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OSCILLATION AND NONOSCILLATION OF PERTURBED
HIGHER ORDER EULER-TYPE DIFFERENTIAL EQUATIONS

SIMONA FISNAROVA

ABSTRACT. Oscillatory properties of even order self-adjoint linear differential equa-
tions in the form

(7]‘)ka <t2n—2k—a> = (71) (Qm(t)y( )) y Un 1= 17

k=0
where m € {0,1}, a ¢ {1,3,...,2n — 1} and vy,...,V,—1, are real constants sat-
isfying certain conditions, are investigated. In particular, the case when ¢, (t) =
is studied.

t2n—2m—a |n2 ¢

1. INTRODUCTION

The aim of this paper is to investigate oscillatory behavior of the even order self
adjoint differential equation

(1) L) = (=1)" (gu(®y™) ™, me{0,1,...,n—1},

where ¢, is a continuous function and L, is the Euler differential operator

n k) \®
— k Y —
L(y) =Y (1w (m) L ag{1,3,....2n—1}, v, == 1.

k=0
Moreover, we suppose that v, ..., v, 1 are real constants such that the characteristic
polynomial of the Euler equation
(2) Ly,(y) =0,
i.e., the polynomial

n k
(3) PO =Y (D' JJa-j+ DA -2n+j+a)
k=0 j=1
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has a double root at w and 2n — 2 distinct real roots. This is equivalent to the
following two conditions.

The polynomial

(4) > koD [Ty (z - M)

has n — 1 distinct positive roots,

k
(2n+1-2j—a)®>=0.
k=0 j=1

—~
\OJ
==

We use the usual convention that the product H?Zl equals 1 when k£ < 7.

Note that the assumptions imposed on vy, . .., 1,1 mean that (2) is nonoscillatory,
since it has the so-called ordered system of solutions (a fundamental system of positive
solutions yi, . . ., Yo, satisfying y; = o(y;4+1) ast — oo, i =1,...,2n — 1)

(6) Y= Y 1—t“"*1,yn—

Yn+1 =

9

— t2n717afan_1 — t2n717a7a1

y ooy Yon

Y

where aq, ..., a1, 00, i1, - - ., Qo are the roots of (3), ordered by size.

Note also that the problem of (non)oscillation of Euler differential equation (2)
is treated in [15, §30, §40]. It is known that (2) is nonoscillatory if and only if its
coefficients vy, ..., 1,1 belong to a certain closed convex subset R, of R” which can
be described using a transformation which converts (2) into an equation with constant
coefficients. For example ifn=2 and a =0, then R, is the set of coefficients vy, 14
satisfying vy > —2v1 — 1% for 11 > —2 and vy > (2 —141)? for 1y < —2 and (4)-(5)
mean that we consider the linear part of the boundary vy + %1/1 + 1% =0,v > —g.
Our restriction (4)—(5) on the coefficients vy, ..., v,—1 is forced by the method used
in this paper, which is based on Polya’s factorization of the operator L,. It is an open
problem as how to investigate oscillatory properties of perturbed Euler operators
when assumptions (4)—(5) are not satisfied; this problem is a subject of the present
investigation. We refer to [15] for a more detailed treatment of the (non)oscillation of
(2).

As a consequence of the presented oscillation and nonoscillation criteria, we deal
with the oscillation of (1) in case ¢,,(t) = m, m € {0,1}, 8 € R. In partic-
ular, we show that, under the conditions (4) and (5), equation(1) is nonoscillatory if
and only if 3 < 7, , in case m = 0; it is oscillatory if 3 > 2;6”1" 2 and nonoscillatory
QTD]:z) 2005, No. 13, p. 2



: Apa - -
if g < Gnoioa) 1D case m = 1, where

~ - Vnt1-1 - 2 - 1
(7) Do = Y {WH 2k —1-a)*> m} .

This paper can be regarded as a continuation of some recent papers where the
two-term differential equation in the form

(—)" (™) = p(t)y, a¢{1,3,...,2n—1},
has been investigated, see [4, 5, 6, 8, 10, 11, 12, 13, 14, 16]. Namely, we extend the
results of [8] and also of [7] dealing with (1) in the case where n = 2 and a = 0.

Similarly, as in the above mentioned papers, we use the methods based on the
factorization of disconjugate operators, variation techniques, and the relationship be-
tween self-adjoint equations and linear Hamiltonian systems.

The paper is organized as follows. In the next sections we recall necessary definitions
and some preliminary results. Our main results, the oscillation and nonoscillation
criteria for (1), are contained in Section 3 and Section 4. In the last section we
formulate some technical results needed in the proofs.

2. PRELIMINARIES

Here, we present some basic results which we will apply in the next section. We
will need a statement concerning factorization of formally self-adjoint differential
operators. Consider the equation

- (k)
(8) L(y) =Y _(-DF ((t)y™)™ =0, ra(t) > 0.

k=0

Lemma 1. ([1]) Suppose that equation (8) possesses a system of positive solutions
Y1, - -+ Yon such that Wronskians W (yy,...,yx) #0, k=1,...,2n, for large t. Then
the operator L (given by the left-hand side of (8)) admits the factorization for large t

e (_<1’f>> <a11<f> (8 (anlme) “'a11<t> (y@)))))

where
!/
Wy, oo Yirt) Wyr, ..., yi— .
o = Y1, G1:<%),CL¢: (@ fg+1) ( Y 1),2:1,...,71—1,
N w (yla'-'ayi)
and a, = L

ag - an—1’

Using the previous result we can factor the differential operator L,. The proof of

the following statement is almost the same as that of [8, Lemma 2.2].
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Lemma 2. Let o # {1,3,...,2n — 1} and suppose that (4) and (5) hold. Then we
have, for any sufficiently smooth function vy,

9) Ly(y) = <a_0(12; <a11<t) ("'agt?t) (ani(t) "'all(t) <aoy<t>),m)lw>/>l’

where

ao(t) =1, ap(t) =t =171 k=1,...,n—1, a,(t) ="

with oy = % and oy < -+ < a1 the first roots (ordered by their size) of the
polynomial P(\) given by (3).

Now we recall basic oscillatory properties of self-adjoint differential equations (8).
These properties can be investigated within the scope of the oscillation theory of
linear Hamiltonian systems (LHS)

(10) ' = At)r + B(t)u, u = C(t)x — A" (t)u,

where A, B,C' are n x n matrices with B, C' symmetric. Indeed, if y is a solution of
(8) and we set

Y <_1)n_1<rny(n)>(n_1) + e rly/
Y :
_(Tny(n)), + Tnfly(n_l)

then (z,u) solves (10) with A, B, C' given by
B(t) = diag{0,...,0,7, ()}, C(t) = diag{ro(t),...,m1(t)},

1, ifj=i+l,i=1,...,n—1,
A=A _{ 0, elsewhere.

In this case we say that the solution (x,u) of (10) is generated by the solution y
of (8). Moreover, if yi,...,y, are solutions of (8) and the columns of the matrix
solution (X,U) of (10) are generated by the solutions yi,...,y,, we say that the
solution (X, U) is generated by the solutions yi, ..., Yn.

Recall that two different points 1, t5 are said to be conjugate relative to system (10)
if there exists a nontrivial solution (x,u) of this system such that xz(t1) = 0 = x(t2).
Consequently, by the above mentioned relationship between (8) and (10), these points
are conjugate relative to (8) if there exists a nontrivial solution y of this equation
such that y® () = 0 = y@(ty), i = 0,1,...,n — 1. System (10) (and hence also
equation (8)) is said to be oscillatory if for every T' € R there exists a pair of points
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t1,ty € [T, 00) which are conjugate relative to (10) (relative to (8)), in the opposite
case (10) (or (8)) is said to be nonoscillatory.

We say that a conjoined basis (X, U) of (10) (i.e., a matrix solution of this system
with nxn matrices X, U satisfying X7 (t)U(t) = UT (¢)X (t) and rank (X7, UT)T = n)
is the principal solution of (10) if X (¢) is nonsingular for large ¢t and for any other
conjoined basis (X, U) such that the (constant) matrix X7U — UT X is nonsingular,
lim; .o X 1(#)X (t) = 0 holds. The last limit equals zero if and only if

(11) lim </ X1 $)XT (s )ds)l =0

([17]). A principal solution of (10) is determined uniquely up to a right multiple by
a constant nonsingular n x n matrix. If (X,U) is the principal solution, any con-
joined basis (X, U) such that the matrix X7U — UT X is nonsingular is said to be a
nonprincipal solution of (10). Solutions yq, ..., y, of (8) are said to form the princi-
pal (nonprincipal) system of solutions if the solution (X, U) of the associated linear
Hamiltonian system generated by yi,...,¥y, is a principal (nonprincipal) solution.
Note that if (8) possesses a fundamental system of positive solutions y, ..., ya, sat-
isfying y; = o(y;+1) ast — oo, @ = 1,...,2n — 1, (the so-called ordered system of
solutions), then the “small” solutions yi,...,y, form the principal system of solu-
tions of (8).

Using the relation between (8), (10) and the so-called Roundabout Theorem for lin-
ear Hamiltonian systems (see e.g. [17]), one can easily prove the following variational
lemma.

Lemma 3. ([15]) Equation (8) is nonoscillatory if and only if there exists T € R
such that

F(y; T, 00) := /OO [z”: rk(t)(y(k)(t)f] dt >0

T k=0

for any nontrivial y € W™2(T, 00) with a compact support in (T, o).
We will also need the following Wirtinger-type inequality.

Lemma 4. ([15]) Let y € WY(T, 00) have a compact support in (T, o0) and let M
be a positive differentiable function such that M'(t) # 0 fort € [T,00). Then

M'tdetgzL/ y'= dt
JA )]

The following statement can be proved using repeated integration by parts, simi-
larly as in [6, Lemma 4].
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Lemma 5. Let y € WJ"*(T, 00) have a compact support in (T, 00) and (4)—~(5) hold.

Then
> «a 2 | Yn—1 n—1)\2 V1 2 Y
/I" [t (y( )) + t27a (y( 1)) +eet t2n727a (y/) + t2nfa y2] dt
! 2
oo fo 1 1 1 /y\Y\
= — o— = o dt
/T n, [anl <an2 ( ay (ao) ) ’
where ag, . .., a, are giwen in Lemma 2.

We finish this section with one general oscillation criterion based on the concept of
principal solutions. The proof of this statement can be found in [2]. Let us consider
the equation

(12) L(y) = M(y),

where
m

M(y) => (~DFF0)y*™)®, me{l,...,n-1}
k=0
and 7;(t) > 0 for large t.

Proposition 1. Suppose (8) is nonoscillatory and yi,...,y, is the principal sys-
tem of solutions of this equation. Equation (12) is oscillatory if there exists ¢ =
(c1y. .. cn)? € R such that

lim sup ftoo >0 () (W™ (s))*)ds

- - L, h = C1y1 + -+ Culn,
oo T <ftX—1(s)B(s)XT71(s)ds) c

where (X,U) is the solution of the linear Hamiltonian system associated with (8)
generated by yy, ..., Yn.

3. OSCILLATION AND NONOSCILLATION CRITERIA FOR (1) IN CASE m = 0
In this section, we deal with (1) in the case m = 0, i.e., with the equation
(13) Lu(y) = qo(t)y-
We start with a nonoscillation criterion for (13).

Theorem 1. Suppose that (4)—(5) hold and Uy, is given by (7). If the second order
equation
1
(14) (tu') + 4~—t2”*1*°‘qo(t)u =0,
Vn,a
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is nonoscillatory, then (13) is also nonoscillatory.

Proof. Let T € R be such that the statement of Lemma 3 holds for (14) and let
y € W™%(T,o0) be any function with compact support in (7, 00). Using Lemma 5,
Wirtinger’s inequality (Lemma 4), which we apply (n — 1)-times, and Lemma 6 from
the last section, we obtain

> o 2, Yn-1 n—1)\2 41 2 0] 2
/T [t W) 4 W) g ) +t2n_ay]dt

() )]

Hence, we have

L[ 6 St ) i 0 et — a0
. > Yy 72 1 )
Z 4”77,7@ /j‘_‘ {t |:(t2n21a ) :| - 4ﬂn,a qo(t)y } dt
~ - Y 1" L o1 Y ?
B 4Vn7a/‘ {t |:( e ) } N Z t ' aqo<t> ( e ) } dt > 07
T t 2 4Vn,a t 2

according to Lemma 3, since (14) is nonoscillatory (take u = y/t™ 2 ) and conse-

quently, nonoscillation of (13) follows from this Lemma as well. O

Theorem 2. Let qo(t) > 0 for large t, Dy, is the constant given by (7), conditions
(4)—(5) hold, and

(15) / (%(ﬂ T Vn’(f Qt) 2 n tdt = 0.
n—oa n
Then (13) is oscillatory.

Proof. Let T € R be arbitrary, T' < ty < t; < ty < t3 (these values will be specified
later). We show that for ¢y, t3 sufficiently large, there exists a function 0 # y €
Wm2(T, 00) with compact support in (7, 00) and such that

F(y; T, 00)

OO «a N2 | Yn—1 n—1)\2 " 2 14
= L |:t (y( )) + t2—a (y( 1)) o +t2n—2—o¢ (y/) +t2n—o¢ y2 - qo(t)yQ] dt S 0
EJQTDE, 2005, No. 13, p. 7




and then, nonoscillation of (1) will be a consequence of Lemma 3. We construct the
function y as follows:

0, t <,
ft),  to<t<t,
y(t) =4 ht), G <t<t,
g(t), to <t < 3,
0, t > s,
where
h(t) = Int,

f € C"[to, t1] is any function such that
fI (o) =0, fU(t) =hD (1), j=0,...,n—1

and g is the solution of (2) satisfying the boundary conditions
(16) g(t2) = W(t2), g9 (ts) =0, j=0,....n 1.
Denote
o (n l/n 1 n— 2 1%} 2 IZ0)
K = / t ) t2 - (f( 1)) ++7§2n_72_a(f/) +t2n_af2_q0(t)f2} dt.
to

By a direct computation and using Lemma 7, we have for k =1,... n,

nla - Ay B 3
AR (1) = ¢k | = 2 —1—a)Vn k4 o(ln"2¢
(t) o7 l:nllﬂ( V1 \/F T ( )

as t — oo, where

= e (G T e

7=l l=n—k-+j+1
k N N
(18) B = Z(_l)j_l <j) 2k]—j H (20 —1— ).
i=1 l=n—k-+j+1
Consequently,
h(k) 2 _ $2n—2k—1-a Int - o 1 ) A, n -
(R)" = T IT @- -+ o 1 @-1-a)
l=n—k+1 I—n—ka1
D - ko, oAkBr 2 L
20 —1— k49 ol ;
+2killnt H ( a)+lnt+ lr12t+l3tJr (n )
l=n—k+1
as t — oo.
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Since

n

(k))? n
/tz(f%)adt = 4% H (20-1-a) /ln—tdt H (20 —1—a)lnt

I=n—k+1 g n—k+1
By, dt
2
+ (Ak T H (20 — 1 —a)) =7 o),
l=n—k+1

ast — o0, k=0,...,n (take Ag = By = 0), we obtain

2 «@ n 2 Vn—1 n—1 2 " 2

/ |:t (h( )) +t2—a (h( )) + - +t2n 2—« <hl) t2n ah ] dt
t1
“Int o dt
Z H2n+1—2j—a) / Lahf+Knalntg+1/,wé/ —
4 tInt
+L1 + 0(1)
. X 2t
=K,oInto+ 0, — + L +0(1),
Y
as ta — 00, L1 € R, where we have used (5) and denoted
(19) Koo =) = [T @-1-a),
k=1 l=n—k+1
. - , By T
(20) Vn,a::ZVk Ak+% H 20-1—-a)].
k=1 I=n—k+1

Concerning the interval [t, t3], since go(t) > 0 for large ¢, we have

t3
o a2 | Vn—1 n— 2 1241 2 IZ0)
/ [t (9") + 5 @) 4t (9) *tzn_ﬂ?—%(ﬂgz] dt

t2

t3
a n)\2 , Yn-1 n—1)\2 " 2 Yo
S/ (") T (00 s (9) gt

to

Next we use the relationship between equation (2) and corresponding LHS (10). Since
g is a solution of (2), we have

g (—1)"‘1(tag(”))(n—1) 4.+ Vlta—2n+29/

: _(tag(n)>/ 4 V.nilta—Qg(n—l)
1) e g
EJQTDE, 2005, No. 13, p. 9



and
B(t) = diag{0,...,0,t7*}, C(t) = diag{vpt*", ..., Vp_1t* 2},

1, ifj=itli=1,...,n—1,
A=A = { 0, elsewhere.
Then, using conditions (16),

t3
[l @ e ]
to

- / T (8 B(t)u(t) + 2T (1) C(8)x(t))dt

t2

_ / ()@ () — Az(t)) + 27 (0)C () ()] de

to

— dT ()2 (t)[s + /t ") (1) — ATu(t) + C (D) (t)]dt
—uT(tQ)x(tg).

Further, let (X,U) be the principal solution of the LHS associated with (2). Then
(X,U) defined by

X(t) = / Xt $) X1 (s)ds,
o) = / X1(5)B(s) X7 (s)ds — X7 (¢)

is also a conjoined basis of this LHS, and according to (16), if we let

h=(hH,. . Ko=)

we obtain
() = / X—1(s)B(s) X (s)ds
([ xepex o) X)),
u(t) = <U / X! s$)XT (s )ds—XT—l(t))

1
. ( [ X 6BoxT s >ds) X (1)),
" EJQTDE, 2005, No. 13, p. 10



(see e.g. [1]) and hence

T (t)a(ts) = AT (t)XT "\ (ts) < / SXl(s)B(s)XTl(s)ds>_ XL(ts)R(ts)

2

t
—hT (t2)U (t2) X Y (ta) h(Ls).
Using the fact that the principal solution (X, U) is generated by

2n1a

=t Y =t y, =t 2

where ay, ..., ap_1, 09 = 2252 are the first roots (ordered by size) of (3), by a direct
computation (similarly to that in [8, Theorem 3.2]), we get

iLT<t2>U(t2)X71(t2)7l<t2) = [A(n,a h’ltg + L2 + 0(1), as t2 — 00,
where Lo is a real constant and

(21) KW::Z{% I @-1-a Y ﬁ}

k=1 l=n—k+1 l=n—k+1

If we summarize all the above computations, we obtain

N 2odt b2
Fy; T,00) < K+Kn,alnt2+ﬁn7a/ T t+L1+o(1) / qo(t);ﬂ(t)dt

+hT (1) X T (ty) ( /t 3 Xl(s)B(s)XTl(s)ds) : XY (ta)h(t,)

—[A(n,a Inty — Ly —o(1), asty — 0.

It follows from Lemma 9 that I?,m = A,m and Uy, o = Up o, and according to (15), it
is possible to choose t5 > t; so large that

to dt to
ﬁw/ — = / (R (t)dt < —(K + Ly — Ly + 2)
y tlnt ”

and that the sum of all the terms o(1) is less than 1. Moreover, since (X, U) is the
principal solution, we can choose t3 > t5 such that

—1
AT () XT7Y( </ X! $)IXT(s )ds) XYty)h(ty) < 1.
to
All together means that
Fly;Tyo0) < K —(K+ Ly —Lo+2)+ L1 +1+1—Ly =0,

and hence (1) is oscillatory. O
EJQTDE, 2005, No. 13, p. 11



Corollary 1. Suppose that (4) and (5) hold. The equation
g
2, Y

(22) L) = G

is nonoscillatory if and only if B < Uy, 4.

Proof. If 3 > 1, o, then

> _ Un,a In—1l-a B = Una B
/ (CJo(t) a2 ln2t) t Intdt = / T —— D% dt = o0

and (22) is oscillatory according to Theorem 2.
On the other hand, since the second order equation

t//+ M :0
(t) It

is nonoscillatory for pu < i, we have nonoscillation of

1 g
tu / t2n—1—a =0
() + A0y o p—alnZt"
for 4f < i, ie., for B < 7, 4. The nonoscillation of (22) for these v follows from
Theorem 1. O

4. OSCILLATION AND NONOSCILLATION CRITERIA FOR (1) IN CASE m =1

In this section we turn our attention to the equation

(23) L(y) = —(qa(t)y").

Theorem 3. Suppose that (4) and (5) hold and 40, o > t*" 27 (t) for large t. If
the second order equation

1 ! 2 - 1 — 2n—1—« 2n—3—«a !
(24) |jf <1 N ~_t2n—2—aq1(t)> u/:| _ ut—z (Ch(t)t 23 ) u=20

8Un.a

is nonoscillatory, then equation (23) is also nonoscillatory.

Proof. Let T € R be such that the statement of Lemma 3 holds for (24) and let
y € W™(T,00) with compact support in (T, 00) be arbitrary. We show that the
quadratic functional associated with (23) is positive for any nontrivial y € W™?(T', c0)

with compact support in (7),00) by using the same argument as in the proof of
EJQTDE, 2005, No. 13, p. 12



11—«

Theorem 1 and the transformation of this functional by the substitution y = £y
(applied to the term [ ¢ (t)(y)?dt) as follows

> a n)\ 2 Vn—1 n— 2 14 2 17
/T [t W) 4 W) g ) gy - e’ dt

e’ 12 0
> i [ 1| ) | @- [ awra
T t 2 T

= 4Dy 4 / t(u')?dt

T

o0 2 —1— 2n—1—« 2n—3—a /
_ / [qmt)t%-l-a(u')?—%t—z (a0 )uQ] it

T

° 1
::‘4~n(1 t _ t t2n71704 N2
(R

1 271‘_ 1 — (X 2n—1-a 2n

aa\!
+ T 5 2 ((Jl(t)t 2 ) u2}dt>0.

g

The following oscillation criterion is based on Proposition 1 and we prove it similarly
to [10, Theorem 4.1].

Theorem 4. Let qi(t) > 0 for large t, (4), (5) hold and
167, o
(2n—1—a)?

t—o0

lim sup lnt/ q1(s)s*" " ds >
t

Then (23) is oscillatory.
Proof. First, recall that equation (2) is nonoscillatory and its ordered system of solu-
tions is
2n—1—«a
(25) =t Y =y, =t =t 2

2n—1—«a

gi=t"Int =1t 2 Int,go=1¢""1"0"1 g, =0T

Let (X,U) denote the principal solution of LHS associated with (2) generated by
Y1, ...,y and let (X, U) be the solution of this LHS generated by #, . . ., §,. Accord-
ing to Proposition 1, which we apply to equation (23) by taking ¢ = (0,...,0,1), we
have that (23) is oscillatory if

n—l—o 2 e} n—3—o
%ft q1(s)s*"37ds

o>

lim sup
o ([P X () B(9)X T (5)ds
EJOTDE, 2005, No. 13, p. 13



It remains to show that <ftX_1(3)B(5)XT71(s)ds> ~ W a5t — oo. (Here by

nt
the symbol f(t) ~ g(t) we mean hm fgg = 1.) Since

:><:z
~—~

~
S~—

(X0XM) = ~XTOAOX0) + BOUMB)X (1)

(
= X 't)B(t)XT"
X7t

where L := XT(t)U(t) — UT ()X (t), we have

(/ XYs)B(s)XT (s )ds) o LX')X().

It follows from Lemma 10 below that

where Wi (t) == W (@1, -+, Tj—1, Yns jts - - - » In) and W(t) := W (i1, ..., ). (Here
L;;, i,j=1,...,n denote the entries of L.) Consequently,

g L, —2 ~ L, —= , l:=min{je€{l,...,n},L,; #0},
- J W () N/ W () {7 €4 } g7 }
=

ast — o0, since lim == = (if [ < k, by Lemma 11 below. By a direct computation

t—o00 Wl n( )
(see Lemma 13), we obtain

Ly, = S(I[Tn}fbm - U[Tn]im = 4Up q,

where (), uj,) denote the n-th column of X, U respectively and Zyy}, i) denote the
first column of X, U respectively. It means that we take [ = 1, since 7, , is positive

(see Lemma 6). Next, we compute the above mentioned wronskians. Using Lemma
EJQTDE, 2005, No. 13, p. 14



12, we have

WLn(t) = W (tw ’ t2n71*CM*Ctn—l7 o ’t2n717a7a1)

n(2n—1—a)

- W(1,t2"_21_‘”—%*1,...,tg"_zl_‘”—al)

n—1

n(2n—1—a) 2n—3—a 2n—3—a __
= H(Oéo—Oék)t 2 W(t z Gnml 2 al),

k=1

and similarly

—l—«a

W(t) - W <t2n 2 In f;, t2n—1fafan—1’ o ’t2n717a—a1)

n(2n—1—a)

= t" 2 W(1nt,t2"’21’“*an—1,...,tQ"’%’“*m)

n—1
— tn(gnlew) {lnt H (g — ) W <t2n7237a Ton-1 ,t%*zs*a *Ofl)

k=1
n—2
2n—1—a _ 2n—3—a 2n—3—a
—t 2 O‘"‘lll(ao—ak)W<t e I al)

k=1

n—1
(=12 e T (a0 — ) W (t*l, g e T *w) }

k=2
n—1 ( N
n(2n—1—«a 2n—3—a 2n—3—a
~ ] (a0 —ag ™= W(t T e al)lnt,
k=1

as t — oo, by Lemma 11. Finally,

Wia(t) 1
W)  Int’
as t — oo and the proof is completed. O]

Remark 1. By Hille’s nonoscillation criterion, the equation
(r(t)a") + c(t)x = 0,
where ¢(t) > 0 for large ¢ and [~ r~1(t)dt = oo, is nonoscillatory if

lim < / t Tl(s)ds) < /t N c(s)dsg <7
J
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If we apply this criterion to (24), we obtain that (24) is nonoscillatory if

& 2n—3—« /
/ ! (40,0 — th_Q_O‘ql(t))_l ds=o00, (2n—1-a) (ql(t)t ? ) < 0 for large ¢

and

1
ds) < =
S) 2P2n — 1 — qf

Corollary 2. Let (4) and (5) hold and set ¢;(t) = Then (23) is oscillatory

if B> (256? 25 and nonoscillatory if § < 2::”%0[)

t2n—2— al 24

Proof. If 3 > (2111?”%&)2, then h?lil.fp Int [ qi(s)s™ 3 ds = 3 > (2111?17%0[)2 and (23)
4 0
(2n—1—a)?”
is a consequence of Theorem 3 in view of Remark 1. Indeed, one can verify, by a direct

computation, that all the assumptions are satisfied and that

> 2n—1—«a 2n—3—«a / Mi + i lf 277, - 1 — > O
/ s 2 (q1(3)3 2 ) ds = ’
¢

is oscillatory according to Theorem 4. If 0 < 3 < the nonoscillation of (23)

2 Int In¢’

enloal B B i —1-a<0

and
t
/ s~ (40,0 — 32”_2_°‘q1(s))71 ds = o Int+o(Int).
Hence,
t b 2n—1—« 2n—3-a\'
tlim (/ s (40,0 —52”_2_°‘q1(s))71 ds) (/ 57 2 (ql(s)s > ) ds)
— 00 t
|2n — 1 — «f
- < :
80p, 0 & 2|2n — 1 — af

If 5 < 0, then nonoscillation of (23) follows from comparing this equation with the
nonoscillatory equation (2). O

We can apply Proposition 1 to equation (1) for arbitrary m € {1,...,n — 1} as
well. If we choose ¢ = (0,...,0,1)T and noting that

1
(yT(Lm))2 = 4—m(2n —1—a)’2n—3—a)*---(2n+1—2m — a)** 172m-o

where y,, = 72" is the solution of (2), we get the following statement.
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Theorem 5. Suppose (4) and (5) hold, q,,(t) > 0 for large t, and

1
2n+1—2j—a)?

m

lim sup lnt/ q(s)s® 172mmads > 4m g, H (
t

t—o00 j=1

Then (1) is oscillatory.

Corollary 3. Let (4) and (5) hold and set g, (t) =
tory if B> 4™ 0o [T7L) sy

P e Then (1) is oscilla-
5. TECHNICAL RESULTS

Lemma 6. Let oy, k =1,...,n — 1, be the first n — 1 roots (ordered by size) of the
polynomial (3) and og = 225=2. Then

n—1 2
on—1—
Abp o = H (% _ O%) 7

k=1
where Uy, o is given by (7).

Proof. The substitution p = X — 22=1= converts the polynomial P(\) (given by (3))
into the polynomial

L (2n+1-2j—q)?
Q<u>:z<—1>kukn(ﬂ—< - )),

k=0 j=1

2n—1—«a
2

whose roots are ;1 = 0 (double), u = £y, where G = —ap, k=1,...,n—1.

This means, that

Qp) = (=1)"u*(u® = B7) - (1 = B 1)
Comparing the coefficients of y? in both expressions for Q(u), we obtain the assertion
of this Lemma. O

Lemma 7. ([8]) For arbitrary k € N,
B (1)1
(ving) " = S (e o (),

+ +o0
" \vInt Vot
where ay, by are given by the recursion
1 a
ar =5, Gpg1 = kag; b1 =0, bpy1 = kb + 5197

or explicitly by

k-1 k—1
o1 (k—1) w1
(26) ak:aljl;[ljzﬁ(k—n!, bk:T;?kZQ.
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Lemma 8. ([8]) Let a;, b; be given by (26) and set
k

1 (k\ a;
— ~1 ;- .
Apa =Y _(—1) (;) o [[@-1-a)
j=1 I=j+1
and
k RN b k
B = Z(_l)]—l (;) 2ka_] H (20 —1-a)
Jj=1 I=j+1
Then, for arbitrary k € N,
1 i 1
P Apa=—TJTCI-1-0)Y —
(27) k& ng(l a);%—l—d
and
1k k 1 Bk
28)  —[lei-1-a2y ————— =2+ T[e-1-a).
Lemma 9. Let K, o, Ky Upa and Uy o be given by (19), (21), (7) and (20). Then
Kn,a = Kn,a
and
ﬂn,a = ﬁn,a-

Proof. To prove the first equality, it suffices to show that
1 g 1
l=n—k+1 I=n—k+1
This follows from the definition of Aj by (17) and from formula (27) of Lemma 8,
where we take & = a + 2k — 2n.

Concerning the second identity, we need to show that for k =1,...,n,
1 n ) n 1 ) Bk n
l=n—k+1 l=n—k+1 l=n—k+1
which holds according to (28) if we let & = a + 2k — 2n. O

Lemma 10. ([1]) Let y1, ..., Yn,T1s---,Un € C"L be a system of linearly indepen-
dent functions and let X, X be the Wronski matrices of yi,...,Yn, and 41, ..., Yn,
respectively. Then

W1, Ui-1, Y5> Yit1r - - - Un)

W(gla s 7gn)
EJQTDE, 2005, No. 13, p. 18
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Lemma 11. ([1]) Let y1,...,ym € C™ 1 be an ordered system of functions (at co)
and let iy,...,ix € {1,...,m} be such that iy < iy < -+ <'ig, J1,..-,Jk € {1,...,m},
and j1 < jg < -++ < jg. Then

W Z gty f[/
i VWi -5 Ya)
=00 W<yj17 s 7yjk)

=0, k=1,...,m,

whenever iy < ji, ..., 0 < Jr and at least one of the inequalities is strict.
Lemma 12. ([1]) Let y1,...,Ym € C™ 1, r € C™ 1 and r # 0. Then
Wryy, o orym) =" W(ys, - Ym)-

Lemma 13. Let y1,...,Yn, 31, --,Un be an ordered system of solutions of (2) given
by (25) and let L == XT()U(t) — UT(t) X (t), where (X,U) is the principal solution
of LHS associated with (2) generated by yi, ..., yn and (X,U) is the solution of this
LHS generated by 41, ...,Un. Let L;;, 1,5 =1,...,n be the entries of L. Then

Ln,l = 4ﬁn,a7
where 40y, o s given by (7).

Proof. We have L, ; = x[Tn]ﬁ[l} — u[Tn]:E[l}, where 2., u, denote the n-th column of X,

U respectively and Zyy), @) denote the first column of X. U respectively, i.e.,

Yn (1)L (tey) D g eyl
Y, .
x["] = : ) u[n] - n ' -
( ._1) _(tayf(l ))I + Vn—1t“’2y§z b
Yn tozyﬁln)
and
Ui (1)L (gD g2
~ o i 5
Tn) = : ;ooupp = oe(n ot ’
) —(t* g + vate 2
25 tozzﬁn)

2n—1—«a

where y, = 5= and yp =t 2 Int. By a direct computation and using the fact

that L is a constant matrix (so that we don’t need to take into account the terms
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with Int), we obtain L, ; = C; — Cy, where

n—1 n—1
S 2k—1-0a)* v, 2k —1—«)? v
o, = =t o I 11 222%4 +---+2—§(2n—3—a) + 1
_'_
4 i 1 [ (26 —1—a)? 4 V1] [hop(2k — 1 — a)?
~2k-1-a 22n=2(3 — ) 22n=4(3 — )
[T (2k—1—a)? & 1
LT 2 T .
k=1
and
1 [y 2k — 1 —a)? V2 2
= — e J— 2 — 1 — 2 — —
C: 2n—1—a[22”_2(2n—3—a)+ T2 ay(@n=3-a)
+
N z”: 1 [Th, 2k —1—a)? L Vnot [Tio(2k—1—a)?
Zaok—1—a| 2223-a) 22n-4(3 — q)
. 1 [T 2k —1—a)?
+k22k—1—a 22n=2(1 — )
Hence,
CioCy = — ﬁ(% 1—a)? Y !
e T “ 2k —1— a)?
k=1 k=1
n n 1
n—1 2
2k —1—
e L@ V2L BE=iay
k=2 k=2
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