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EXISTENCE OF PERIODIC SOLUTIONS FOR A SECOND ORDER
NONLINEAR NEUTRAL DIFFERENTIAL EQUATION WITH
FUNCTIONAL DELAY

ABDELOUAHEB ARDJOUNI*, AHCENE DJOUDI

ABSTRACT. In this article we study the existence of periodic solutions of the second order
nonlinear neutral differential equation with functional delay

2
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The main tool employed here is the Burton-Krasnoselskii’s hybrid fixed point theorem
dealing with a sum of two mappings, one is a large contraction and the other is compact.

1. INTRODUCTION

Due to their importance in numerous applications, for example, physics, population dynam-
ics, industrial robotics, and other areas, many authors are studying the existence, uniqueness,
stability and positivity of solutions for delay differential equations, see [I]-[23] and references
therein.

In this paper, we are interested in the analysis of qualitative theory of periodic solutions of
delay differential equations. Motivated by the papers [1]-[6], [9-[TT], [T6]-[18], [21]-[23] and the
references therein, we concentrate on the existence of periodic solutions for the second order
nonlinear neutral differential equation
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S0 +p () o)+ a2t () = S (La(t—7 )+ f (125 (1), 22— 7)), (11)
where p, g are positive continuous real-valued functions. The function g : R x R — R is
differentiable and f : R x R x R — R is continuous in their respective arguments. To reach our
desired end we transform () into an integral equation and then use Burton-Krasnoselskii’s
fixed point theorem to show the existence of periodic solutions. The obtained integral equation
splits in the sum of two mappings, one is a large contraction and the other is compact.

Note that in our consideration the neutral term % g (t,z(t—7(t))) of () produces non-
linearity in the derivative term %:1: (t =7 (t)). The neutral term %x (t—7(t) in [2] enters
linearly. As a consequence, our analysis is different form that in [2.

The organization of this paper is as follows. In Section 2, we introduce some notations and
lemmas, and state some preliminary results needed in later sections, then we give the Green’s
function of (), which plays an important role in this paper. Also, we present the inversion of
([T and Burton-Krasnoselskii’s fixed point theorem. In Section 3, we present our main result
on existence.
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2. PRELIMINARIES

For T > 0, let Pr be the set of all continuous scalar functions z, periodic in ¢ of period T
Then (Pr, ||.||) is a Banach space with the supremum norm

]l = sup | ()] = sup |z (t)].
teR te[0,T]

Since we are searching for the existence of periodic solutions for equation ([[I), it is natural to
assume that

pt+T)=p(t), ¢t+T)=q(t), T(t+T)=7(1), (2.1)
where 7 is a continuous scalar function, and 7 (¢) > 7* > 0. Also, we assume
T T
/ p(s)ds >0, / q(s)ds>0. (2.2)
0 0

Functions ¢ (¢t,z) and f (¢,x,y) are periodic in ¢ with period T. They are globally Lipschitz
continuous in  and in = and y, respectively. That is,

g(t+T,2)=g(t,x), fE+T,2,y)=f(t2y), (2.3)
and there are positive constants k1, ks, k3 such that
lg(t.x) —g(ty)| <killz—yl, (2.4)
and
|tz y) = [tz w)| < kel — 2l + ks [ly — wl]. (2.5)

Lemma 2.1. ([I1) Suppose that (Z1) and (ZA) hold and

Ry {exp (fOTp (u) du) — 1}
T ==

(2.6)

where

= max - &P (ftsp(u)du) s)as = ex ! u)au 2 2
Rl_te[O,T]/t exp(fOTp(u)du)—1Q( )ds|, Q1= (1+ p(/o p(u)d )) Ry

Then there are continuous T -periodic functions a and b such that b (t) > 0, fOT a(u)du >0 and

a(t)+b(t)=p(t), %b(t)—i—a(t)b(t):q(t), forteR.

Lemma 2.2. ([22]) Suppose the conditions of Lemma[Zd hold and ¢ € Pr. Then the equation
2

%x(t}—kp(t)%x(t)—l—q(t)x(t):Qb(t)a

has a T-periodic solution. Moreover, the periodic solution can be expressed by

t+T
x(t) = /t G (t,s) ¢ (s)ds,

[lexp[[ bw)dv+ [ a(v)dv] du+ fSHT exp [ftu b(v)dv + fuerT a(v) dv} du

[exp (fOT a(u) du) - 1] [exp (fOT b (u) du) - 1]
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Corollary 2.3. ([22]) Green’s function G satisfies the following properties
Git,t+T)=G(t), Gt+T,s+T)=G(ts),
“b(v)d
0 Gts) = als) G (1,5) - —=2 U @)
exp (fo b (v) dv) -1

0 exp ([, a(v) dv)
—G(t,s) = —=b(t)G(t,s) + .
exp (fOT a(v) dv) -1

ot
The following lemma is fundamental to our results.

Lemma 2.4. Suppose (Z1)-(Z3) and (Z4A) hold. If x € Pr, then x is a solution of equation
3) if and only if

t+T
x(t) = /t G(t,s)q(s) [z(s) —2®(s)] ds

t+T
+ /t g(s,x(s—7(8)[E(t,s)—a(s)G(t,s)]+G(ts)f (s,x3 (s) a3 (s—71 (s))) ds,

where

exp ([, b (v) dv)
exp (fOT b(v) dv) -1
Proof. Let « € Pr be a solution of [l). Rewrite ([Tl as

Tee 0+ p(0) S () +a () (1) = 4 (0) [2 (1) — 2° ()]

+ %g(f,x(t—T(t)))—i—f(t,x?’ (t),2* (t—T7(t)).

E(t,s)=

From Lemma Z2 we have
4T
x(t) = /t G (t,s)q(s) [z(s) —2°(s)] ds

t+T
+ /t G (t,s) {%g (s,z(s—71(9)))+ f (s,x3 (s),2% (s —T (s))) ds. (2.9)

Performing an integration by parts, we have
t+T B
[ Gt gt = ro))ds
p ds
t+T 6
= —/ [—G(t,s)} g(s,x(s—7(s)))ds
¢ ds

t4+T
= / g(s,x(s—7(3))[E(t,s) —a(s)G(ts)]ds, (2.10)
t
where E is given by (). We obtain (1) by substituting ZI0) in ). Since each step is
reversible, the converse follows easily. This completes the proof. O
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Lemma 2.5. ([22]) Let A = fOTp (u)du, B =T?exp (% fOT In (q (u)) du). If

A% > 4B, (2.11)

then we have

Corollary 2.6. ([22]) Functions G and E satisfy

T
T T exp (fo p(u) du) o
ﬁSG(taS)S 2 3 |E(t,$)|§ 1 .
(em —1) (el —1) el —1
In the analysis, we employ a fixed point theorem in which the notion of a large contraction
is required as one of the sufficient conditions. The following definition, due to T. A. Burton,
can be found in [B], [6].

Definition 2.7 (Large Contraction). Let (M, d) be a metric space and consider B : M — M.
Then B is said to be a large contraction if given ¢, o € M with ¢ # ¢ then d (B, By) < d (¢, )
and if for all € > 0, there exists a 6 < 1 such that

(6,0 €M, d(9,p) >e] = d(Bg,Byp) < dd(9,¢).

The next theorem is also a result of T. A. Burton. This captivating theorem, which con-
stitutes a basis for our main result, is a reformulated version of Krasnoselskii’s fixed point
theorem and has been used successfully in existence and stability in differential equations (see
[[5], Theorem 3] and [6]).

Theorem 2.8 (Burton-Krasnoselskii). Let M be a closed bounded conver nonempty subset of
a Banach space (B, ||.||) . Suppose that A and B map M into M such that

(1) z,y € M, implies Az + By € M,

(73) A is compact and continuous,

(7i1) B is a large contraction mapping.
Then there exists z € M with z = Az + Bz.

We will use this theorem to prove the existence of periodic solutions for equation (). We
begin with the following proposition (see [, [6]) and for convenience we present its proof.

Proposition 2.9. If ||.|| is the mazimum norm,
M= {¢e Prllgll < V3/3},
and (By) (t) = ¢ (t) — > (t), then B is a large contraction of the set M.
Proof. For each t € R we have for the real functions ¢, 9
[(Be) () — (By) (1)]

=le@®) —v 1= (> )+ o) v () +*1)].
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On the other hand,
o (1) = () = % (1) = 20 (1) ¥ (1) + ¥ (1)
<202 (1) + ¥R (1))
Using ¢? (t) + 1% (t) < 1 we have
[(Bep) (1) — (By
<o (t) = ¢ @)

<o (t) =9 (@)

t)

— =
=~

<o (t) =9 (@)

< lle -l
Then
[Be — B[ < [l — .
Now, let € € (0,1) be given and let ¢, € M with || — ¢| > e.
a) Suppose that for some ¢t we have
€/2< [p(t) =¥ ()]
Then
(/2 <o) —v ®))* <2(2” () +v* (1),
that is
P )+ (1) > 8.
For all such ¢t we have

|(Beo) (1) — (Bu) (1) < | (t) — ¥ (0) [1 - 1_6]

2
< 1= 55 1ol
b) Suppose that for some ¢ we have
lo (t) = (t)] < €/2,

then

[(B) (1) = (BY) (W) < e (t) —v @) = (1/2) o — |-
So, for all ¢ we have

2
(80 (0) - (80) ()] < ma {1721 - S}l - vl
Hence, for each € > 0, if § = max{1/2, 1-— %} < 1, then
1By — B[ < bl — .

Consequently, B is a large contraction.

O
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3. EXISTENCE OF PERIODIC SOLUTIONS

To apply Theorem Z8, we need to define a Banach space B, a bounded convex subset M of
B and construct two mappings, one is a large contraction and the other is compact. So, we let
B,].]) = (Pr,].]|) and M = {¢ € B: ||¢|| < L}, where L = /3/3. We express equation (1)
as

o (t) = (Be) (t) + (Ap) (t) := (Hp) (1),
where A, B: M — B are defined by

t+T
(Ap) (1) = /t 9(s,0(s = 7()))[E(t,5) —a(s) G (t,9)+G (t,5) f (5,9° (5),0° (s = 7(5))) ds,

(3.1)
and
t+T
BAO= [ Cts)a) o) - ¢ (5) ds. (32)
t
To simplify notations, we introduce the following constants
T
T exp (fo p(u) du) o . »
a = (el—1)2 76_€l—170._tg%g,’?1€]|q()|7 _tIEI%&?}H()L
= t = t,0 = t,0,0)|. 3.3
Iz t§3§]la()l, 1 tgﬁ%lg(, ) p2 tggg}lf(, ,0)] (3.3)
We need the following assumptions
acT <1, (3.4)
JT [(k1L + p1) (B + pa) + o (ke + k3) L® + p2)] < L, (3.5)

where J is constants with J > 3.
We shall prove that the mapping H has a fixed point which solves ([Il), whenever its deriv-
ative exists.

Lemma 3.1. Suppose that conditions (Z1)-(Z4), (Z11) and {Z3A) hold. Then A:M — M is

compact.

Proof. Let A be defined by [BIl). Obviously, Ag is continuous and it is easy to show that
(Ap) (t+T) = (Ag) (t). Observe that in view of 2l and ), we have

lg (8, 2)] < g (¢, ) — g (£,0) + g (¢ 0)|
<lg () —g(t0)[+1g(t0)
<k [lz]l + pa.

Similarly,

|f (tz,y)| < |f (t,z,y) — f(£,0,0) + f(2,0,0)]
<|f(tz,y) — f(0,0)[+|f (t0,0)
< k2 |lz|| + ks llyll + p2.
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So, for any ¢ € M, we have
[(Ag) (1)

t+T

S/ 19 (s, 0 (s =T (INIIE (t,8) + la ()]G (&, )] + |G (&, 8)|[] (5,0° (5),¢° (s =7 (s)))| ds
tt+T

S/t (k1L + p1) (B + pa) + a (ke + ks) L® + p2) ds

ST [(kiL + p1) (B+ pa) +a (ks + ks) L3 + p2)] < = < L.

That is Ap € M.

To see that A is continuous, we let p,1p € M. Given € > 0, take n = ¢/N with N =
T [k (80 4 pa) + 3a (k2 + ks) L?] where ki, kg and k3 are given by @) and (H). Now, for
llo — || < n, we obtain

Sl

t+T
Ao — Ag)| S/t [k1 (B4 1) llp — ¢ll + @ (ko + ks) [|¢* — ©°||] ds
<N —9[ <e.

This proves that A is continuous.
To show that the image of A is contained in a compact set. Let ¢, € M, where n is a positive
integer. Then, as above, we see that
[Apnll < L.

Next we calculate <4 (Apy,) () and show that it is uniformly bounded. By making use of €I),
EZ2) and [Z3) we obtain by taking the derivative in BI) that

9 (Agn) )
exp ( :JFT b(v) dv) -1

= (fTb()d) 1g(t7<pn(t—r(t)))
exp | Jo b(v)dv) —

exp ([, a(v) dv)
exp (fOT a(v) dv) -1
=T exp ([ a(v)dv)
+ —-b(t)G (t,s) + Pl f (5,02 (s),¢3 (s—7(s))) ds.
/t ( exp (fOTa(v) dv) —1)
Consequently, by invoking &4, (Z3) and @B3)), we obtain
9 (Agn) ()

<B(kiL+p1) + T [(kiL+ p1) A8+ p(Aa+ B) + Aa+ B) ((k2 + k3) L + p2)]
< Du

t+T
+/t 9(s,0n (s =7(s))) | -0() E(t,s) —a(s) | =b() G (L) +

for some positive constant D. Hence the sequence (Aypy,) is uniformly bounded and equicon-
tinuous. The Ascoli-Arzela theorem implies that a subsequence (Ap,, ) of (Ay,) converges
EJQTDE, 2012 No. 31, p. 7



uniformly to a continuous T-periodic function. Thus A is continuous and A (M) is contained
in a compact subset of M. O

Lemma 3.2. For B defined in (Z3), suppose that [FA) holds. Then B : M — M is a large
contraction.

Proof. Let B be defined by B2). Obviously, By is continuous and it is easy to show that
(Bp) (t+T) = (Byp)(t). So, for any ¢ € M, we have

o
BAOI< [ G a ()| (5) = (5) s
<aoT [l —¢*||.
Since ||| < L, we have ||¢ — ¢?|| < (2v/3) /9 < L. So, for any ¢ € M, we have
1Bg] < L.

Thus By € M. Consequently, we have B : M — M.
It remains to show that B is large contraction. From the proof of Proposition EEd we have

for ¢, € M, with ¢ # ¢
|(Bp) (t) — (BY) (1)| < adT o = 9| < [lo — .

Then ||By — Byl < ||l — ¢||. Now, let € € (0,1) be given and let ¢,1 € M with ||¢ — | > e.
From the proof of the Proposition X0 we have found ¢ < 1 such that

[(Bep) (t) — (BY) (1) < acTé [ =l < bl =]

Then ||By — By|| <& |l¢ — ¢||. Consequently, B is a large contraction. O

Theorem 3.3. Let (Pr, ||.||) be the Banach space of continuous T-periodic real valued functions

and M = {¢ € Pr : ||p| < L}, where L = /3/3. Suppose (Z1)-(Z4), Z11), (3F) and (Z3)

hold. Then equation {L1) has a T-periodic solution ¢ in the subset M.

Proof. By Lemma Bl the operator A : M — M is compact and continuous. Also, from Lemma
B2 the operator B: M — M is a large contraction. Moreover, if ¢, 1 € M, we see that

| Ap + Byl < | Al + 1B < L/ + (2V3) /9 < L.

Thus Ay + By € M.

Clearly, all the hypotheses of the Burton-Krasnoselskii theorem are satisfied. Thus there
exists a fixed point ¢ € M such that ¢ = Ap + Bp. By Lemma B4 this fixed point is a solution
of (1) and the proof is complete. O
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