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ABSTRACT. We study the stability property of a simple periodic solution of an au-
tonomous neutral functional differential equation (NFDE) of the form - D(z;) = f(z¢).
A new proof based on local integral manifold theory and the implicit function theorem
is given for the classical result that a simple periodic orbit of the equation above is
asymptotically orbitally stable with asymptotic phase. The technique used overcomes
the difficulty that the solution operator of a NFDE does not smooth as t increases.

1. INTRODUCTION

Suppose that » > 0 is a given real number, and R" is the n-dimensional Euclidean
space with norm | -|. Let C' = C([—r,0],R™) be the Banach space of all the continuous
functions mapping the interval [—r, 0] into R" with norm |¢|c = max lp(8)], ¢ € C. If

to €R,0>0,and z : [tg—7,to + 0] — R™ is a continuous function, for any t € [to, to+ o],
x; € C is defined by x,(0) = z (t +6), 0 € [-r,0].

We consider an autonomous neutral functional differential equation of the form

d

(1.1) %D@t) = f(xy).

Throughout this paper, the functional f is assumed to be twice continuously Fréchet
differentiable on C' and the linear operator D is assumed to be stable and to have an
integral representation given by

D(p) = p(0) - / du(®)](6).

T

where g is an n X n matrix function on (—oo,00) of bounded variation which is left
continuous on (—7, 0] and satisfies the following
(1). u(@) = p(—r) for 8 < —r, and pu(f) = p(0) =0 for > 0.

(2). There is a continuous nonnegative scalar function vy such that v(0) = 0 and
0
[ e @) < 2@)lele.
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It is noted that the representation for D given above are equivalent to saying that D is
atomic at 0. For more details on stable D-operators, see Hale [8] (Sections 12.4 and 12.10)
or Hale and Lunel [9] (Sections 9.2 and 9.3).

We assume that equation (1.1) has a nontrivial periodic solution p(¢) with period w and
corresponding orbit W = {p; : t € [0,w]} in C'. We are interested in the stability property
of p(t). For any ¢ € C, we will let z(¢)(t) or x4(¢) represent the solution of (1.1) through
(0, ¢). For completeness, we state the following definitions, which follow naturally from
the corresponding definitions for ordinary and delay functional differential equations.

Definition 1.1. A periodic solution p(t) of (1.1) is said to be orbitally asymptotically
stable if

(1). For any given € > 0, there exists a & > 0 such that, for any ¢ € C with
dist(o, W) < 9, dist(z:(¢), W) < g, for all t > 0.
(2). There is a dg > 0 such that, for any ¢ € C with dist(¢p, W) < do,

dist(z:(¢), W) — 0 as t— oo.

Definition 1.2. A periodic solution p(t) of (1.1) is said to be orbitally asymptotically
stable with asymptotic phase if p(t) is orbitally asymptotically stable and the dy in Defi-
nition 1.1 can be chosen so that, for any ¢ € C with dist(¢, W) < dy, there is a constant
¢ = c(¢) such that

|Te1c(P) — Dele — 0 as t — oo.

For ordinary differential equations, it is proved that any simple periodic orbit is orbitally
asymptotically stable with asymptotic phase. By a simple periodic orbit, we mean that
the periodic orbit has 1 as a simple characteristic multiplier and all the other characteristic
multipliers have norm less than 1. This result was extended to the case of a family of
periodic solutions by Hale and Stokes [10], and to delay functional differential equations
by Hale [5] and Stokes [13,14]. For neutral functional differential equations, Hale [6,7]
studied the behavior of solutions near constant solutions. See Hale and Lunel [9] for
other related results. As to the behavior of solutions near a periodic orbit of a neutral
functional differential equation, one can derive the following result from Hale and Lunel
[9] (Theorem 3 in Chapter 10).

Main Theorem: Assume that the linear operator D : C — R™ in (1.1) is stable
and p(t) is a nontrivial periodic solution of (1.1). If 1 is a simple characteristic
multiplier of p(t) and all the other characteristic multipliers of p(t) have norm
less than 1, then p(t) is orbitally asymptotically stable with asymptotic phase.

The result is a direct extension of the corresponding results for ordinary and delay
functional differential equations. However, the techniques used in the proof of the cor-
responding results for ordinary and delay functional differential equations do not extend
directly to the case of neutral functional differential equations. The major difficulty lies in
the fact that the associated solution operator does not smooth with time ¢. Actually, this
is the main reason that the qualitative theory of neutral functional differential equations
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is less satisfactory than that for ordinary and delay functional differential equations. The
proof of above result in Hale and Lunel [9] uses the theory of synchronized stable and
unstable manifolds. Here we provide a proof that uses local integral manifolds and the
implicit function theorem, and is similar to that used in Hale [6,7] and Stokes [13,14].
To overcome the difficulty that the solutions are not smooth enough as t increases, we
first prove that the desired property holds for smooth solutions and then use continuity
argument to show that the property is actually valid for all solutions. We need a result
on the differentiability of the solutions of neutral functional differential equations, which
states that the set of initial functions such that the corresponding solutions of (1.1) is
differentiable in time is a dense set in the phase space C, see Shao [11]. The idea used here
extends to other problems in the study of the asymptotic behavior of solutions of NFDE.
For example, similar technique can be used to show the stability result of an integral
manifold.

This paper is organized as follows. In Section 2, we present some preliminary results
related to the linear variational equation of (1.1) associated with p(t). In Section 3, we
prove the existence of local stable manifolds, and Section 4 is devoted to the proof of the
Main Theorem stated above.

2. PRELIMINARY RESULTS

Performing the change of variable v, = x; — p; on (1.1), we have

d
(2.1) S D) = Lt y) + F(t,p0),
where L is the linear operator defined by L(t, ) = f(p:)¢, and F' is the functional defined
by F(t,¢) = f(pi+¢) — f(pr) — fi5(p:)¢. One can easily see that F' is continuously Fréchet

differentiable and satisfies

(2.2) F(t,0) =0, F(t,0) = 0.
The compactness of W and (2.2) imply that
(2:3) [F(t, ¢1) = F(t, ¢2)| < l(max{|d1]c, [d2|c})|or — ¢2|c

for all ¢ € R and ¢, ¢2 in a neighborhood of 0 in C, where [ : [0,00) — [0,00) is a
continuous function with 1(0) = 0. Because of (2.2) and (2.3), we can regard (2.1) as a
perturbation of the equation

d
(2:4) = D) = L(t, 1)
dt
d
near the solution y = 0. Equation (2.4) is a periodic linear equation and p(t) = ﬁp(t) is
a periodic solution.
For any s € R, t > s, let T'(t,s) be the solution operator of equation (2.4), that

is, T(t,s)d = (s, ¢), where y;(s, @) is the solution of (2.4) through (s,¢), and T'(s) =
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T(s,s+w) for any s € R. Let o(T(s)) denote the spectrum of T'(s), and o,,(7'(s)) the set
of all the normal eigenvalues of T'(s). It has been shown that 0,,(7°(s)) and the dimension
of the generalized eigenspace corresponding to each element in o,(7'(s)) are independent
of s. If u € 0,,(T(s)), p is called a characteristic multiplier of (2.4) or the periodic solution
p(t), and the dimension of the generalized eigenspace of y is defined to be the multiplicity
of p. Since p(t) is a periodic solution of (2.4), 1 must be a characteristic multiplier. As
mentioned earlier, if 1 has multiplicity 1, we say that the periodic orbit p(t) is simple.
For more details on related definitions and results, see Hale [§], Hale and Lunel [9], and
Stokes [12].

The following two lemmas provide some preliminary results on (2.4), most of which
are corollaries of proven results tailored in our special case for the convenience of later
reference. See Cruz and Hale [1], Hale [8](Sections 12.8 and 12.10), and Hale and Lunel
[9] (Section 10.3) for proofs and more general results.

Lemma 2.1. Assume that the linear operator D : C — R™ in (2.4) is stable. If 1 is
a simple characteristic multiplier of (2.4), and all the other characteristic multipliers of
(2.4) have absolute value less than 1, then for any s € R, there exist a one dimensional
subspace P(s) of C and a closed subspace Q(s) of C such that

(1). C = P(s) D Q(s).

(2). T(s)P(s) C P(s), T(s)Q(s) C Q(s).

(3). o(T(s) |py) = {1}, a(T(s) lge) = o(T(s)) = {1}.

(4). For any ¢ € P(s),v € Q(s), the solution y.(s,d) of (2.4) through (s,p) is periodic

with period w and there exist constants M,a > 0 independent of s such that

[ye(s,0)|c < M [9] for all t,seR
1y (s,¢)|c < M Y| e~ t=s) for all t>seR
For any s € R, let X (¢, s) denote the matrix solution of

D(Xi(+,8) =1 —i—/ L(r, X,(+,8))ds

defined on the interval [s — r, 00) with initial value
Xs('u 3) = X07

where X, is the matrix function defined by X,(#) = 0, for § € [—r,0) and X,(0) = 1.
Then, by the variation-of-constant formula, the solution y; = (s, ¢) of (2.1) through
(s,¢) can be written as

T T(t,s)¢5+/0 X(t, 7)F(1,y,)dT

= T(t,s)¢+/ dK(t,7)|F(1,y.),

0
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where K (t,-) : [s,t] — C'is defined by
K(t, 1) :/ X(t+6,a)do.

We will let 7p(s) : C — P(s), and mg(s) : €' — Q(s) represent the canonical projections of
C onto P(s) and Q(s), respectively.

Lemma 2.2. Under the assumptions of Lemma 2.1, the solution y, of (2.1) through
(s,¢) can be written as y, = yf(t) + y?(t), where yf(t) = mpwyye € P(t) and th(t) =
Towy € Q(t) are given by the following formulas

t
y W = T(t,S)WP(s)¢+/ d[rpe K(t,7)F(1,y-)
0
t

y = T(t,S)WQ(s)¢+/ dlmoem K (t,7)|F(7,y7).
0

Moreover, we have
(1). Varyylmpoy K(t, )] < M for all s, t € (—o0,00),
(2). VarpplrooK(t,-)] < Me %) for all t > s, where M and a are constants
determined in Lemma 2.1.

3. LOCAL STABLE MANIFOLDS

In this section, we will consider the nonlinear equation (2.1). Based on the results
presented in the previous section, we can establish the existence of local stable manifolds
for equation (2.1) near the solution y(t) = 0.

Lemma 3.1. Assume that the assumptions of Lemma 2.2 hold. Then, for any ¢ € C,
if 2*(¢) € C([—r,00),R™) is a solution of the integral equation

¢

(3.1) 2z =T(t0)¢ —|—/0 d[mos K (t, 8)|F(s, z5) — /too dlmps) K (t,8)|F(s,25),, t>0

then z*(¢)(t) is also a solution of (2.1).

The proof of this Lemma uses standard arguments used by Hale and Lunel [9] (Lemma
1.1 in Section 10.1)) or Stokes [13] (Lemma 3.3).

Lemma 3.2. Under the assumptions of Lemma 2.2, for any given constant 3,0 < § <

a, there exists a constant 1y > 0 such that, for any ¢ € Z/{Q(no)d:ef{¢ € Q0): |dlo < Mo},
there ezists a solution z*(¢) € C(|—r,00), R™) of (3.1) satisfying

() (O] < plno)e™™, t=0,
where p : [0,00) — [0,00) is a continuous function satisfying p(0) = 0. Furthermore,

H :Ug(no) — C defined by

H($)() = / " i K ()| F (s, 22())
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1s continuously Fréchet differentiable and satisfies
H,(0)=0: Q(0)—C.
Proof. For any § > 0, we define

Z(0) = {z€C([-r,00),R"): |2(t)] < e P, t>0, |2| <6}
Z(©) = {z€C([-r,00),R"): |2()] <0, t=>—r}.

Then Z(§) and Z(§) are bounded and convex in the Banach space C([—r, 00), R") with
the uniform topology. Moreover, there exists a one-to-one correspondence h: Z(§) —
Z(0), defined by, for any z € Z(9),

h(z) =2€ Z(6): 2(t)==2()e”, t >0; 2z = 2.

For any ¢ € C, let A(¢,-) : Z(0) — C([—r,0),R") be the operator defined by the right-
hand side of (3.1), that is, for each z € Z(0) and ¢ € C, A(¢, z) € C([—r,o0),R™) is the
function defined by

A(¢, z)(t) = the righthand side of (3.1) fort >0
and let B(¢,-) : Z(§) — C([—r,o0), R") be the operator defined as B = ho A(¢,-)oh™1,

ie.,

B(¢,2)(t) = €A, 2)(t), for t>0
B(¢.2)0 = Ao, 2)o,

where z = h1(2).

Similarly as in the proof presented in Stokes [13,14] (see Lemma 3.4 in Stokes [13],
for example), using (2.2), (2.3), and Lemma 2.2, we can prove that there exist constants
no > 0 and dy > 0 such that B(¢,-) : Z(dy) — Z(&) is a uniform contraction operator
with respect to ¢ € Ug(np). This implies that B(e,-) : Z(dy) — Z(&) has a unique fixed
point z*(¢) € Z(dy). Therefore, 2*(¢) = h~1(z (gb)) Z(50) is a unique fixed point of
A(p,-) = Z(dy) — Z(do). Hence z*(¢) is a solution of (3.1) and (3.2). Also, from (2.2), it
is clear that 2*(0) = 0.

The existence of function p with required properties can be obtained from estimating
the right-hand side of (3.1) directly using (2.2) and (2.3). Furthermore, we can choose
do = p(no)-

In order to show that H is continuously Fréchet differentiable, we first show that z*(¢)
is continuously Fréchet differentiable on Ug(no). By Theorem 3.2 in Chapter 0 of Hale
[4], we only need to show that B(¢, z) is continuously Fréchet differentiable with respect
to both ¢ and z on Ug(ne) X Z(p(no)). It is quite easy to see that By(¢,2) exists and is
continuous. To show that BL(¢, z) exists on Ug(no) x Z(p(no)), we first show that BL(¢, 2)
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is the linear operator from C([—r,00),R") to itself defined by
t

BL(é, 2)g(t) = [ / dlmou K (6, $)IF) (s, 22)us

0

(3.2) _ /t " i K (1 ) (s, 2y 120

:/ dimqo K (t,s)|Fy(s, zs)ys, —r <t <0,
0

where y = h™1(3), 2 = h™1(2). In fact, if we let

we have, for all £ > 0,

w(p, z,9,t)
< o) / I Kt $)(F (5, 2+ ) — F(s,2) — F'y(s, 7))
" / Ao K (8, 8))(F (5,2 + ) — F(s, 22) — Fy(s, 22)0)]
t
t
< ﬂt[/ Meo=) ||f;$(ps + 25 + TYs) — f;)(ps + 25)|[|yslc
0

4 / M) £y + 2+ 1) — Fype + 2) || sle ).
t

Since for any fixed z € Z(p(no)), {ps+ zs: s € [0,00)} is a compact set in C, by the
continuity of f’, for any given ¢ > 0, we can choose > 0 so small that

| Fly(ps + 26 + ) — fly(ps + 25) |[< €, 0<s< 00

provided that [¢)|, < 7. Therefore, using the fact that |y;|c = sup |y(s + 0)] =
s—r<0<s
sup e Pt g(s + )| < e || 7 ||, we have
s—r<0<s
(33) 0(6,5.5.0] < M (——+ ) | 7]
: » 9 I > € ) 2
a—pF B

provided that || 7 ||< ne=?", where || 4 ||= sup{|y(t)|, —r <t < oc}.

Similarly, we can show that (3.3) holds for —r < ¢ < 0. This says that BL(¢, Z) exists
and is given by (3.2). To show the continuity of Bz(¢, z), we note that f7, is assumed to
be continuous and W is a compact set in C. Thus we may assume that f7; is bounded
on the set {ps + z; : for all s € [-1,00), z € Z(p(no))} (choose a smaller 7, if necessary).
From this fact, the continuity of BL(¢,2) on Ug(ne) x Z(p(no)) can be proved by using
the continuity of f7,. Details are omitted. Therefore, we have proved that zZ*(¢), and
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thus 2z*(¢), is continuously Fréchet differentiable on Ug(ny). Moreover, one has, for any
¢ € C([-r,00),R"),
2y (@)e(t) = e 2 ()u(t), t > 0.
From this, one can show that, for any given e > 0, we can choose n > 0 so that
1250(6+ ) — 22.4(0) — 2L o(@)0] < e
for all s € [0,00) and ¢ € C with ||, < n. This implies that
|F'(s,20(0 +9)) — F(s,2(9)) — Fy(s,21(0)) 20 (9)¢]
< fps + 200+ 4) = f(ps + 20(0) — [o(ps + 20(0)) 204(0)¢]
H o (ps)[254(0 + ) — 204(9) — 22 4(9)]]
< f(ps + 25(0))(5,4(9)0 + e Pe]) — fo(ps + 2:(6))20l5(9)¢ ]
15 (ps)lle™ .
< (1F5ps + 2O+ 115 (ps) e e.

Therefore one has the following

|[F (s, 25(6 + 0)) — Fls, 25(6)) — Fy(s, 2(9))20y(0)¥] < Ne e,
where N is constant independent of s. Now by the definition of H, we can easily show
that H is Fréchet differentiable on Ug(no) and

Hy0w = [ dlrno K9Pyl (020000

The continuity of H'; can be proved by standard argument. By (2.2), one can show that
H,(0) =0:Q(0) — C.

Corollary 3.3. Under the assumptions in Lemma 3.2, if we let R = I — H(-) :
Uy (no) — C, then we have

(1). R:Ug(no) — R(Ug(no)) s a homeomorphism.

(2). R is continuously Fréchet differentiable and R',(0) =1 : Q(0) — C;

(3). If = is a solution of (3.1) with ¢ € Ug(no), then

12e] < p(no)e P t>0.

This is a direct consequence of the implicit function theorem and Lemma 3.2.

Corollary 3.4. Let m = mg() : C' — Q(0) be the canonical projection, and Hy R, :
Ug(no) — Q(0) be defined by Hi(¢p) = mH(¢), and Ri(¢p) = ¢ — H1(¢p). Then there
exist open neighborhoods of 0 in Q(0), W1 and Wy, such that Ry : Wi — Wy is a
diffeomorphism. Moreover, R1(0) = 0.

Proof. Since H : Ug(ny) — C' is continuously Fréchet differentiable, H}(0) = 0 :
Q(0) — C,and 7 : C — Q(0) is a bounded linear operator, we have Hy = 7H : Ug(no) —
Q(0) is continuously Fréchet differentiable and Hj ,(0) = 0 : Q(0) — C. Therefore R; :
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Ug(no) — Q(0) is continuously Fréchet differentiable and R} 4(0) = I : Q(0) — Q(0).
The conclusion of the corollary then follows from the inverse function theorem.

4. PROOF OF THE MAIN THEOREM

In order to prove our main theorem, we will need the following two Lemmas. The first is
a slight extension of the implicit function theorem stated in most introductory functional
analysis book, see for example, Dieudonné [3]. The proof is almost identical to that of
the standard implicit function theorem and will be omitted. The second concerns the
differentiability of solutions of equation (1.1) with respect to time ¢.

Lemma 4.1. Let E; be a metric space with metric d, Fy and E3 be Banach spaces
with norms | - |g, and |- |g,, Q C Ey X Ey be an open set, and (xo,yo) € 2. Assume that
G : Q) — Ej satisfies

(1). G(z,y) is continuous in a neighborhood of (wo,yo) contained in Q, and G| (z,y)

is continuous at (g, Yo)-

(2). Glag.y0) = 0.

(3). G (w0, 90) : B2 — E3 has bounded inverse.

Then there exist constants 7 > 0, and r > 0 such that equation G(z,y) = 0 has a unique
solution y = g(x) on {x : d(x,z) < r} satisfying yo = g(xo) and | g(x) — yo|g, < 7.

Lemma 4.2. Consider equation (1.1) and let Sy C C' be defined as

0
Sy= {65 € C, D(6)=D_o(0) - [ [ulb)(0) = F(0)}.
where D_¢(0) represents the left derivative of ¢ at § = 0. Then Sy is dense in C' and,
for any ¢ € Sy, the solution xi(¢) of (1.1) through (0, ) is continuously differentiable
with respect to t on its interval of existence.

This Lemma is a corollary of the more general result proved in Shao [11].

Proof of The Main Theorem. We first show that there exists a 6 > 0 such that, if
¢ € So, |0 — pole < 9, there exists a ¢y = ¢y(¢) > 0 such that

(4.1) Teo(¢) € po + R(Ug(mo)),

where R and Ug(no) are as in Corollary 3.3.

By the continuity of solutions, |z;(¢) — p:|c can be made arbitrary small over any given
finite interval if we choose ¢ sufficiently close to py. Since p; is periodic, |p; — po|, can
be made as small as we want if we choose t sufficiently close to w. Hence, there exist
constants 0; > 0 and ¢ > 0 such that if ¢ € C, |¢ — polc < 01, t € (w — ¢, w +¢), the
solution x;(¢) of (1.1) through (0, ¢) satisfies

(4.2) m(x(P) — po) € Wo,

where m and W5 are defined in Corollary 3.4. Let R and R; be defined as in Corollary
3.3 and 3.4. By (4.2) and Corollary 3.4, for any ¢ € C, |¢ —polec < 91, t € (w—¢,w+5),
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there exists ¢'(¢) € Wy such that

V(¢) = Ry m(w(9) — po),
where W is defined in Corollary 3.4. This leads to

m(2:(¢) = po) = RiY'(9) = mRY'(9),  t€ (w—qw+q)
To show (4.1), we need only to show that there exists a ¢ : 0 < & < d; such that if
¢ € So, |6 —polo <9, there exists a ¢y = co(¢) > 0 such that

(I = ) (2, (8) = po) = (I — ) R(¥'(9))-
Let us define the function on G on {¢ € C, |¢ — polc < 91} X (w —,w + <) by

G(o,t) = (I = 7)(2(9) — po) — (I = m)R(Y'(9)).
It is obvious that G(¢, t) is continuous with respect tot € (w—¢,w+3), ¢ € C, |¢p—po|c <
1. If we further restrict that ¢ € Sy, we also have that z;(¢) is continuously differentiable
with respect to t € (w —¢,w +¢). Since m and I — 7 are both bounded linear operators,
by the properties of R and Ry Gj(¢,t) is continuous for ¢ € (w —¢,w +¢), ¢ € S,
|¢ — polc < 61 By the periodicity of p;, we have * (pgy = 0, and thus
G(po,w) = (I = m)(pw —po) — (I = m)R(¥* (po)) = 0.

Further, G}(¢,t)(p.w) has a bounded inverse. In fact we have

0 . .

a(wt(éb) = P0)|poww) = Tw(Po) = po € P(0).
This implies that

0 ) 0
a([ — 7)(2() _pO)‘(po,w) =po and aﬁ(l’t(@ - p0>|(p0,w) = 0.

0
Therefore, alpt(qﬁ)kmm = 0. By the definition of G, we have G}(¢,1)|pw) = Po- Since

Do is a basis of P(0), we know that G}(¢,t)|pew) is a linear homeomorphism from R to
R. Now by Lemma 4.1, there exists § : 0 < § < d; such that for any ¢ € S, |¢ — po| < 0,
there exists an cy(¢) > 0 such that

G(¢,co(9)) = 0.
This proves that (4.1) holds provided that ¢ € 5.

Since Sy is dense in {¢p € C':|p|, <}, for any ¢ € C with [¢p — po|lc < 6, we can
find a sequence {¢,} C Sy satisfying that |¢, — polc < d and ¢, — ¢ as n — oo. Let
¢n = co(¢n) be such that G(¢,,c,) = 0. Since {¢,} is bounded, we may assume that
cn — €y as n — 00. By the continuity of GG, we know that

0= lim G(ﬁbn, Cn) = G(¢7 CO)?

n—oo

i.e., (4.1) hold for ¢ € C, |p|c < 6.
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Corollary 3.3 says that the solution z(¢) of (3.1), which is identical to the solution of

(2.1) through (0, x.,(¢) — po), satisfies that

2o < plo)e™™ 120,

Therefore we have

‘xtJrco((b) - pt‘c < p(mo)e” t > 0.

This completes the proof of the main theorem.
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