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Abstract

In this paper, we study the existence of infinitely many homoclinic solutions for a
class of second order Hamiltonian systems with general potentials near the origin.
Recent results from the literature are generalized and significantly improved.
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1 Introduction and main results

Consider the following second order Hamiltonian system
i — L(t)u + Wy(t,u) =0, VteR, (HS)

where u = (uy,...,uy) € RV, L € C (R, RN2> is a symmetric matrix-valued function,
and W, (t,u) denotes the gradient of W (t,u) with respect to u. Here, as usual, we say
that a solution u of (HS) is homoclinic (to 0) if u € C? (R,RY), u(t) # 0, and u(t) — 0

as |t| — oo.

With the aid of variational methods, the existence and multiplicity of homoclinic
solutions for (HS) have been extensively investigated in the literature over the past several

decades (see, e.g., [1-27] and the references therein). Many early papers (see, e.g., [1-3,
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6,8-10,15-17]) treated the periodic (including autonomous) case where L(t) and W (t, u)
are either independent of ¢ or periodic in ¢. Compared to the periodic case, the problem
is quite different in nature for the nonperiodic case due to the lack of compactness of
the Sobolev embedding. After the work of Rabinowitz and Tanaka [17], there are many
papers (see, e.g., [4,5,7,9,11-14,18-27]) concerning the nonperiodic case. For this case,
the function L plays an important role. Actually, most of these mentioned papers assumed
that L is either coercive or uniformly positively definite. Besides, we also note that all
these papers required W (t,u) to satisfy some kind of growth conditions at infinity with

respect to u, such as superquadratic, asymptotically quadratic or subquadratic growth.

In the recent paper [28], the authors obtained infinitely many homoclinic solutions for
(HS) without any conditions assumed on W(t,u) for |u| large. To be precise, W (t,u) in
that paper is only locally defined near the origin with respect to u, but L is required to
satisfy a very strong coercivity condition. Motivated by [28], in the present paper, we
will study the existence of infinitely many homoclinic solutions for (HS) in the case where
L is unnecessarily coercive, and W (t,u) is still only locally defined near the origin with

respect to u. More precisely, we make the following assumptions:

Lo) lo := inf in  L(t)u-u| > 0.
(Lo) lo := inf L (tu-u

(W1) W e CHR x Bs(0),R) is even in u and W (t,0) = 0, where Bs(0) is the open ball

in RY centered at 0 with radius 6.

(W3) There exist constants v € (1,2), uy € [1,2], pa € [1,2/(2 — v)] and nonnegative
functions & € LM (R, R) (¢ = 1,2) such that

(W (t,u)| < &)+ E@)|ul”"t, VY (t,u) € R x Bs(0).

(W3) There exist a constant ¢ > 0, a closed interval I, C R and two sequences of positive

numbers 9, — 0, M,, — oo as n — oo such that
W(t,u) > —olul?, Vte€ lpand |ul <6

and
W(t,u)/62 > M,, Yte&ly,necNand|ul =4,

Our main result reads as follows.

EJQTDE, 2013 No. 54, p. 2



Theorem 1.1. Suppose that (Ly) and (W1)—(W3) are satisfied. Then (HS) possesses a

sequence of homoclinic solutions {uy} such that maxeg |ux(t)| — 0 as k — oo.

Remark 1.2. Compared to Theorem 1.1 in [28], the matrix-valued function L in our
Theorem 1.1 is not required to satisfy the coercivity condition (L;) or the technical con-
dition (L) of Theorem 1.1 in [28]. In addition, our Theorem 1.1 also essentially improves
some related results in the existing literature. It is easy to see that the conditions of
our Theorem 1.1 are weaker than those of Theorem 1.2 in [12,18,19]. Indeed, there is a
function W which satisfies conditions (W;)—(W3) but does not satisfy the corresponding
conditions of Theorem 1.2 in [12,18,19]. For example, let

te " lul|*sin? (=), 0< |u <1,

|ul®

0, u =0,

W(t,u) = {

where € > 0 small enough and a € (1 + ¢,2). Then it is easy to check that W satisfies
conditions (W1)~(W3) with v = a—e, £,(t) = 0, &(t) = (a+e€)|t]le " and 6, = (—2)"/¢

(2n+1)w

for all n € N.

2 Variational setting and proof of the main result

Consider the space E = {u € H'(R,RY) | [, L(t)u - udt < oo} equipped with the
following inner product
(u,v) = /(u -0+ L(t)u - v)dt.
R
Then E is a Hilbert space and we denote by || - || the associated norm. Moreover, we

write E* for the topological dual of E with norm || - ||g+, and (-,-) : E* x E — R for
the dual pairing. Evidently, F is continuously embedded into H*! (R, RN ) Hence FE is

continuously embedded into LP = L? (R, RY ) for all p € [2, 00] and compactly embedded
into LV =L

loc loc

(R,RN) for all p € [1, 00]. Consequently, there exists 7, > 0 such that
lully < Bpllull, Vue E, (2.1)

where || - ||, denotes the usual norm in L? for p € [2, o).

In order to prove our main result via the critical point theory, we need to modify

W (t,u) for u outside a neighborhood of the origin to get W(t, u) as follows.
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Choose a constant b € (0,6/2) and define a cut-off function y € C'(R™, R") such that
x(t)=1for 0<t<b, x(t)=0fort>2b and —2/b < x'(t) < 0 for b <t < 2b. Let

W(t,u) = x(|u)W(t,u), V(tu)eRxRY. (2.2)

Combining (Wy), (W3) and the definition of y, we have
‘W(t, u)‘ <&@l + &Dul’, V(tu) € R x RY (2.3)
and
]Wu(t,u)( <o (&) +&OMY), V(tu) eRxRY (2.4)
for some ¢; > 0.

Now we introduce the following modified Hamiltonian system
i — L(tyu+ Wy(t,u) =0, VteR (HS)
and define the variational functional ¢ associated with (ﬁé) by

d(u) = %/}R(M2 + L(t)u - u)dt — ¥ (u)

= %Hu”2 — U(u), where ¥(u) = /RW(t,u)dt- (2.5)

Proposition 2.1. Let (Ly), (W) and (W) be satisfied. Then ¥ € CY(E,R) and V' :
E — E* is compact, and hence ® € C'(E,R). Moreover,
(W' (u),v) = / W, (t, u) - vdt, (2.6)
R
<@/(u)7v> - (u,v) - <W/<U),U>

= (u,v) — /}RWu(t,u) -vdt (2.7)

for allu,v € E, and nontrivial critical points of ® on E are homoclinic solutions of (ﬁé)

Proof. First, we show that ¢ and ¥ are both well defined. For notational simplicity, we

set
* L M1
Ml . [ — 17

Vit
po — 1

Wy 1= (uf =0 if pu; =1, i=1,2),
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and always use these notations in the sequel. Since puy € [1,2], us € [1,2/(2—v)] in (W),
it is easy to see that uf € [2,00] for i = 1,2. For any v € E, by (2.1), (2.3) and the

Holder inequality, we have

/R‘W(t’“”dtﬁ Agl(t)|u|dt+452(t)|u|”dt

< & lell g+ 1€2a Nl

&1l 1l + 77512 o llul]” < 00, (2.8)

S T,u*l‘

where | -

4 denotes the usual norm of in L#i(R,R) and 7, is the constant given in (2.1)

for i = 1,2. This together with (2.5) implies that @ and ¥ are both well defined.

Next, we prove ¥ € C'(E,R) and ¥’ : E — E* is compact. For any given u € FE,

define an associated linear operator J(u) : E — R by
T = [ Waltw)-ott, oeE
R

By (2.1), (2.4) and the Holder inequality, there holds

KﬂWMSAWWMWW

< [awloli+ [ @olur-ilar)

< 1 (Il lolus + €oluallelZs el )
il + 7 &l el o, Vv e B,

<a (Tu’{

where ¢; is the constant given in (2.4). This implies that 7 (u) is well defined and bounded.
By (2.4), for any n € [0, 1], there holds

|Wu(t,u +nv) - v| <o [G(0)|v] + 26() (Jul" ol + [v]Y)], VteR and u,v € RY.

Therefore, for any u,v € FE, by the Mean Value Theorem and Lebesgue’s Dominated

Convergence Theorem, we have

lim Plutsv) = V() =lim [ W, (t,u+6(t)sv) - vdt

s—0 S s—0 R

= / W, (t, u) - vdt
R

= (J(u),v

V), (2.9)
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where 0(t) € [0, 1] depends on u, v, s. This implies that ¥ is Gateaux differentiable on E

and the Gateaux derivative of ¥ at u € E is J(u). Let u, — w in E as n — oo, then

{u,} is bounded in E and
u, = win Lyy, asn — oo.
Consequently, there exists a constant Dy > 0 such that
wn ||~ + |Jull”~ < Dy, VneN.

For any € > 0, by (Ws), there exists T, > 0 such that

1/ c
19 t’“dt) <
<4I>Te 1) ey

1/p2 c
)2 dt < — .
<4>Te ) ) der Doty

By (2.4), (2.11)—(2.13) and the Holder inequality, we have

and

[t|>Te
< [ a2l + & (ul ™+ ful )] ol
[t|>Te

< 2, /| PGS / &(t) (Jual”™ + Jul ™) [oldt
t|>Te

[t|>Te

1/
2 Kid
< cl(/msl@) t) o
1/u2
K2 ] "
+CI(A|>TC§2@> t) (u

I

-1 -1
s ) ol

(2.10)

(2.11)

(2.12)

(2.13)

1/p1 1/ po
<2 ([ atrar)  vemy ([ clrd) T (ul )
[t|>Te [t|>Te

=% VYneNand o] = 1.

L€ €
4 4 2

(2.14)

For the T, given above, by (2.1), (2.10) and the continuity of W, there exists N, € N such
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that

T. .
/ Wt ) — Wt w)o]dt

_Te

T. .
gfm/ Wt ) — Wt w)dt

<=, VYn>N.and ||v|| =1, (2.15)

N

where 7, is the constant given in (2.1). Now for any € > 0, combining (2.14) and (2.15),

we have

1T (un) = T (W)l g = sup (T (un) — T (u),v)]

[[oll=1

= sup
flvll=1

(-

Te ~ ~
< sup [ [Waltun) - Wt )olas

[oll=1 T

+ Sup/ (Wt ) — Wt )| o]t
[t|>Te

flvfl=1

+—-=¢ Vn>N.,.

This means that J is completely continuous. Thus ¥ € C'(E,R) and (2.6) holds with
V' = 7. Consequently, ¥’ is completely continuous. This together with the reflexivity of

Hilbert space E implies that ¥’ is compact. In addition, due to the form of @ in (2.5),
we know that ¢ € C'(E,R) and (2.7) also holds.

Finally, a standard argument shows that nontrivial critical points of @ on E are

homoclinic solutions of (HS). The proof is completed. O

We will use the following variant symmetric mountain pass lemma due to Kajikiya [29]
to prove that (ﬁé) possesses a sequence of homoclinic solutions. Before stating this

theorem, we first recall the notion of genus.

Let E be a Banach space and A a subset of E. A is said to be symmetric if u € A
implies —u € A. Denote by I' the family of all closed symmetric subset of E which
does not contain 0. For any A € T", define the genus 7y(A) of A by the smallest integer
k such that there exists an odd continuous mapping from A to R¥ \ {0}. If there does
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not exist such a k, define y(A) = oco. Moreover, set v(¢) = 0. For each k € N, let
Dy = {A €T | 4(4) > k}.

Theorem 2.2 ( [29, Theorem 1]). Let E be an infinite dimensional Banach space and
@ € CH(E,R) an even functional with ¢(0) = 0. Suppose that  satisfies

(1) @ is bounded from below and satisfies (PS) condition.

(®2) For each k € N, there exists an Ay € I'y such that sup,c,, P(u) < 0.

Then either (i) or (ii) below holds.

(1) There ezists a critical point sequence {uy} such that ®(uy) < 0 and limy_,o ug, = 0.

(ii) There exist two critical point sequences {uy} and {vy} such that @(ug) =0, ux # 0,
limg oo ur, = 0, @(vg) < 0, limgyoo P(vx) = 0, and {vg} converges to a non-zero

limgit.

In order to apply Theorem 2.2, we will show in the following lemmas that the functional

@ defined in (2.5) satisfies conditions (®1) and (®3) in Theorem 2.2.

Lemma 2.3. Let (Lo), (W) and (Wy) be satisfied. Then ® is bounded from below and
satisfies (PS) condition.

Proof. We first prove that ¢ is bounded from below. By (2.5) and (2.8), there holds

o) > 3l = [ (e,

1 v v
= §HUH2 = Tzl llull = 7 1€ol o llull”, Vu e E. (2.16)

Since v < 2, it follows that @ is bounded from below.

Next, we show that ¢ satisfies (PS) condition. Let {u,}n,en C E be a (PS)-sequence,
l.e.,

|@(u,)| < Dy, and @' (u,) =0 asn — 0o (2.17)

for some Dy > 0. By (2.16) and (2.17), we have

1
Dy > Sllunll® = 7y €1 [[unll = 751601 s unlI”
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which implies that {u,},ey C F is bounded in E since v < 2. Thus there exists a

subsequence {uy, }reny C E such that

Up, — Uup as k — o0 (2.18)

for some ug € E. By virtue of the Riesz Representation Theorem, ¢’ : £ — E* and
V' . E — E* can be viewed as @' : £ — E and V' : E — E respectively. This together
with (2.7) yields

Up, = D' (Up, ) + ¥'(uy,), VEkeN (2.19)

By Proposition 2.1, ¥’ : E — F is also compact. Combining this with (2.17) and (2.18),
the right-hand side of (2.19) converges strongly in £ and hence u,, — 1o in E as k — oo.
Thus @ satisfies (PS) condition. The proof is completed. O

Lemma 2.4. Let (Ly), (W;) and (W3) be satisfied. Then for each k € N, there exists an
Ay € E with genus y(Ag) = k such that sup,,c 4, ®(u) < 0.

Proof. We follow the idea of dealing with elliptic problems in Kajikiya [29]. Let dy be
the length of the closed interval Iy in (W3). For any fixed k € N, we divide I, equally into
k closed sub-intervals and denote them by I; with 1 < i < k. Then the length of each I;
is a = dy/k. For each 1 < i < k, let t; be the center of I; and J; be the closed interval
centered at t; with length a/2 . Choose a function ¢ € C5°(R,RY) such that |p(t)] = 1
for t € [—a/4,a/4], (t) =0 for t € R\ [—a/2,a/2], and |¢(t)| < 1 for all t € R. Now for
each 1 < i <k, define ¢; € C°(R,RY) by

0i(t) = p(t —t;), VteR.

Then it is easy to see that

suppy; C I; (2.20)

and

i) =1, Yt e Ji, |oi(t)] <1, VEER (2.21)

forall 1 <7 <k. Set

Vk‘ = {(Tlar27"'ark> eRk | ln<1?“<}§€|rl| = 1}

and

k
Wi, = {Zn«pi | (r1,79,...,7%) € Vk}.
i=1
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Evidently, Vj, is homeomorphic to the unit sphere in R* by an odd mapping. Thus
v(Vk) = k. If we define the mapping F : Vi, — Wy by

k
F(ri,ro, ... 18) = Zrigoi, Y (ri,re,...,1%) € Vi,
i=1

then F is odd and homeomorphic. Therefore v(Wy) = v(Vi) = k. Moreover, it is evident

that W}, is compact and hence there is a constant C}, > 0 such that
|ul? < Ck, Yu€ W, (2.22)

For any s € (0,b) and u = 3.1, rip; € Wi, by (2.5), (2.20) and (2.21), we have

k

1 —
B(su) = 3llsull = [ Wit.s 3 v

=1

2 k
S —_—~
_ §||u“2 — Z/I W (t, srip;)dt
=1 i

2 k
S
_ 3||u||2 — Z/I W (t, srip;)dt, (2.23)
=1 g

where the last equality holds by the definition of W in (2.2) and the fact that |sro;(t)] < b
for all 1 < ¢ < k. Observing the definition of Vj, for every u = Zle rip; € Wy, there
exists some integer 1 < ¢, < k such that |r; | = 1. Then it follows that

k
Z/ W (t, srip;)dt
i=1 Y 1i

:/ Wi(t, smu@iu)dt—i-/ W (t, sr;, i, )dt
Jiy Liy \ iy,

+ Z /I W (t, srip;)dt. (2.24)

iy, Y

By (W3), (2.21) and the the definition of Vj, there holds

/ W (t, sri,pi,)dt + Z/ W (t, srip;)dt > —odys?, (2.25)
Liy \Jiy, iiy Y i

where dy is given at the beginning of the proof. For each §, € (0,b), combining (W3),

EJQTDE, 2013 No. 54, p. 10



(2.2) and (2.21)—(2.25), we have

Cro2 )
P(d,u) < 5t 0dyo,, — W (t, 6nri, 04, )dt
i
Ch M, dy
<5 == — . 2.2

Here we use the fact that |0,7;,¢;,(t)| = d, for t € J;,. Note that ¢,, — 0 and M,, — c©
as n — oo in (W3). Then we can choose ng € N large enough such that the right-hand
side of (2.26) is negative. Define

A = {5n0u | u € Wk} (2.27)

Then we have

v(Ag) =v(Wi) =k and sup @(u) < 0.

u€EAg

The proof is completed. O
Now we are in the position to give the proof of our main result.

Proof of Theorem 1.1. Lemmas 2.3 and 2.4 show that the functional ¢ defined in (2.5)
satisfies conditions (®,) and (®;) in Theorem 2.2. Therefore, by Theorem 2.2, we get a
sequence nontrivial critical points {uy} for @ satisfying @(uy) < 0 for all k € Nand uy, — 0
in £ as k — 0o. By virtue of Proposition 2.1, {uy} is a sequence of homoclinic solutions of
(IijS) Since F is continuously embedded into L, then it follows that maxeg |ux(t)] — 0
as k — oo. Hence, there exists ky € N such that u is a homoclinic solution of (HS) for

each k > ky. This ends the proof. O
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