (see [3]) have
recently obtained algebraic lower bounds on the rate of decrease in time of the
uniform radius of spatial analyticity for the generalized KdV equation. This raises
a potentially interesting question for future research related to the initial value

problems considered in this paper.

APPENDIX

Kato’s Inequality: (See [7]).
Let s > 3/2,t > 1. If f and w are real-valued, then

(0wt u)e] < C (102 f ls—rllullf + 100 flle—1llull [l c)- (K)
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