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ON NONNEGATIVE SOLUTIONS OF A CERTAIN BOUNDARY
VALUE PROBLEM FOR FIRST ORDER LINEAR FUNCTIONAL
DIFFERENTIAL EQUATIONS

ALEXANDER LOMTATIDZE!, ZDENEK OPLUSTIL?2

ABSTRACT. Unimprovable efficient conditions are established for the existence and
uniqueness of a nonnegative solution of the problem

u'(t) = L(u)(t) +q(t),  u(a) = h(u) +c,
where £ : C([a,b]; R) — L([a, b]; R) is a linear bounded operator, h : C([a,b];R) — R
is a linear bounded functional, ¢ € L([a,b];R) and ¢ > 0.

1. INTRODUCTION

The following notation is used throughout.

R is the set of all real numbers, R, = [0, +-o00].

2] = 4 (lel = ), [al s = 4 (Il + 2).

C([a,b];R) is the Banach space of continuous functions u : [a,b] — R with the
norm ||u||¢ =max{|u(t)|: t € [a,b]}.

C(la,b; Ry) = {u € C([a,b]; R) : u(t) > 0 for ¢ € [a,b]}.

Chlla, B Ry) = {v € C[a, B R.) - o(a) = h(v)}

C(la, b]; D), where D C R, is the set of absolutely continuous functions w : [a, b] —

D.
L([a,b]; R) is the Banach space of Lebesgue integrable functions p : [a,b] — R with

b
the norm [[p]l; = [ |p(s)lds.

L([a,b];R,) = {u € L([a,b];R) : p(t) > 0 for almost all ¢ € [a, b]}.

Ly is the set of linear bounded operators ¢ : C([a, b]; R) — L([a, b]; R).

Pap is the set of linear bounded operators ¢ € L, transforming the set C'([a, b]; R,)
into the set L([a,b]; R,).

F,p is the set of linear bounded functionals h : C([a,b];R) — R.
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PFE,, is the set of linear functionals h € F;, transforming the set C([a, b];R,) into
the set R .
We will say that ¢ € L, is an a-Volterra operator if for arbitrary a, € Ja,b] and
v € C([a,b];R) satisfying
v(t) =0 fort € [a,a],
we have
((v)(t) =0 for almost all t € [a, a4].

Consider the boundary value problem

(1.1) u'(t) = (u)(t) + q(t),
(1.2) u(a) = h(u) + ¢,
where £ € Ly, h € Fyp, q € L([a,b]; R) and ¢ € R. By a solution of the problem (1.1),

(1.2) we understand a function u € C([a,b]; R) satisfying the equality (1.1) almost
everywhere in [a, b] and the condition (1.2).

Throughout the paper we will assume that the functional h(v) — v(a) is not iden-
ticaly zero and h € PFy,.

From the general theory of linear boundary value problems the following theorem

is well-known (see, e.g., [1,2,5,6]).

Theorem 1.1. The problem (1.1), (1.2) is uniquely solvable if and only if the corre-
sponding homogeneous problem

(1.10) u'(t)
(1.20) u(a)

has only the trivial solution.

C(u)(?),
h(u)

Definition 1.1. We will say that an operator ¢ € L, belongs to the set IZLJg(h) if

every function u € C([a, b]; R) satisfying
(1.3) u'(t) > L(u)(t) for te€ a,b],
(1.4) u(a) > h(u)

is nonnegative.

Remark 1.1. It is clear that if £ € \Z;g(h), then the problem (1.1p), (1.2) has only the
trivial solution. Therefore in this case, according to Theorem 1.1, the problem (1.1),
(1.2) is uniquely solvable for any ¢ € R and ¢ € L([a, b];R). If moreover ¢ € R, and
q € L(]a,b]; Ry), then the unique solution of the problem (1.1), (1.2) is nonnegative.

Remark 1.2. Sufficient conditions guaranteeing inclusion ¢ € 17;;(0) are contained
in [3,4].
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In this paper, we will establish optimal, in a certain sense, sufficient conditions
guaranteeing inclusion ¢ € V.1 (h).
First let us mention some properties of the set V.1 (h).

Remark 1.3. It is not difficult to verify that P, N V. (k) # @ if and only if

(1.5) h(1) < 1.

Indeed, let £ € Py N Z’g(h) Then, according to Remark 1.1, the problem
u'(t) = £(u)(),

(1.6) u(a) = h(u) +1

has a unique solution u and

(1.7) u(t) >0 fort € a,b)].
By virtue of (1.7) and the condition ¢ € P,, we have
(1.8) W' (t) >0 fort€ [a,b].
Thus

(1.9) u(t) > u(a) fort € [a,b].
Now (1.9) and the condition h € PF,, imply that
(1.10) h(u) > u(a)h(1),

whence, together with (1.6), we obtain
(1.11) u(a)(1 = h(1)) > 1.

Therefore, the inequality (1.5) holds.
Assume now that (1.5) is fulfilled. We will show that 0 € V] (h). Let the function
u € C([a, b]; R) satisfy (1.8) and (1.4). Clearly, (1.9) holds, as well. Hence, on account

of the condition h € PF,, the inequality (1.10) is satisfied. By virtue of (1.4) and
(1.10) we have

u(a)(1 = h(1)) =0,
which, together with (1.5), implies u(a) > 0. Taking now into account (1.9) we get

(1.7). Therefore, 0 € V.1 (h).
Remark 1.4. Define the functional hy € Fy, by

ha(v) & M(a),
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where A € R. From Definition 1.1 it immediately follows that V.f(h) = V. (0)
provided h = h) for some A € ]0,1[. On the other hand, if h # h, for A € ]0, 1], then,
in general V.1 (h) # V.1(0). To see this first we will show that if

(1.12) h#hy for XeR,
then there exists w € C([a,b];R,) such that w # 0,
(1.13) w'(t) >0 for te€lab], w(a)=0,
and
h(w) # 0.

Assume on the contrary, that for each w € C([a, b]; R satisfying (1.13) we have

h(w) = 0. Evidently, an arbitrary function f € C([a,b]; R) admits the representation
f(t) = f(a) + wi(t) —wa(t) for t € [a,b],

where
t t

wi(t) = /[f’(s)]+ ds wo(t) = /[f’(s)]_ ds for te€la,b).

By our assumption clearly h(w;) = 0 and h(wq) = 0. Thus
(1.14) h(f) = fla)h(1) for f € C(la,b];R).
Therefore, h = hy for A = h(1), which contradicts (1.12).

Suppose now that
h# hy for X€]0,1]

and Py, N ‘Z:g(h) # @. According to Remark 1.3 we have h(1) < 1. Therefore (1.12)
holds as well. By virtue of above proved there exists a function w € C([a, b]; R})
satisfying (1.13) and

h(w) =1—h(1).
Put

(1.15) p) Ew't) ew)t) ¥ pt)v(a) for tea,b).

By virtue of (1.13) clearly p(t) > 0 for t € [a,b]. Hence ¢ € P,. It is also evident

that ¢ is an a — Volterra operator. Consequently, by Corollary 1.1 in [4] £ € 17;(0)
On the other hand, it is not difficult to verify that the function w(t) = 1 + w(t) for
t € [a,b] is a nontrivial solution of the problem (1.1p), (1.2y). Consequently, by virtue

of Remark 1.1, ¢ ¢ ‘Z;Z(h)
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2. MAIN RESULTS

In this section we will establish optimal sufficient conditions guaranteeing the in-
clusion ¢ € V. (h). Theorems 2.1 and 2.3 below concerns the case when ¢ is monotone
operator, i.e., when ¢ € Py, resp. —¢ € Py. Theorems 2.2 and 2.4 cover also the
case when ¢ is not monotone.

Theorem 2.1. Let ¢ € Py,. Then ( € ‘Z;g(h) if and only if there exists a function
v € C([a,b];]0, +00]) satisfying the inequalities

(2.1) V() = b)) for tEa,b],
(2.2) v(a) > h(v).

Corollary 2.1. Let ¢ € P, be an a-Volterra operator and
(2.3) h(y) <1,

where y(t) = exp {ft (1)(s) ds] fort € [a,b]. Then ( € ‘Z;g(h)

Remark 2.1. Inequality (2.3) is optimal and it can not be replaced by the inequality
t

h(v) < 1. Indeed, let v(t) = exp [fp(s) ds] for t € [a,b], where p € L([a,b]; R, ) is

such that h(y) = 1. Clearly, the function 7 is a nontrivial solution of the problem

(1.1p), (1.2¢) with £(v)(t) = p(t)v(t). Therefore, according to Remark 1.1, ¢ ¢ \N/C:g(h)

Corollary 2.2. Let h(1) < 1 and let there exist m,k € N and a constant a €0, 1]
such that m > k and

pull) < apult) for teab)],

where py = 1,

pi(t) 1 () +oit) for tefab, ieN

1-h1

t
def

i(t) = /E(pi)(s) ds for te€a,b], ieN.
Then { € ‘Z;g(h)
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Corollary 2.3. Let { € Py, and let there exist { € Py, such that

(2.4) h(7o) < 1
and
(2.5) M) ) ) < 1.

1 —h(70)

where
¢

Yo(t) d:efexp /6(1)(5) ds for t € a,b],

a

t t
def

7(t) = /!7(1)(5) exp /E(l)(f) d¢| ds for t € a,bl.

a S

Let, moreover on the set Cy([a,b];R,) the inequality

(2.6) ((0(v))(t) = €(1)(@)0(v)(t) < L(v)(t) for € la,b]
hold, where
def 1
A1) 2 rgghlen) +voft) for 1€ a8,
(2.7) ¢

vo(t) = /E(v)(s) ds for t€[a,bl.

a

Then { € XN/J(h)

Remark 2.2. From Theorem 2.1 it immediately follows that P,, N ‘Z;g(h) C PupN
170;:(0) On the other hand, as it had been shown above (see Remark 1.4) in general
P N VE(R) # Pay N VE(0) (even in the case when Py, N V. (h) # @). Therefore,
without additional restrictions, the inclusion ¢ € Py, N 170;:(0) does not guarantee the
inclusion ¢ € Py, N IN/;g(h) However the following theorem is true.

Theorem 2.2. Let ( € \7(;5(0) Then { € \Z;g(h) if and only if there exists a function
v € C([a,b]; R) satisfying the inequalities (2.1), (2.2) and

(2.8) v(a) > 0.

Theorem 2.2 yields the following
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Theorem 2.3. Let —( € Py, be an a-Volltera operator and let
(2.9) h(1) < 1.
Then { € \Z:g(h) if and only if L € 170;:(0)
Corollary 2.4. Let —( € Py, be an a-Volterra operator and let (2.9) hold. Let,
moreover, there exist a function v € C([a,b]; R satisfying
t) >0 for tela,b|,

o0 >0 for te ol

V() <)) for te ],

Then € € V. (h).

Remark 2.3. Corollary 2.4 is unimprovable in a certain sense. More precisely the
condition (2.10) cannot be replaced by the condition

(2.11) v(t) >0 for te€ a,b],

where by €]a, b is an arbitrarily fixed point. Indeed, in [4] it is shown (see [4, Example
4.3]), that conditions (2.10) and (2.11) do not guarantee the inclusion ¢ € V.t (0).
Consequently, by virtue of Theorem 2.3, Corollary 2.4 is nonimprovable in above
mentioned sense.

Corollary 2.5. Let —( € Py, be an a-Volterra operator and let (2.9) hold. If, more-
over,

b

(2.12) /|€(1)(5)| ds < 1,

then £ € ‘Z;;(h)

Remark 2.4. Constant 1 on the right hand site of the condition (2.12) is the best
possible (see Theorem 2.3 and [4, Example 4.4]).

Corollary 2.6. Let —(¢ € P, be an a-Volterra operator and let (2.9) hold. Let,
moreover,

(2.13) Jiiweies | [m©d ) das<t

where { € Ly is defined by
def ,, 7 ~

(o)1) Z L0()) (1) — L)(BB(v)(1),
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Then { € ‘Z;g(h)

Remark 2.5. Constant 1 on the right hand site of the condition (2.13) is the best
possible (see Theorem 2.3 and [4, Example 4.4]).

Theorem 2.4. Let an operator { € Ly, admit the representation ¢ = {y — {1, where
fo,ﬁl € Pab and

(2.14) LeVih),  —tLeVih).
Then ( € \Z:g(h)

3. PROOFS OF MAIN RESULTS
First of all we will prove the following Lemma.

Lemma 3.1. Let ¢ € Py, the inequality (1.5) be fulfilled and let there do not exist a
nontrivial function v € C([a,b];Ry) satisfying

(3.1) V'(t) < L(v)(t)  for t€[a,b], wv(a)=h(v).
Then ( € \Z:g(h)

Proof. Let u € C([a,b];R) satisfy (1.3) and (1.4). Evidently, (1.1) and (1.2) hold,
as well, where

def

gt) L' (t) — o) (t) for te€a,b], ¢ ua)—huw).
It is also evident that
(3.2) q(t) >0 for t€la,b], c¢>0.
Taking into account (1.1), (1.2), (3.2) and the assumption ¢ € Py, we easily get

()] = 5 (/(D)semu(t) — (1)) = 5 (Cw)(E)sanult) — u)(0))+

(3.3) + % o) (ssnu(t) 1) < (] Y1) for 1 € [a,],
[u(a)]- = %(h(u)sgn u(a) — h(u)) + % c(sgn u(a) — 1) <

(3.4) < h(lu].)

Put

(3.5) co=(1- h<11>)‘1 (h(ful-) - [U(a>]g,
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(3.6) v(t) = [u(t)]- +co for te€la,b.
On account of (1.5) and (3.4) we have
(37) Co Z 0.

On the other hand by virtue of (3.3), (3.5) and (3.7) we find that the function v
satisfy (3.1). Taking now into account the assumption of lemma, (3.6) and (3.7) we
get [u]- = 0. Thus, u(t) > 0 for ¢ € [a,b]. O

Proof of Theorem 2.1. Let ¢ € IZ;g(h) Then, according to Remark 1.1, the prob-
lem

(3.8) V(1) = L)),

(3.9) (@) = h(7) +1

has a unique solution v and

(3.10) v(t) >0 for tE€ [a,bl.

It follows from (3.9), by virtue of (3.10) and the condition h € PFy,, that
(3.11) v(a) > 1.

Now, on account of (3.10), (3.11), and the assumption ¢ € P, the equality (3.8)

yields
t

10 =@+ [ 60)(s) ds =) >0 for te fab]
Therefore, v € C([a, b];]0, +00]). Clearly, (2.1) and (2.2) hold, as well.

Assume now that there exists a function v € C([a, b];]0, +00[) satisfying (2.1) and
(2.2). According to Lemma 3.1 it is sufficient to show that there does not exist a

nontrivial function v € 5([(1, b); Ry) satisfying (3.1). Assume the contrary, i.e., let

there exist a nontrivial function v € C(]a, b]; R, ) satistying (3.1).
Put
w(t) = A\y(t) —v(t) for t € la,b,

where

t
)\:max{i te [a,b]}.
v(t)
Obviously,
(3.12) A > 0.
It is also evident that
(3.13) w(t) >0 for t € [a,bl.
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On account of (2.2), (3.12), (3.13), and the condition h € PF,;, we have
(3.14) w(a) = Ay(a) —v(a) > h(w) > 0.

Taking into account (3.14), from the definition of number A, it follows that there
exists ty €a, b] such that

(3.15) w(ty) = 0.

On the other hand, by virtue of (2.1), (3.1), (3.12), (3.13) and the condition ¢ € Py,
we get

w'(t) > l(w)(t) >0 for t € [a,b)],
which together with (3.14) contradicts (3.15). O

Proof of Corollary 2.1. From the definition of the function ~ it follows that

(3.16) Y(a) =1
and
(3.17) v () = £(1)(t)y(t) for ¢ € [a,b].

Since ¢ € P, is an a-Volterra operator it is clear that
() () < L)) for te [a,b).

Last inequality together with (3.17) yields that (2.1) is fulfilled. On the other hand,
from (2.3) and (3.16) it follows that (2.2) holds. Therefore, by virtue of Theorem 2.1,

0 e Vih). O
Proof of Corollary 2.2. It can be easily verified that the function

k m

def
YO 1-a)Y pt+ > () for L€ o)
Jj=1 j=k+1
satisfies the assumptions of Theorem 2.1. O

Proof of Corollary 2.3. According to (2.5) there exists £g > 0 such that

h(m1) + <o
1 ——————y(b b 1.
(3.18) T h(o) 0(b) +7(b) <
Put
h +€
) = 3L 0) 40 for 1€ fad]
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Obviously, v € C([a, b];]0, +0c[) and 7 is a solution of the problem
(3.19) Y (8) = L))y () + (1)),
(3.20) v(a) = h(y) + co.
Since ¢, € Py, and (t) > 0 for t € [a,b], the equality (3.19) yields 7/(¢) > 0 for
t € [a,b]. Thus in view of (3.18) we obtain

V() Z L))y (E) + L()(E) for t€[a,b], y(a) > h(y).
Consequently, by Theorem 2.1 we find

(3.21) te Vg (h),
where
(3.22) ()(t) L o) (t)v(t) + L) (t) for t € [a,b].

According to Lemma 3.1 it is sufficient to show that the problem (3.1) has no
nontrivial nonnegative solution. Let v € C([a, b]; R, ) satisfy (3.1). Put

(3.23) w(t) =0(v)(t) for te€ la,b,
where 6 is defined by (2.7). Obviously,

(3.24) w'(t) =L(v)(t) for t€ |a,b],
(3.25) w(a) = h(w).

It follows from (3.1), (3.24), (3.25) that
() >0 for t¢é€la,b], ula)>h(au),

where u(t) = w(t) — v(t) for t € [a,b]. As it was shown in Remark 1.3, 0 € VGJg(h)
provided h(1) < 1. Therefore u(t) > 0 for t € [a, b], i.e.,

(3.26) 0<o(t)<w(t) for tEela,b.

On the other hand, in view of (2.6), (3.22), (3.23), (3.24), (3.26) and the assumption
0,0 € Pay, we get

(3.27) -
={l(w)(t) for t € Ja,bl.

(3.26), v =0, as well . O

Proof of Theorem 2.2. Let ¢ € IZLJg(h) Then, according to Remark 1.1, the

problem (3.8), (3.9) has a unique solution . Moreover, the inequality (3.10) holds.
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By virtue of (3.10) and the condition h € PFy,, it follows from (3.9) that (2.8) is
fulfilled. Clearly (2.1) and (2.2) are fulfilled as well.
Assume now that £ € V.1 (0) and there exists a function y € C([a, b]; R) satisfying

(2.1), (2.2) and (2.8). Suppose that u € C([a, b]; R) satisfies the inequalities (1.3) and
(1.4). First we will show that

(3.28) u(a) > 0.

Assume on the contrary, that

(3.29) u(a) < 0.

Put

(3.30) w(t) = ya)u(t) — u(@)(t) for t € [a,b]

On account of (1.3), (2.1), (2.8) and (3.29) it is evident that
w'(t) > l(w)(t) for t€la,b], w(a)=0.

Hence, by virtue of the condition £ € V.1 (0), the inequality (3.13) holds. From (3.13)
and the condition h € PF,, we get
(3.31) h(w) > 0.

On the other hand, it follows from (3.30), by virtue of (1.4), (2.2),(2.8) and (3.29),
that

hw) = ~(a)h(u) = u(a)h(y) < y(a)h(u) = u(a)y(a) <0,
which contradicts (3.31). Therefore, the inequality (3.28) holds. Now, by virtue of
(3.28) and the condition ¢ € V,;(0), we get that the inequality

u(t) >0 for tE€ [a,b]
is fulfiled, as well. O

To prove Theorem 2.3 we will need the following Lemma (see [4, Theorem 1.2]).

Lemma 3.2. Let —( € Py, be an a-Volterra operator and let there existy € C([a, b]; R,)
satisfying the inequalities

v(t) >0 for tE€|a,b
V() <L) for tEa,b].

Then { € 17;(0)
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Proof of Theorem 2.3. Let ( € 17;1;(0) Then by Remark 1.1 the problem

(3.32) V() = L)), y(a)=1
has a unique solution 7 and the inequality (3.10) is fulfilled. From (3.32), by virtue
of the inequality (3.10) and the condition —¢ € P, it follows that

v(t) <1 for tE€ [a,b].
Hence, on account of (2.9) and the condition h € PF,,, we get
h(y) < h(1) < 1.
Taking now into account (3.32) it is evident that the function v satisfies (2.1), (2.2)
and (2.8). Therefore, according to Theorem 2.2 we get £ € Vi(h).
~ Now assume that ¢ € Vi (h) and ¢ ¢ V,j(0). Then evidently there exists u €
C(la, b]; R) such that

(3.33) u'(t) > L(u)(t) for té€lab], ula)=c,

(3.34) u(ty) <0,

where ¢ > 0 and ty €la, b[. Denote by wug a solution of the problem

(3.35) up(t) = L(uo)(t),

(3.36) up(a) = h(ug) + 1

(see Remark 1.1). Since ¢ € \Z;Z(h) we have

(3.37) up(t) >0 for t € J[a,b.

Therefore, from (3.36), by virtue of the condition h € PFy, it follows that
(3.38) ugp(a) > 0.

Since ( ¢ ‘75(0) From Lemma 3.2, on account of (3.37) and (3.38), it follows that
there exists ag €]a, b[ such that

(3.39) uo(t) >0 for t € [a,aq],
(340) Uo(t) =0 for te [CLQ, b]

Denote by /,, the restriction of the operator ¢ to the space C([a, agl;R). By virtue of

(3.35), (3.39) and Lemma 3.2 we have ¢,, € \7;0;0(0) It follows from (3.33) and (3.35)
that

(3.41) w'(t) > Loy (w)(t) for t € [a,a0], w(a)=0,
where c
w(t) = u(t) — ﬁuo(t) for t € [a, ag).
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On account of condition ¢ € V.& (0), the inequalities (3.41) yields that

aag

w(t) >0 for tE€ [a,ao).

Therefore,

u(t) > UO?Q) uo(t) for t € [a,ap).
Taking now into account (3.34), (3.39) and (3.40) we conclude that
(3.42) ao < to < b.
Put
(3.43) v(t) = u(t) + (h(u) — c)ug(t) for t € [a,b].

It is clear that
V'(t) > L(v)(t) for t€ a,b], v(a)=h(v).

Hence, by virtue of the condition ¢ € f@;(h), we have that the inequality v(¢) > 0 for
t € [a,b] holds. Consequently,

(3.44) v(ty) > 0.
On the other hand, from (3.43), on account of (3.34), (3.40) and (3.42), it follows
that v(ty) < 0, which contradicts (3.44). O]

Proofs of Corollaries 2.4-2.6 Corollary 2.4 immediately follows from Theorem 2.3
and Lemma 3.2. Corollaries 2.5 and 2.6 follows from Theorem 2.3 and Theorem 1.3
n [4] resp., Corollary 1.2 in [4]. O

Proof of Theorem 2.4. Let u € 5([@, b); R) satisfy (1.3) and (1.4). From Remark

1.1, on account of the condition —¢; € Vab (h), it follows that the problem

(3.45) V(t) = =(0)(t) = bol[ul ) (@),

(3.46) v(a) = h(v)

has a unique solution v and

(3.47) v(t)

By virtue of (1.3), (1.4), (3.45), (3.
)(t

0 for t € [a,bl.
( )
w'(t) = —b(w

<
46) and the condition ¢y € P, it is clear that
) for t€a,b], w(a)> h(w),
where

w(t) =u(t) —v(t) for t € [a,b].
Hence, by virtue of the condition —¢; € Van(h), we have

u(t) > wv(t) for t € [a,b].
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This inequality and (3.47) yields
(3.48) —[u(t)]- > wv(t) for t € [a,b].

Therefore, from (3.45), on account of (3.47), (3.48) and the condition ¢; € Py, it
follows that

(3.49) V'(t) > Lo(v)(t) — 1 (v)(t) > Lo(v)(t) for t € [a,b].
By virtue of the condition ¢, € \N/Jg(h), (3.46) and (3.49) yield
v(t) >0 for tela,b).

Last inequality and (3.47) result in v = 0. Now it follows from (3.48) that [u] - =0
Consequently, the inequality u(t) > 0 for ¢ € [a, b] is fulfilled. O

4. EQUATIONS WITH DEVIATING ARGUMENTS

In this section we will concretize results of §2 for the case when the operator ¢ have
one of the following form

(4.1) () (1) Eptyo(r(t)),
(4.2) () (t) E = g(tyo(ult)),
(4.3) 0()(8) Ep(ty(r(t)) — g(t)yu(u(t)),

where p, g € L([a,b];Ry) and 7, 41 : [a,b] — [a, b] are measurable functions.
Theorem 4.1. Let p # 0, h(1) <1 and

h(o) + (1= B (D) he)
o s e} <1

where

t t T(t)

(45  olt) = / p(s)ds, (t) = / p(s) / p(e)de | ds for t€fab)

a a a

Then the operator € defined by (4.1) belongs to the set ‘Z;g(h)
Proof. It follows from (4.4) that there exists a €]0, 1[ such that for ¢ € [a, b]

40 EORRUE S e ﬁ%2 T W)o)
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It is not difficult to verify that

(47) plt) = TR () for te ot
18) w0 = (72005 ) + s+ 0 400 for te ]

On the other hand, (4.6), (4.7) and (4.8) yield that
p2(t) < aps(t) for t € |a,b].
Therefore, the assumptions of Corollary 2.2 are fulfilled for £ = 2 and m = 3. O

Theorem 4.2. Let the inequalities (2.4) and (2.5) hold, where

t

Yo(t) = exp / p(s)ds| for t€la,b],

a

t T(S) S

() = /p<s>a<s> / p(€)de | eap / p(n)dn| ds  for telab

a S a

1
(4.10) o(t) = 5(1 + sgn(r(t) — t)) for telab.
Then the operator ¢ defined by (4.1) belongs to the set \N/;g(h)

Proof. Let ¢ be an operator defined by (4.1). Put
(t)
(11) {®“ o) [ plsyotr(s) ds,
¢
where o is defined by (4.10). Obviously £ € P, and
7(t)

(4.12) ((0())(t) = LQ)(B)0(v)(¢) = p(t) /p(S)v(r(s)) ds <

</l(v)(t) for t€]a,b,

where ¢ is defined by (2.7). Taking now into account (4.9), (4.10) and (4.11) we get

that all the conditions of Corollary 2.3 are fulfilled. Consequently, ¢ € V+(h) O
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Corollary 4.1. Let
(4.13) Ao(B)h(1) + 1 (b) < 1,

where o and v, are defined by (4.9) and (4.10). Then the operator ¢ defined by (4.1)
belongs to the set V.1 (h).

Proof. By virtue of the condition h € PF,, and the fact that the functions v, and
~1 are nondecreasing we get

(4.14) h30) < (A1), hn) < (A1),
It follows from (4.13) that
(4.15) h(v) <1, m(b) <1

On account of (4.14) and (4.15) we have
( ) +70(0)A(1) = 71(b) + 0 (b)A(1) (1 — 71())+
+h(1)7(b)70(b) = 71(b) + h(70) (1 — (b)) +
+%(0) (1) = 1(0) (1 = h(%0)) +70(0) (1) + h(70)-
Hence, by virtue of (4.13), we get
Y(b)h(71) +71(0) (1 = h(70)) < 1= h(y0).

The last inequality, together with the first inequality in (4.15), yields that (2.5) is
fulfilled. Consequently, according to Theorem 4.2, the operator ¢ defined by (4.1)
belongs to the set VI (h). O

In the next theorem, we will use the following notation
7" = esssup{7(t) : t € [a,b]}.
Theorem 4.3. Let (1.5) hold, [ p(s)ds # 0 and

7(t)

(4.16) ess sup /p(s) ds:t€la,bl p <n,
t
where
A
(4.17) n*= sup{ [ N 710( )( T ]r: A >0, h(y) < 1
— (7
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and 7o is a function defined by (4.9). Then the operator € defined by (4.1) belongs to
the set VI (h).

Proof. It follows from (4.16) and (4.17) that there exist € > 0 and Ao > 0 such that
for t € [a, b]

<) ds 1 N X0%°(T%)
/ o< ) - A
Hence,
7(t) \ )\o< *>
0% \T
pl“ o ] = )~ (= hG) — 21— )T S
M (7(0) s
= %°(7(1) = (1 = h(35°) —e)(1 = h(1))! for telotl
Consequently,

t (1)

(4.18) Ao exp [/p(s) ds] > exp [/p(s) ds] —4d for té€la,bl,

where

(4.19) 5= (1—h(2") — £)(1 — A1)

Put

(4.20) ~(t) = exp [)\O/p(s) ds} -0 for té€la,b].

a

By virtue of the assumption h € PF,, we have § < 1 and therefore
v(t) >0 for te]a,b.

On account of (4.19) and (4.20) it is clear, that (2.2) holds. On the other hand, on
account of (4.18) and (4.20), the condition (2.1) is fulfilled, as well. Consequently, by
virtue of Theorem 2.1, the operator ¢ defined by (4.1) belongs to the set VI (h). O
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Corollary 4.2. Let (1.5) hold and
7(t)

(4.21) ess sup /p(s) ds:t€la,b] p <&,
where

‘. _ Iplle | [ze”(1—R(1))]
(4.22) & = sup{ . In [ lee —1) ] tx > O} .

Then the operator ¢ defined by (4.1) belongs to the set \N/C:g(h)

Proof. It is not difficult to verify that

A0 (= ()
Y (b) =1
Hence, £* < n* where n* and £* are defined by (4.17) and (4.22), respectively. Con-

sequently (4.21) yields (4.16) and therefore, by virtue of Theorem 4.3, the operator ¢
defined by (4.1) belongs to the set V.1 (k). O

Theorem 4.4. Let u(t) <t fort € [a,b], h(1) < 1 and let at least one of the following
items be fulfilled:

a)

(4.23) /g(s) ds <1,

b)

(4.24) /9(8) /g(i) exp /g(n) dn| d¢ | ds < 1;

(s) 1(€)
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c) g#0 and
t
(4.25) ess sup / g(s)ds:t €la,b] p <A,
p(t)

where

b -1

1
=sup< —In |z + 2 | exp :E/g(s)ds -1 x>0
x

a

*

A

Then the operator € defined by (4.2) belongs to the set ‘Z;g(h)

Proof. As it follows from Theorem 1.10 in [4] each of the condition (4.23), (4.24)
and (4.25) guarantee that the operator ¢ defined by (4.2) belongs to the set V! (0).
Consequently, according to Theorem 2.3, £ € V.t (h), as well. O

Theorem 4.5. Let
u(t) <t for telab], h(l)<l1

and let at least one of the conditions a), b) or c) in Theorem 4.4 hold. Let, moreover,
either (4.13) be fulfilled, where vy and v; are defined by (4.9) and (4.10), or (4.21)
hold, where £* defined by (4.22). Then the operator ¢ defined by (4.3) belongs to the

set V:H(h).

Proof. Theorem 4.5 immediately follows from Theorem 2.4, Theorem 4.4 and Corol-
laries 4.1 and 4.2. O
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