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Mild and classical solutions to a fractional
singular second order evolution problem

Nasser-eddine Tatar*

Abstract

Existence and uniqueness of mild and classical solutions are dis-
cussed for an abstract second-order evolution problem. The nonlin-
earity contains a local term and a non-local term. The non-local term
is an integral in the form of a convolution of a singular kernel and a
regular function involving fractional derivatives. This term may be
regarded also as a fractional integral of that regular function. In ad-
dition the initial conditions are nonlocal and involve fractional deriva-
tives too.
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1 Introduction

It is by now well-known that problems with non-local conditions arise natu-
rally in applications and that they play an important role in many fields, see
[1-3,5,7-9] (to cite but a few) for the case of abstract second order differential
equations. In contrast, one cannot find many papers in the literature deal-
ing with non-local conditions involving fractional derivatives. Nevertheless,
we may find few papers treating well-posedness and asymptotic behavior of
solutions for some problems with boundary conditions containing fractional
derivatives (see [10-17]).
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The type of equations we discuss here is of the following nature
t
u" (t) = Au(t) + f (tu(t) 2D (t)) +/ L(t,s,u(s),s™D"u(s))ds.
0

The operator A is the infinitesimal generator of a strongly continuous cosine
family C (t), t > 0 of bounded linear operators in the Banach space X and
f, 1 are nonlinear functions from RT™ x X x X to X and Rt x R x X x X
to X, respectively. D® and D" denote ”fractional” time differentiation (in
the sense of Riemann-Liouville) of order a and v, respectively. In many
situations in applications the integral term involves a singular kernel of the
form (t —s)°~!/T'(0), 0 > 0 and becomes the convolution of this kernel with
another function, say g. The resulting expression is then identified right away
as a ”fractional integral”, that is

f(fl (t,s,u(s),s™D"u(s))ds = Y kg (t,u(t),t*™D u(t))

I'(o)
=179 (t,u(t), ™D u(t)).

This kind of nonlinearities appear in many hereditary phenomena with fad-
ing memory like in viscoelasticity and in heat conduction. Mathematically
speaking the problem becomes more challenging because of the difficulties
that may be caused by the singular kernel.

In [23] the present author has introduced the following nonlocal condi-
tions involving fractional derivatives and called them "nonlocal conditions of
fractional type”

u(0) = u® + p (u, t DPu(?)),
u (0) =u' +q (u, tDVu(t)).

Here u” and u! are given initial data in X and the functions p, ¢ : [C(I; X)]* —
X are given continuous functions. This type of nonlocal initial data covers
and extends many existing ones in the literature like

uw(0) = u® + p (u, ),
u' (0) = u! 4+ q (u, o)

and the discrete cases where u and v’ are specified at some finite number of
values of £. In fact it will be shown here that these nonlocal conditions will not
bring any new considerable difficulties in the study of the well-posedness of
our problem provided that the fractional derivatives in there are well-defined
and continuous in the underlying space. The main contribution of the present

EJQTDE, 2012 No. 91, p. 2



work is rather related to the type of the considered nonlinearities. As a matter
of fact, in a previous work [22] we have studied the case where the fractional
derivatives (in the nonlinearities and here in the nonlocal conditions as well
as) were between 0 and 1. The case where the derivatives are of order between
1 and 2 was left open as some regularity difficulties arose in the proofs.

In the present paper we consider the case where the orders are between 0
and 2 with a particular emphasis on orders between 1 and 2. The difficulties
encountered earlier have been overcome by the use of some kind of integra-
tion by parts for fractional integrals, some new lemmas, some appropriately
chosen spaces and of course some reasonable regularity assumptions on the
functions encompassed in the nonlinearities. Therefore, this paper may be
regarded as a continuation of the paper [22,23]. In the integer order case
(derivatives of order 1), the underlying space where to look for mild solu-
tions is the space of continuously differentiable functions whereas in case the
derivatives are of order between 1 and 2, more regularity is needed on the
initial data and also on the nonlinearities. Our results are new even in the
local initial data case, that is p = ¢ = 0.

The problem we will treat here is therefore

u' (t) = Au(t) + f (t,u(t) , 2D (t)) + 17g (t,u (t) ,t D u(t)), t € 1
u(0) =u + p (u, t*Du(t))
u' (0) = u + ¢ (u, MV Du (1)),

(1)
where I = [0,T], Aoy Mg, Ay, Ay >0, 0 < ,3,7,v < 2 and ¢ > 0. Similar
results may be derived for more general problems like

u" (t) = A (t) + f (t,u(t) , trr D (t) ..., t e D (1))
+ I% tMDVI ), ...t Du(t)), t€I=1[0,T]
u (0) = u° +p( tAﬁIDﬁ1 (), ..., t}m DO (1))
o (O) =ul+¢ (u DM (t), ..t D ()

This problem has been studied in case o, «, 3,y are 0 or 1 (and Ay, Ag, Ay =
0) (see [1-3,5,7,8,26] and references therein) and in [23] for ¢ > 1 and frac-
tional derivatives. Well-posedness has been proved using different methods
such as fixed point theorems and the theory of strongly continuous cosine
families in Banach spaces. We refer the reader to [6,24,25] for a good ac-
count on the theory of the cosine family. Several results on the existence of
classical solutions and mild solutions have been established under different
conditions on the nonlinearities and the initial data.
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The next section of this paper contains some notation and preliminary
results needed in our proofs. Section 3 treats the existence and uniqueness of
a mild solution in an appropriate space. Section 4 is devoted to the existence
and uniqueness of a classical solution.

2 Preliminaries

In this section we present some notation, assumptions and results needed
in our proofs later. We start by some definitions which maybe found for
instance in [10,19-21].

Definition 1. The integral
1 T h(t)dt
I h =
( a-+ )(SL’) P(Oz) /(; (ZL‘ _t)l_a7 r>a

1s called the Riemann-Liouville fractional integral of h of order o > 0 when
the right side exists.

Here I' is the usual Gamma function
['(z2) ::/ e 5" lds, z > 0.
0

Definition 2. The left hand Riemann-Liouville fractional derivative of h
defined in the interval [a,b] of order a > 0 is defined by

Do) = s (5) [ e n=fal 41

whenever the right side is pointwise defined.

In particular

, 1 d\* [* h(t)dt
DL =5 (1) | o 1< <2

Definition 3. The right hand Riemann-Liouville fractional derivative of h
defined in the interval [a,b] of order a > 0 is defined by

<D3_h><x>=ﬂ(d)"/:<h% h= o] 41

I'(n—a) \dz t —x)oa-ntt’

whenever the right side is pointwise defined.
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See [10,18-21] for more on fractional derivatives and fractional integrals.

To lighten the notation we will write I* for I, , D" for Dj, and D* for
Dy .

We will assume that

(H1) A is the infinitesimal generator of a strongly continuous cosine
family C(t), t € R, of bounded linear operators in the Banach space X.

The associated sine family S(t), ¢t € R is defined by

t
S(t)x = / C(s)xds, t e R, v € X.
0

It is known (see [24-26]) that there exist constants M > 1 and w > 0 such

that
t
/ e“l*lds|
to

We will denote by M and N some respective bounds for C(t) and S(t) (M > 1
and N > 1 depend on T)).
If we define

IC(t)| < Mell, t € Rand |S(t) — S(ty)] < M t,to € R.

E ={z € X : C(t)x is once continuously dif ferentiable on R}

then we have

Lemma 1. (see [24-26])

Assume that (H1) is satisfied. Then

(i) S(t)X C E, t € R,

(1)) S(t)E € D(A), t € R,

(iti) LC(t)x = AS(t)z, x € E, t € R,

(iv) L.C(t)e = AC(t)x = O(t) Az, x € D(A), t € R.
Lemma 2. (see [24-26])

Suppose thot (Hl) holds u R—Xa continuously dzﬁerentzoble func—
tion and q(t fo (t — s)v )ds Then, q(t) € D(A) = [, C(

)()dscmdq = Jy Ot = s)v/(s)ds + C(t)v(0) = AQ() (t)-

Below we make clear what we mean by a classical solution and a mild
solution.

EJQTDE, 2012 No. 91, p. 5



Definition 4. A function u(.) € C?(I,X), such that t* D" € C(I,X),
n=a,B,7,v, is called a classical solution of (1) if u(.) € D(A) satisfies the
equation in (1) and the initial conditions are verified.

Definition 5. A continuous solution u, such that t\\D"u € C(I,X), n =
a, 3,7, v, of the integro-differential equation

u(t) = C(t) [u’+ p (u, DPu(t))] + S(@) [u' + g (u, D (t))] 2)
+f0 (t—s)[f (s,u(s),s* D (s)) +17g (s,u(s),s*D"u(s))] ds

is called a mild solution of problem (1).

It is known from [26] that, in case of continuity of the nonlinearities,
solutions of (1) are solutions of the more general problem (2).

The following lemmas will be very useful later. The first three can be
found in [10,21]

Lemma 3. Ifo(z) € AC"[a,b] := {¢: [a,b] — R and (D""'¢)(z) € AC|a, b},
a>0andn = |a]+ 1, then

n—1 (k)a T —qg)kF@ x (n)
(D)) =3 F (@)@ —a)= 1 )/(90 (tyat

=0 T(1+k—a) I'(n—« x —t)entl’

Lemma 4. Let « > 0, 3 < 0 and ¢ € L'(a,b) be such that I""Pyp €
AC"™([a,b]). Then

w1 ey (@) -
I8 I () = I () — Zk:o m(w —a)" "

where @nip(x) = 177 o(x) and n = [~B] + 1.

Lemma 5. Let f(z) € Cla,b] and g(x) € Cla,b] be such that (D, g)(z) and
(D f)(x), 0 < o <1 exist and are continuous at every x € [a,b]. Then, we

have f:f(a:)(Dgﬁrg) dﬂ?—f g(x)(Dy_f)(z)dz.

The lemma to follow may be found in [4].

Lemma 6. Let a > 0 and 8 > 0 be such thatn—1<a<n,m—1<g<m
(n,m € N). If DY, f exists and is finite on [a, ] and is such that D§‘+(Df+ )
exists also and is finite, then

Dy D5+ (z) = a+ﬁf( ) — Z:lﬁ(:p—a)_“—k’ x € [a,b]
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where Ay = lim,_q4 Dg’ﬁ:klgfﬁf(x), k=1,2,....m, provided that
(i)n+m—a—pF>1or
(ii)n+m—a— LB <1 and f is such that |z — a|” f(z) is continuous on
[a,b] for some A € [0,1 —7), withl—n—m+a+<~vy<1.

Lemma 7. (/10], Property 2.2)
Ifa> B3>0 and f € L'(R), then

(DI f)(x) = (1" f)(x).

3 Existence of mild solutions

In this section we prove existence and uniqueness of a mild solution in the
space

CH(IX)={veC(;X):t"Dw e C(; X), n=o,B,7,v}  (3)

equipped with the norm ||v||, = [jvllo + 2=, [t"D"0||, where ||.|. is the
sup norm in C(I;X). Here 0 < «,3,v,v < 2, and to make the problem
more interesting we assume that at least one of them is between 1 and 2 and
o > 0. As a matter of fact, the most difficult and important cases are when
1< a,v<2and0 < o < 1. Indeed, in Section 4, we will have to differentiate
D%u and D"u. This situation is delicate when 1 < «, v < 2 as it will force us
to narrow the underlying space to functions which are more regular than C?.
To prevent such an unpleasant situation, the derivative of D%u is avoided
by taking E-valued functions f and the undesirable effect of the derivative
of D"u is overcome by using a ”fractional” integration by parts. The case
o > 1 is relatively simple in as much as the fractional integration 17 will
absorb the differentiation operator and prevents its effect on the integrand.
We also define, for n > 0, the space

E, = {x € X : t"D"C(t)x is continuous on R*, n = a,3,v,v}. (4)

The assumptions on f, g, p and g are

(H2) The function g is such that g(0,u,v) = 0 for all u,v € C([0,T]).
Moreover, the functions f, t D" 'f (0 < n; < 1), g, D"'77g (when o <
n—1n=a,v): RT x X x X — X are continuous and satisfy the Lipschitz
conditions

Hf<t7 x17y1) - f(tvx%y?)H < Af (”1’1 - 'TQH + ”yl - y2H>7
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thfanlf(ta x1, 1) — Y DT (R, $27y2)H < Ay (|1 = 22l + [y — 32l)
for 0 < ny <1,
||g(t,{L‘1,y1) - g(tax27y2)” S AQ (Hxl - xQH + ||y1 - y2||)7
| D" g(t, w1, 1) — D70 g(t wa,p2) || < A (lon — ol + llyr — w2l)

for x1,y1, 22, y2 € X, t € I and some positive constants Ay, Anfv Ay and Ang

(H3) p : [C(I; X)] — X and ¢ : [C(I; X)) — X are Contmuous and
satisfy

Ip(21,51) — P22, y2) || < Ap ([J21 — 22l + llyr — w2lle)
lg(z1,91) — q(@2, )| < Ag (21 — 22llc + o — v2l0)
for x1,y1, x2,y2 € C(I; X) and some positive constants A, and A,.

Lemma 8. If I'"VR(t)x € C'([0,T]), T > 0 (R(t) is a bounded linear oper-
ator), then, for 0 < v <1, we have

t t
D”/ R(t — s)xds = / D'R(t — s)xds + lim I""R(t)z, x € X, t €[0,T).
0 0

t—0t

Proof. By Definition 2 and the assumption [1”’R(t):c e C*([0,T7]), we have

D” fot )xd"’;; F(l) 0y di fo - fo (1 — s)wds
= 1 V)dtfod ft RtTijd .
= 1 Ta—v) fo dsg; ot f tT r; hmﬁt f tT T?"m dr.

Moreover, a change of variable 0 = 7 — s leads to

D¥ fot R(t — s)xds = F(ll ) fot ds2 [} GO

(t—s—o)¥
+F(1 ) limy;_ o+ f

t R( ng d
and the proof is complete. O

We prove here its counterpart for 1 < v < 2.

Lemma 9. Let R(t) be a continuously differentiable bounded linear operator
on I and g be a continuous function on I such that I***g € C*([0,T]). Then,
forl <v <2, we have

DY [T R(t — s)g(s)ds = [ R'(s)D""'g(t — s)ds + R(0*) D"~ g(t)
+R(t) limy_o+ I*7g(t), t € [0,T].
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Proof. By the assumption I?7Vg € C'([0,T]) we infer that D"~ 1g(s) exists
and is continuous on /. Moreover, Lemma 6 or formula (2.122) in [20]

d™h(t) n-1 RO Q)7 —P~
D’ = D" h(t) —
() =20 - i

gives us
D [ R(t = s)g(s)ds = D"~ [CR(t — s)g(s)ds = D"~ [
= pvt fot R'(t — s)g(s)ds + R(0")g(t)

= pv-1 fot R'(s)g(t — s)ds + R(0T)g(t)] .

YR(t — s)g(s)ds

Our assumption 1277g € C*(]0, T) allows us also to adopt a similar argument
as in the proof of Lemma 8 to obtain

DV f(f R(t — s)g(s)ds = fo R'(s)D""'g(t — s)ds + R(0") D" '¢(t)
+R’( )hmtﬂm [2 Yg(t), t €[0,T].

This completes the proof. O

Corollary 1. Let S(t) be the associated sine family with the cosine family
C(t) and g be such that I**g € C1([0,T]), t € [0,T] and 1 < v < 2. Then,
we have, fort € [0,T],

D" /Ot S(t—s)g(s)ds = /Ot C(s)D" 'g(t — s)ds + C(t) lim I*"Vg(¢t).

t—0t

Proof. This is an immediate consequence of the fact that S(¢) is continuously
differentiable, S(0) = 0, the previous lemma and

DY [y S(t — s)g(s)ds = [, C(s)D"g(t — s)ds + S(0+)D*'g(t)
+C'(t )hmtﬂm I*7g(t)
= fo s)D"1g(t — s)ds + C(t) lim,_o+ [*Vg(t), t € [0,T].

We are now ready to state and prove our first main result.

Theorem 1. Assume that (H1)-(H3) hold. Let 1 < a,f(,v,v < 2,0 <
o<1, u’+p (u,t)‘ﬁDﬁu(t)) € Em ut +q (u, t" Dy (t)) € En_l and A, >,
n = a,pB,vv. If M, N, R, R (bounds for t"D"C(t) and t"D"C(t) on I,
respectively) and T are sufficiently small then problem (1) admits a unique
mild solution u € CI**([0,T7).
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Proof. For u € CF*([0,T]) we consider the function

D(u)(t) == C(t) [u® + p(u, t DOu(t))] + S(t) [u' + g (u, " Du(t))]
+ fo t —s)f (s,u(s),s* D (s)) ds (5)
+f0 7g (s,u(s),s™D"u(s))ds, t €[0,T).

Its n-th derivative is (see Lemma 6 or (2.122) in [20], proof of Lemma 9)

t1D"® (u)(t) = t"D"C(t) [u° + p(u, t* DPu(t))] + "D C(t)
x [u' + g (u, DY (t))] + D" fot S(t—s)f (s,u(s),s*D(s))ds
+t" D" fot S(t—s)I7g (s,u(s),s™D"u(s))ds, t € [0,T).
(6)
Note that, under our assumptions, both expressions in (5) and (6) are well-
defined. In fact, in virtue of Corollary 1, we can rewrite (6) as

1 D"® (u)(t) = t7D"C(t) [u° + p(u, t DPu(t))]
+t1DLC () [ut + g (u, M DY (t ))]
+t"fOtC'(t—s) D f (s,u(s), s* D (s)) ds
+1C (t) limy_g+ I271f (¢, (t) , 1 D%u (t))
+t" fot C(t—s)D"m7g (s, u s) s DVu (s) )ds
+10(t) limy_g+ I27"1%¢ ( cu(t), ™ Du (t))

or, because of the continuity of the functions f (¢,u(t),t*Du(t)) and
g (tu(t),t> Du(t))

1 D"P (u)(t) = t7D"C(¢) [u’ + p(u, t DPu(t))]
+1DLC(t) [ut + g (u, M DY (t))] 7)
1 [ C(t — s)D7 f (s, u(s), s* Du(s)) ds
+t’7f0 (t—s)D" % (s,u(s),s*D"u(s))ds, t €[0,T].

As t D" f (s, u(s), s™ D (s)) is continuous with 0 < 7y < 1 we see that

(t — $)D71f (s,u(s) , = D (s)) dsH

< MSUpte[OT] [t D7 f (5,0 (s) , s* D*u Hft s ds (8)
e (o) Do)

Caseo>n—1,n=a,3,7v,v
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If 0 > n — 1, then it is clear (by Lemma 7, D" 'I7g = [7~(""Vg) that
®,t"D"® : C([0,T]) — C([0, T]). In addition to that, by assumptions (H2)
and (H3), for u,v € CF*([0,T7]), we see from (5), that

[@(u) — @(v)]| < MA, (Jlu =+ Ht’\ﬁDﬁu — t)‘ﬁDﬁvHC)
+NA; (lu = v+ ||t DYu - t)WD“/vHC)
+NA; fot (lu = v|| + ||s** D*u — s> D*v]|) ds

—i—% fot 57 SUPg<,<s (Hu —o| + HT)‘”DVU — TA”DVUH) ds.

That is,
~ Y Y NA,To+!
() = @(0)]| < (MA, + NA,+ NAT + 2525 ) flu = vl
+MA, ||t* DPu — t* DPy|| , + NAy ||t DYu — t* Dol , (9)

+NAST || D — = D|| , + 2225 |3 DYu — D",

In short, (9) can be written as
1®(u) — D(v)|| < C4 (Hu — )l + Zn [#* D — WD”UHC) . (10)

where C) is the max of all the coefficients in the right hand side of (9) and
7 takes the values «, 3,7 and v. Moreover, by Lemma 7 for ¢ > n — 1, we

have
|t — 510117 g (5, (5) () — g (5,0(s) .2 ()] d]
= | ctt =91t g (su(s),w(s) =g (s, v(s), 2 (Dlds| (1)

MAgTo— "+t ot
< r(iﬂﬁz_) fo SUPg<r <, ([u — o[ + [lw — 2|) ds.

This fact, together with (7) and (8), implies

[£7D"®(u) — t"D"®(v)|| < RA, (Jlu— vl + ||t Du — t* DPv|| ,)
+RA, (lu = v|| o + |[tM DVu — th Dol )
MAnanH*nf

+ — ([[u = v|| + ||t D*u — t*Dv|| ,) ds
. L c
13y Jy SWosr, (lu = vl + |7 D*u = Do) ds.

Here R is a bound for t"D"C(t) on I and R is a bound for "D"'C(t) on I.
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Therefore,
|t"D"®(u) — t"D"P(v)||

- - 1 - .
< (RAy -+ RA + Mgl SATE

l=ng " DI(o—n+2)
 FRA [ DPu — 0 D|| , + RA, ||t DMu — Do
+MA,7{TZII_W Ht)\aDozu . t)\aDa,UHC + %fiz:r-; Ht)\yDuu . t)\yDu,UHC

(12)
or

[t"D"® (u) — t"D"P(v)|| < Cy (Hu — vl + Zn [t* D™ — WD%HC> :

(13)

where Cy is the max of all the coefficients in the right hand side of (12).
Selecting the different parameters in the coefficients C;, ¢ = 1,2 in the rela-
tions (10) and (13) sufficiently small, the contraction principle ensures the
existence and uniqueness of a mild solution on 1.

Case 0 <o <n—1 for one of o, 3, v or v

If 0 < 0 <n—1with 5 equals o, 3, v or v, then D" '[°g = DI**"[7g =
DI*1t9g = D171=9¢. Assuming that D"~!=7¢ is Lipschitz in its second and
third variables, the previous argument applies with the Lipschitz constant

A,y of DT177g in (11).
0

Remark 1. In fact, instead of u'(0) € E,_, we only need that t"D"~'C(t)u’(0)
exist and be continuous on 1.

Remark 2. In the statement of the theorem we have assumed 1 < o, 3,v,v <
2 and 0 < o < 1. This is just to fix ideas and treat the most interesting cases.
Our results hold for 0 < a, 8,7, v < 2 and o > 0.

4 (Classical solutions

In this section we prove the existence and uniqueness of classical solutions to
problem (1). In case of some extra Lipschitz conditions on f and g and the
initial data are a little bit more regular then mild solutions are more regular
as well. This is what is proved next. First we need the extra assumptions

(H4) The functions g, t" D" f n = a,v and D" 179¢g (when 0 < n—1,
n = a, v) are Lipschitzian in their first variables on I, that is

lg(t, 2, y) —g(s,z,y)|| < Byt —s|, t,s€l, v,y € X,
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Ht”fDr”lf(t,a:,y) — t”fanlf(s,:c,y)H <Bslt—s|, t,sel, z,ye X
| D™ 7g(t, 2, y) — D" g(s,x,y)|| < By [t —s|, t,s€l, 2,y € X

for some positive constants By, By and BWH’
We will shorten the notation as follows

(1) = £ (t.u (1) £ Du (1)

g(t) =g (t, u(t), t* D"y (t))
and write u(0) instead of u® + p (u,t**DPu(t)) and u/(0) instead of u' +
q (u, M D (t)).
Proposition 1. Assume that (H1)-(H4) hold. Let u(0) € E,, u'(0) €
E, 1, t"D"C(t)u(0) and t*D"S(t)u'(0), n = a,v are Lipschitz continuous
on I, A, > n. Consider the mild solution u of (1). If u is Lipschitzian on I,
then t\"D"u, n = o, v are Hélder continuous on I.

Proof. From (4) and Corollary 1, we have

D (t) =t D'C(t)u(0) + ¥ DS (t)u'(0)
2 [LO(s)DT L (E— ) ds + 9 O(t) limy_or 1277 f(2)
+tM [ C(s)DT L7 (t — s) ds + tMC(t) limy_g+ I2117G(t), t € [0,T]

or, by the continuity of f and /g and Lemma 6)

tA DMy (t) = t* D'C(t)u(0) + t* D=1C(t)u' (0)
HM [TC(s)DT (E— s)ds + ™ [ C(s)D" M 7G (t — s) ds, t € [0,T].
(14)

By the hypothesis in (H2) on f we see that 7 D"~! f exists and is continuous
on [0,7]. Therefore the third term in the right hand side of (14) is well-
defined (see (8)). As for the fourth term in the right hand side of (14), if
o >n—1then D" 117G = I°~=1g and hence it is clearly well-defined. In
case 0 < n — 1 (for one of the values of ) we use the continuity of D"~177g
in (H2).

Caseo>n—1,n=a,3,7v,v

For t € I and h such that t + h € I, we can write

(t -+ h)™ D (t + h) — 1 D (1) = ((t F )M DOt + ) — tAnDnC(t)) u(0)
+ ((t+n)™ DO+ R) = P DTAC() ) ' (0)

F(t+ D) [T C 4 b= s)DTf (s)ds — ™ [ Ot — s)D7 f (s) ds
F (D) O+ b= s) [T 070G (s) ds — t [i Ot — )17~ (7D (s) ds.
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Taking the norm of both sides we find

H@ + )M D (t + h) — t Dy (t)H < Kh
+ H(t R [LO(t— $)DTL (s + h) ds
F (RN [P C(t+h—s)D7 U f (s)ds — ™ [3 Ot — s) D7 f (s) ds
F (AR [TC(—s) 7D (s + h)ds
+(t+ ) (POt +h— )70V (s)ds — t [ O(t — 5)I7~ 0D (s) dsH
(15)
where K is a positive constant (sum of two Lipschitz constants). Then, by
adding and subtracting some appropriate terms in (15) we get
H<t + )M D (t + h) — " Dy (t>” < Kh
+ H(t R [LO( = $)D7Vf (s + h)ds — (E+ B [LO(t — s)D7 f (s) ds
+ H (t+h)" [ Ct =)D f (s)ds + (t+ )™ [ C(t+h— s)D71f (s) ds
—t* [y C(t —5)D" f (s) dsH + H(t +hM [LC(t—$) 177G (s + h) ds
— b+ )M [LC(t— $) 170G (s) ds| + H(th Jret = s) =g (s) ds
b+ )M [P O+ b — s) I~V (s)ds — t [ C(t — ) I~V (s) dsH .

(16)
The second term in the right hand side of (16) is treated in the following way

|

Jy C(t=s) [(s+ )" (s + )" DVLF (s ) = 557D f (s)] dsH
<M [ (s+h) H(s SR DV (s 4 h) — stnflf(s)H} ds
+ | {;<s + Ry — 5|

s DL f (s) H} ds.

By the Lipschitz continuity of 7 D"~1f (s) we may write
’ fot C(t—s) [(s +h) (s4+h)" D" f(s+h) — s*"f.s"fD"*If(s)} ds
< M [y (s+h)"" {Bsh
VA, <||u (s + h) — u(s)| + H(s 4R Do (s + h) — s* Doy (S)H) } ds

s DILE (s) f(f (s 4 h)™" — 57| ds.

+M sup,cjor)
(17)
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For the last term in (17) we have for h < ¢ (the case h > t will then be clear
afterwards)

t — _ B |(s+R)"f —=5"f . s"f 1+% nr_y
Jo ’(5+h) g nf}dsgfo der h%ds

< (142m) [ ds b f) srrds < L (W7 4 |h7 — 1))
< Lhls
(18)
where we have used the inequality (1 4 ¢)° < 1+ 6t and L is a positive
constant which may change from line to line. Taking into account (17) and
(18) in (16) we find
‘ (t+ B D (t + h) — 1 D' (t)H <I(h) + (E+ R N[ (s + )™
X {Anf (||u (s + h) — u(s)| + ‘ (5 + W)™ D (s + h) — D% (S)H) } ds
+M ’(t F R — | [T s |81 DL F (s) | ds 4 (b)Y M
x [l s st"—lf(s)H ds + (t+ h)™ NI [ 1°=0V) || (s + h) — § (s)] ds
(WM NT 1070 g(s)] ds + BT (¢4 B — ] [ 17000 g ()] dis

where [(h) is function of A which may vary at different occurrences.
As u and g are Lipschitz on I and A, > n > 1, we see that

H(t + )M D (t + h) — D (t)‘ <U(h) + (t+h)" MAy [ (s+h)™
x H(s + k) Do (s + h) — ' D (s) ‘ ds + (t+h)™ M [ 17=0-D (B h
+A, (||u (s 4+ h) — u(s)|| + || (s + B)™ D¥u (s + ) — s D u(s) ) } ds
or, for n = «, v, we obtain

’(t R Dt + h) — % D (t) )
<I(h)+ L fot s ’(s + W) Do (s + h) — ™ D (S)H ds
+L [y SUpg<, <, ||(T+ h)™ Du (7 + h) — 7 D"u (T)H ds
<UR) + L fy (57 + 1) supore, { | (7 + 1) Do (r 4 h) = 2o Do (7)|
(1 + h)™ D"u (1 4+ h) — 7> D"u (1) H} ds.

a

Since t~ 4+ 1 is a summable function on I we may apply the Gronwall
inequality (for summable functions) to reach the conclusion that t*» D"y,
1n = «, v are Holder continuous on [.
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Caseoc<a—loro<v—1
In this case we recall the fact that D*'=7¢g (if ¢ < a — 1) or D""17g
(if o < v —1) is Lipschitzian on I (in all their variables) by hypotheses (H2)
and (H4). Using this property in (14) and proceeding as in the first case we
obtain the Holder continuity of t* D"u, n = a, v on I.
]

Lemma 10. Assume that v € C'([0,T]) and 1 <n < 2, then

00 (1 D6 (1) = HL250, (1) + (¢ 1) D70y (1

V() (R oy 4 (M ()= () A\ T
+Wa (t7) + AT (1—7) JO (t+h g7 s + O (™) D=1y (t)

where Opu(t) :=[v(t + h) —v(t)] /h, t € I and h is such that t + h € I.

Proof. This result is proved by using Lemma 6 (or formula (2.122) in [20],
see proof of Lemma 9), Definition 2 and performing some manipulations.
Indeed, it is clear, from Lemma 6, that

P (0) 2"
[(1—mn)

and for t € I and h such that ¢t + h € I, we have

O (D" (1)) = Oy, < + 1 DLy (t)) (19)

On (PrDP (1)) = & [ (£ R)™ DTN (L ) = D7 (1)

_ (R g [ t+h  /(s)ds t y'(s)ds ]
— wr@2—n)dt |Jo  (Fh—s)1=T T Jo (t—s)1—
d [t ¢/'(s)ds
+hF(2 n) [<t+h) o "} dt Jo (t—s)1—1

or

Ay Pyn—1 _ (t+m) g ds AC s)ds
Oh (t "D (t)) hF(2 n) dt [f (t ) 0 (t— s” = +f0 (t+h S) }
3h(t ’7) d t o' (s)ds
(2—n) dt JO (t—s)n—1

A d (t+m)™ a rh 4/(s)ds (1) g (t o/(s)ds
= (t+h)" G700 (1) + srasm i Jo wneaT + To @ Jo sy

Therefore

_ _ h / s)— /
0 (D () = ¢+ W)™ DO (8) + G Jy S

+& (g((;rh_a 1+ 0y () DY (t), tt+h e [0,T).

A combination of (19) and (20) completes the proof. O
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We are now ready to prove our result on the existence and uniqueness of
a classical solution.

Theorem 2. Suppose that (H1)-(H4) hold. Assume further that

u(0) € D(A), ¥/'(0) € E, t"D"C(t)u(0) and t" D"S(t)u'(0), n = «a,n
are Lipschitz continuous on I. If A\, > v+ 1, Ay > n, n = «a,B,7, g is a
continuously differentiable function such that D™ (t)‘" Js (t)) 1S continuous
fort € [0,T) (g3 is the partial derivative of g with respect to its third variable)
and f is an E-valued function Lipschitz on I in its first variable, then the mild
solution u(t) of problem (1) is twice continuously differentiable and satisfies

(1) on [0,T] for some T > 0.

Proof. Observe first that u(0) € D(A) implies that < C/(¢)u(0) is continuous
on I. This in turn implies that ' is continuous and we have

u'(t) = ()()+C t)u'(0) +fo (t—s)f (s)ds
ﬁfo s) fo(s—2)7" ()dzds tE[O T).

Hence u is Lipschitzian on I. Second, observe also that u(0) € E,, u'(0) €
E,_1 and therefore Theorem 1 gives us a mild solution in C**([0, T7).
Let us consider the problem

plt) = C(AU(0) + AS(W)W/(0) + 3 AS(t — )f (5)ds + F (1)
+fo t_SIo{gl( )+ G2 (5)u'(s)
0 o Dt (S )
F Ol = )7 [DP (s (5)) w(s)] ds

for t € [0,T], where g;, i = 1,2, 3 denotes the partial derivative of the func-
tion g with respect to its i-th variable. Clearly, the first two terms in the
right hand side of (22) are well-defined and (22) admits a unique solution
¢ € C([0,7]). We claim that «” = ¢ on I. To this end we will show that
limy, o ||Opu/(t) — ¢(t)|| = 0 where 0, and h are as in Lemma 10. The rela-
tions (21) and (22) imply that

() — p(t) = O AS(t)u(0) — C(t) Au(0) + 5,C(£)u'(0) — AS(t)u'(0)
1O [ C(t—s)f (s ds—fOASt—s) (s)ds — f (1)
+3hf0t (t—s)IG( ds—fo (t—8)I7{g1 (s) + g2 (s
+3s (s) [)‘ s IDVu (s) + 5™ (I‘El) ;) I‘(t : : }}
—fo (t —s)I7 [D"" (s3G5 (s)) ¢(s)] ds
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or by definition of gy,

Ot (1) — o (1) = O AS(£)u(0) — C(£) Au(0) + DuC (L)' (0) — AS(E)'(0)
+%(ﬁ0@+h—sﬁ%®mriﬁ0@—sﬁ%$dg

+1 ﬁ“l p+h—gf@ym—J;A5t—gf(ym—fu)

+1lc t—i—h—s)ds——fo g(t—s)ds

+ ft+h [” (t+h—2s) ds—fo t—s)[”{gl()+§2(s)u’(s)
s (s )[)\ S,\V 1D (s) + 8™ (FE(IJ):%;) +u(1(1)(1:)_y>}}ds

— [L Ot — )17 [D"7! (™33 (s)) @(s)] ds.

Therefore

Ot/ (t) — p(t) = [0,bAS(t) — C () AJu(0) + [0,C (1) — AS(1)] v/ (0)
+Jﬁmcu—@—A5@—ﬂf(ym+ltMC@+h—g{ﬂ@—fuﬂm

4 [L”ZS”) —CO)] F )+ Jy Cs)Ig (¢ — s)ds+ 1 [ C()175 (£ + h = s) s
— Jo Ct = $)I7 {1 (s) + G2 (s) w ( )

+d3 (s) [)\ s D (s) 4 5™ ("rli(f)_sy) + 4G )( 71) V)]}ds

— fo C(t—s)I° [D"~ ! (s™3s (s)) ¢(s)] ds.

(23)
Since f is Lipschitz in all its variables and g is continuously differentiable in

addition to

1 t+h
E/ C(s)I°g(t+h—s)ds < Lh°
¢

for some positive constant L (by definition of 17), it follows from (23) that

[0nu'(8) = o(®)]| < UR) + | 3 C()04173 (¢ = s) ds

— [1C(t = )17 {1 (s) + Ga (s) u/(5)
+3s () [)‘ LD u (s) + 5™ <u1“8)_8y) + U(loﬂ)(iu) ﬂ}ds
¢

— [, C(t —s)I7 [D"" (™G5 (s)) o(s)] dsH

where [(h) is a generic function which satisfies [(h) — 0 as h — 0 and
may differ from one place to another. Furthermore, as ¢ is continuously
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differentiable we may write

17G (s +h) =17 (s) = I”[g1 (s) h] + 17 [92( ) (u(s+ h) —uls))]
+1° (g3 (s) ((s + h)»D"u (s + h) — s™D"u (s))] + fo 8+hT)f; 5
+1° || (h,u (s + h) —u(s), (s + h))‘”D” (s+h)— s’\”D” )HI><X2
x ||w (g (s), hOyu (s) , hdy (™ D*u (s))) ||
(25)
where [|w (g (s), hOpu (s) , hdy (s D¥u (s)))|| — 0 when

[ (y (s + 1) = (), (s + ) D"u (s + h) = ™ D" (5)) |
= |h| + [Ju(s+h) = u(s)|| + ||(s + h)»D"u (s + h) — s™D"u(s)|| — 0.

The relations (24) and (25) imply that
9her (1) — (0)] < 1) + || i €t = )17 {3 (5) [0 (5 D¥u ()
AT () = o (R R ) ds
— JoC(t —s)I7 [D"7! (s™ G5 () ()] ds‘ , t€10,T7.

Next, in virtue of Lemma 6, we have

1o {~3 (s) [u'(0)<s+h)“ By (51)

T'2-v)

10w/ () — @(t)[| < U(h) + M [}

U(O)Bh(s“*”) M -1 (s+h)™  ph ! (1) = (0) u(0)s™ 05 (™)
a0 (S+h) D" opu’ (s) + W) Jo Grienr 4T T T i)

P (ug) - _'_u(O)( . )]} _Je [Di 1( Av— L3, (S)) 90<S>} dSH

or

lna'(£) — (t)]| < UR) + M [} |SE2 0y, (s17) — 2

u(O YO (s SAV v /\,,—1 v
N Al g ey 0)) s
A 1 {os 0 G+ 19 D0 ) - 20t 0
v v— s+h
5% DYy (5) + SHE [ el (0 dT]}d
—fo (t—s)I° [D” 1(5 v g3 (s )) (s )H ds.

Observe that by continuity of u' we have

h
|’ (7 O,
]lllil%h/ s+h—7‘ do = 0.
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Therefore, this last property and an integration by parts (Lemma 5) yield

||5h~u/(f) — )|l < I(h)
+M fo I° ’Dﬁ’l (SA”gg (s)) } SUPg<r<s |00t (T) — o(7)]| ds.

By our hypotheses we derive

10w’ (2) = o ()] < 1(R) +L/O sup [|Opu’ (7) — @ (7)[| ds, t € [0,T]

0<7<s

for some positive constant L. By Gronwall inequality we deduce that
lim (|0,u/(t) — @(8)]| = 0.

This, with Proposition 2.4 in [26], implies that w(¢) is a classical solution.
The proof is complete. O

Example: As an example we may consider the following problem

;

Lo (t, ) = uge(t,2) + F (t, 2, u(t, ), D% (t,z))
+1I°G (t,az,u(t,az) N DYy (t,:c)) ,tel=10,T], z € [a,b]
( ) (t b) =0,tel
, ) )+ fo (u(s), s*DPu(s)) (z)ds, = € [a,b]
u(O +f0 Q (u( ,’\VD“fu (s)) (z)ds, z € [a, b]

‘ (26)
in the space X = L?([0,7]). This problem can be reformulated in the abstract
setting (1). To this end we define the operator Ay = y” with domain

D(A) := {y € H*([0,7]) : y(0) = y(r) = 0}.

The operator A has a discrete spectrum with —n?, n = 1,2, ... as eigenvalues
and z,(s) = /2/msin(ns), n = 1,2, ... as their corresponding normalized
eigenvectors. So we may write

Ay =- anl n°(y, zn)zn, y € D(A).

Since —A is positive and self-adjoint in L?([0,7]), the operator A is the
infinitesimal generator of a strongly continuous cosine family C(t), t € R
which has the form

Cltyy =" cos(mt)(y, z)z, y € X.
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The associated sine family is found to be

o sin(nt
C(t)y = Zn:l ( )(y,zn)zn, ye X.

n

One can also consider more general non-local conditions by allowing the
Lebesgue measure ds to be of the form du(s) and dn(s) for non-decreasing
functions p and 7 (or even more general: p and 1 of bounded variation), that

u(0,2) = +J; (u(s), 4 Du(s)) (x)dp(s),
ug (0,2) = ut(z) + fo (u(s), s Dru(s)) (z)dn(s).

These (continuous) non-local conditions cover, of course, the discrete cases

u(0,2) = %w+2“am“>+z“@fDu<>
ug (0,2) = ul(z) + S0, yau (ti, @) + S0 At DV (t;, )

which have been extensively studied by several authors in the integer order
case.
For u,v € C([0,T]; X) and = € [0, 7], defining the operators

p(u,v)(z) := fQ:; P (u(s),v(s)) (z)ds,
q(u,v)(x) = [, Q(u(s),v(s)) (x)ds,
g(t,u,v)(x) == G(t, z,u(t, x),v(t,x)),
ft,u,v)(x) == F(t,z,u(t,z),v(t, x)),

allows us to write (26) abstractly as

u’ (1) = Au(t) + f (t,u(t), D (t)) + 179 (t,u (t) D u (), t € I
u(0) =u’ +p (u, tDPu(t)) ,
u' (0) = ul + ¢ (u, M Du ().

Under appropriate conditions on F, G, P and () which make (H2)-(H4) hold
for the corresponding f, g, p and ¢, Theorem 2 ensures the existence of a
mild solution to problem (26).

Some special cases of this problem may be found in many models of
phenomena with hereditary properties.
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