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Abstract. The existence of radially symmetric solutions wu(z;a) to the Dirichlet
problems

Au(z) + f(|z|, u(z), |Vu(z)]) =0 r€B, ulr=acR (I':=0B)

is proved, where B is the unit ball in R™ centered at the origin (n > 2), a is arbitrary
(a > ap > —o0); f is positive, continuous and bounded. It is shown that these solutions
belong to C?(B). Moreover, in the case f € C! a sufficient condition (near necessary) for
the smoothness property u(z;a) € C3(B) Va > aq is also obtained.
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Introduction

The radially symmetric solutions of homogeneous Dirichlet problems or problems in
the whole space R™ (with a condition at infinity) for the nonlinearly perturbed Laplace
operator or m-Laplacian were investigated by many authors (see e.g. [1]-[3],[7] and their
references). Some related ODE-BVP-s were considered e.g. in [4],[5]. The perturbation-
terms f(u), f(z,u) in [1]-[5],[7] were of the class C! or locally Lipschitz in u. In [6] a
multiplicative perturbation f(u,|Vu|) = exp(Au + k|Vu|) A,k < 0 of the Laplacian was
considered.

The preceding perturbations do not cover the general case of perturbation Au with
f(lz|,u,|Vu|) if f is non-Lipschitz in v and |Vu|. We shall consider such type of the
perturbations under the restriction when f is continuous, positive and bounded.

In fact the present paper serves as supplement to the paper [8] where the following
problem (Problem A) was considered:
1> Au(x) + f(|z], u(x), |Vu(z)]) =0 =z € B,

<2>ucC?*B)NC(B),W:[0,1] = R:v(p) =v(|z|) =ulx) zc B,
<3>ulr=a€cR.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Here f € C(Gq;(0,00)), a € R is arbitrarily fixed; G, := [0,1] X [a,00) X [0,00), B is
the unit ball centered at the origin, I' := 0B, and p := |z|, € B. The uniqueness of the
solution was proved under the assumption that f(«aq, as, ag) strongly decreases in as (or
for the case when f is nonincreasing both in as and «3); moreover, a generalization of the
comparison result of [6] and a concavity result were also obtained.

Now our purpose is to prove the existence of solutions u(x;a) to Problem A for any
a>ayp > —00 (ag < +00), such that u(x;a) > a =z € B (especially positive solutions
if @ > 0) without any assumptions on the Lipschitz or Holder continuity of f in as or
a3, but we suppose firstly that f € C(Gg,; (0,00)), where G, := [0, 1] X (ag, o0) x [0, 00)
and secondly that for any a > ag there exists a positive constant K, such that f €
C(Ga; (0,K,]), where G, := [0,1] X [a,00) x [0,00). Moreover we wish to prove that all
solutions u(x; a) belong to C?(B); and what is more that u(z; a) € C3(B) under additional
restrictions on the function f.

To prepare our results we formulate some of them in simplified versions:

Lemma. Let a > ag appearing in Problem A be arbitrarily fixed, and suppose, that
for any b > a there exists a constant K, > 0 such that

<4> [ € C(Gap; (0, Kqp)) Gap = [0,1] X [a,b] x [0, 00).
Then if u(x;a) is a solution of Problem A with
v(p) = v(|z]) = u(z;a) =€ B,

then instead of the original smoothness condition in < 2 > we have the additional smooth-
ness:

<5> u(z;a) € C*(B).

Theorem I. Considering Problem A with arbitrarily fixed a > ag, suppose that
assumption < 4 > holds and
<6> feC(0,1] x [a,00) x [0,00); (0,00))NC™((0,1] X [a@,0) x [0,00)) 1< m < 0.

Then any solution u(x; a) of Problem A has automatically the additional smoothness prop-
erty:

<7> u € C*(B)NC™ 2(B\{0}).

Theorem II. Let for any a > a¢ exist a constant K, > 0 such, that
<8> f € C(Ga; (0, Ky))

EJQTDE, 2002 No. 18, p. 2



then for all a > ag Problem A has a solution

u(z;a) =v(|z|;a) =v(p;a) x € B.

Theorem III. Suppose that for any a > a¢ function f (with the arguments |x| ~
a1, u ~ ag, |Vu| ~ ag) satisfies the conditions:
<9> feC(Gy;(0,K,]) 0< K, €R,
<10 > f e CYG,),
<11 > fa,(0,00,0) = =L £,.(0, a2,0) £(0, 2, 0) 2 > ao.
Then Problem A for all a > a has a solution u(z;a) and any of the solutions belongs to
C3(B).
Finally, we remark that the proofs of these results are based upon the techniques
communicated in [8]-[10].
This paper is divided into three sections: 1) A priori smoothness of the solutions, 2)
The existence of the solution 3) Higher order smoothness at the origin.

Notations. Throughout the paper ag will be fixed, —oco < ag < oco. The real
parameter a will be arbitrary, such that a > ag. For these values of ag,a (and co > b > a)
let

Gap :=10,1] X (ag,00) x [0,00), G4 :=1[0,1] x [a,00) x [0, 00),
Gap :=10,1] X [a,b] x [0, 00).
Finally, B will denote the unit ball centered at the origin, and

I''=0B={zxecR"||z| =1}, neN, n>2.

1. A priori smoothness of the solutions.

For the sake of the completness we shall begin with some, maybe trivial Lemmae (1.1.-1.4.).

Consequences from the equation.
First, suppose that
g € C(B x (ag, ) x [0,00); (0,00)),
and consider Problem 1:
(11) Au(z) + g(z, u(), [Vu(@)) =0 = € B,
(1.2) uw e C*(B)NC(B),
(1.3) ulr = a.
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Lemma 1.1. If u is a solution of Problem 1, then
(14) u(z) >a =z € B.

Proof. Function u is strongly superharmonic on B, therefore
u(z) > mFinu:a x € B.

Now consider Problem 2:

(1.5) Au(z) + g(x,u(z), |Vu(z)]) =0 x € B,

(1.6) ueC*(B)NC(B),Jv:[0,1] = R:

v(p) = v(jal) = u(x) Vo€ B,
(17) u‘p = Q.
Lemma 1.2. If u is a solution of Problem 2 with

v(p) = v(jal) = u(z) B

then the following statements hold:

(1.8) u(xy) > u(xe) Vai, a0 € B: |11 = p1 < po = |22,
ie.

(1.9) v(p1) > v(p2) p1,p2 €[0,1], p1 < p2,

(1.10) (grad u)(0) = 0,

(1.11) v e C[o,1],

(1.12) 3’(0), v'(0) =0, v € C[0,1),
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(1.13) 0" (0), v (0) <0, v € C?[0,1).

Proof. Inequalities (1.8), (1.9) are consequences of the assumption that u as a solution
of Problem 2 is radially symmetric and strongly superharmonic on the ball |z| < py €
(0,1]. Equality (1.10) follows from (1.8) and assumption u € C?(B) (see (1.6)). Further
let pg,p € [0,1) be arbitrary and let e = (eq,...,e,) be any unit vector. Consider the
difference and its representation:

v(p) —v(po) == ulpe) — u(poe) =< (grad u)(poe), pe — poe > +
(1.14)

+%(pe — poe){ua,, (poe)}(pe — poe)” + alpo, p, €)(p — po)?,

where {ug,,;} denotes the Hessian and 7' is the symbol of the transposition and finally
a — 0 as p — po. Relations (1.11)-(1.13) are consequences of (1.14), especially

(1.15) v'(po) =< (grad u)(poe),e > po € [0,1),

(1.16) V" (po) = e{tta,a, (po€) T po € [0,1),

where derivatives of v do not depend on e, and therefore they may be computed with help
of suitable choice of e: e.g. in (1.16) with e; =1, e; =0 j # 4,7 = 1,n we have equalities:

(1.17) V" (0) = 1y 2, (0) = —%g(O,u(O), 0)<0 i=T.n

using also equality (1.5) at z = 0.

Consequences of the radial symmetry.

The next two lemmae deal with the connection of the smoothness properties of a
general function u(z) of n real variables and of the function v(|x|) of one variable if u(z) =
v(|z]), z € B, without using, that u(x) is a solution of any differential equation. The tools
are different from the ones above. Moreover expressions for the partial derivatives of u are
presented too, which are necessary for the sequel.

Lemma 1.3. If

(1.18) u(z) € C*(B)NC(B), u(z) =v(|z|) =z € B,
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then

(1.19) v e C?([0,1)) N C([o,1]),

and using notation y = (y1,...,Yn)

(1.20) uz,,(y) =0 ye B\{0},y;=0 i=1,n, (grad u)(0) =0, v'(0) =0,
(1.21)

(1.22) Uzz;(0) =c; =c=2"(0) i=1,n.

Proof. From the assumption (1.18) we get, that u(xy,0,...,0) € C?*(-1,1)NC[-1,1],
therefore

(1.23) v(p) = u(p,0,...,0) € C*([0,1)) nC([0,1]), v(0) = 0.
Further
(1.24) Uz, (y) = v'(n)% i=Tn, yeB\{0}, p=yl € (0,1),
Upa, () = 0" (0) L E — o (p)y 2 =
(1.25) o )p - 4
— (v"(p) — pp >y;};f i#jii,jeTn, yeB\{0}p=lyl €(0,1),
i (B L0 i
owes(y) = 0" () (p) =
126) = @) - TSP BT e o) o=l € 0.1)
umi(y)—¥ y; =0, i=1,n ye B\{0}.
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Let in the right-hand side of (1.24) y; = 0, y € B\{0}, then we get the first equality
in (1.20), moreover if for the points y of B\{0} of previous choice y — 0 then

consequently (grad u)(0) = 0. From this equality — the already proved equality: v'(0) =0
follows immediately; (it follows of course also from (1.24) putting y; = p € (0,1) and
letting p — 0+ 0). The first of the formulae in (1.21) follows from the equality (1.25)

putting in the right-hand side y € B\{0} such, that y;y; = 0, the second of them follows
from the first one putting y — 0:

Uz;a; (Y) = 0 = Ug,z,(0) = 0.
Finally, (1.22) follows from equality (1.26) putting y; = p and letting p — 0 + 0. Lemma
is proved.

Similar computations give an inverse result.

Lemma 1.4. If

(1.27) v e C?0,1)NC[o,1], v'(0) =0,
then for the function

u(z) :==v(|z]) =v(p) x€B, |z|=pec]0,1]

the following statements hold: Jug, (y), ez, (y) y € B\{0} 4,7 = 1,n,; representations
(1.24)-(1.26) and statements (1.20)-(1.22) are valid, and

(1.28) u € C*(B)NC(B)

Proof. The last of the relations in (1.28): u € C(B) is trivial. The existence and
continuity of the partial derivatives us,, uz;2; on B\{0} may be proven by their definitions
as limits, using condition (1.27), the identity u(z) = v(p(z)) x € B\{0}, the property
p € C*(B\{0}) and the chain rule. By such a way we also get representations (1.24)-
(1.26) from which we can derive relations for y € B\{0} formulated in (1.20), (1.21). It
remains to prove the relation u € C?(B) and equalities for the derivatives u,.,, Uz iz Uiz
at the origin formulated in (1.20)-(1.22). To prove them, first, we remark that the factors

v'(p), #, v (p) — # appearing in the right hand sides of (1.24)-(1.26) have limits

asy € B\{0}, y — 0. In fact, using condition (1.27) and the Lagrange’s theorem we get:
(1.29) v'(p) = 0'(0)=0 y— 0,
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(130) U/(p) _ U/(p) - U/(O) _ U”(ﬁ) _ ’UH(O) y — 0,

(131) o"(p) = L — 1) —(€) — "(0) — " (©) =0y — 0.

The second argument is the boundedness of the factors %, % appearing in (1.24)-(1.26),

that combined with (1.29)-(1.31) guarantees the existence of the limits as y € B\{0},y — 0
of the right hand sides of (1.24)-(1.26). We get the existence and the concrete value of
the partial derivatives wug,, Uz, Uz;z; ¢, J = 1,m at the origin as well as the property
u € C%(B).

Now introduce the really radially symmetric case of the equation (1.5), more precisely
of the Problem 2; when there exists a function f:

f € C([0,1] x (ag,o0) x [0,00))

such, that o
9(z,a,8) = f(|z|,a,8) (z,c,B) € B x (ag,0) x [0,00).

So, consider Problem 3:

(1.32) Au(z) + f(|z|, u(z), |Vu(z)]) =0 =€ B,
(1.33) u€ C*(B)NC(B), I :[0,1] > R:v(p) = v(|z|) = u(z) Vz € B,
(1.34) ulr = a.

An auxiliary integral equation.

Lemma 1.5. If u is a solution of Problem 3 with v(p) = v(|z]) = u(z) = € B
then all of the statements of Lemma 1.2. and Lemma 1.3. are valid ((1.8) - (1.13), (1.19
- (1.22)), moreover

n—1

(1.35) v"(p) + v'(p) + fp,v(p), [V'(p))) =0 pe[0+0,1),

in p = 0+ 0 in the limit sense,

(1.36) YO ) p 040,
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(1.37) v'(p) <0 pe(0,1), v'(0) =0,

t
(1.38) () = — / 20" f (pyv(p) —'(0))dp t € [0+0,1)
0
int =040 in the limit sense.

Proof. The statements (1.8) - (1.13), (1.19) - (1.22) of Lemmae 1.2, 1.3 hold trivially.
They imply relations (1.37) and - using the Lagrange’s theorem - (1.36) (see also (1.29) -
(1.31)). For the proof of (1.35) using the radial symmetry of u we get:

n—1

(1.39) Au(z) =v"(p) + P

v'(p) pe(0,1),

n

1/2 n o\ 1/2
(1.40) |Vu<x>|=[§j<v'<p>pmi>2] E|v'<p>|(z(ﬁ)) — ()| pe (1),

So (1.35) is proved for p € (0,1) :

-1
p

(1.41) V' (p) + ' (p) + F(pv(p), [0/ () =0 pe(0,1).

Here - using the continuity of function f - all the terms have limits as p — 04 0 and we
come to

(1.42) v"(0) 4+ (n — 1)v"(0) + £(0,v(0), 0) = 0.

Especially we get the equality
12 1
(1.43) v"(0) = == £(0,2(0), 0).
n

It remains to prove equality (1.38). First: it is clear, that [v'(p)| = —v'(p). Second: prove
(1.38) for t € (0,1). It is well known, that(1.41) implies:

(1.44) (P (p)) = =p" " f(p,v(p), —v'(p)) p € (0,1).

Let t € (0,1) be arbitrary and pg € (0,¢), then integrating (1.44) over the interval [po, ¢]
we get

(1.45) ) - o ) = = [0 (o).~ () dp.

0
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Putting pg — 0+ 0, using the property v € C[0,1) and continuity of function f we get

(1.46) o) = - / =171 £ (p, v(p), —/(p)) dp t € (0,1)

i.e. (1.38) is proved for t € (0,1). Finally, if ¢ — 04 0 in (1.46), then v'(t) — v'(0) = 0;
consequently

t
(1.47) = [ o)~ dp =0 =00

and (1.38) is proven for ¢t = 0 4+ 0. Lemma is proved.
Of course, relation (1.47) may be proven also autonomously (the proof will be useful
later). Namely: using the continuity of the functions

v(p), =v'(p), flp,v(p), —v'(p))

on the interval [0, 0] for any ¢ : 0 < § < 1 and especially in p = 0 and using inequality

(1.48) Ogtl—npn—1:(§>n_1§1 0<p<t 0<t<s
we get
(1.49)
0</0t (%)n_lf(p,v(p),—v’(p)) dp <t-Ms <& -Ms <My 6>0,0<t<4< %
where

My = rax f(p,v(p), —v'(p)).

Now, if 6 — 0+ 0 in (1.49), then we get

(1.50) / ()" o ol) /() dp =0 t—0+0.

A result inverse to Lemma 1.5 is expressed in the next Lemma.
Lemma 1.6. Let a > ag be arbitrary and let
(1.51) v e C?[0,1)NC[0,1],2"(p) <0 pe€(0,1), v'(0) =0,v(1) = a.
Suppose, that function v(p) satisfies equation

n—1

(1.52) v"(p) + v'(p) + f(p,v(p), —v"(p) =0 pe€[0+0,1],
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in p =04 0 in the limit sense. Assume, finally that there exists a constant K, > 0 such,
that

(1.53) 0< flp,a,8) < K, (p,a, ) €]0,1] x [a,00) x [0,00).
Then function u(z) := v(|z|) = v(p) 2z € B is a solution of the Problem 3.
Proof. The smoothness properties of u expressed by (1.33) are guaranteed by assump-

tions (1.51) and Lemma 1.4. Assumptions (1.51), (1.52) combined with (1.39) - (1.43) give
(1.32). Lemma is proven.

C? smoothness at the boundary.

Lemma 1.7. Let a € R, a > ag appearing in Problem 3 be fixed, and suppose, that
for any b > a there exists a constant K, ; > 0 such, that

(1.54) 0< flp,a,8) < Kup (p,o,3) €[0,1] X [a,b] x [0, 00).
Then if u is a solution of Problem 3 with

v(p) = v(ja]) = u() z€B,

then
(1.55) F'(1) =0 (1-0) = Jim V' (t); 0" € C0,1],
(1.56) F"(1) =2"(1-0) = . li{riov”(t);v” € C[o,1],

and instead of the original condition in (1.33):
u € C*(B)NC(B)
we have the additional smoothness:

(1.57) u € C*(B).

Proof. Let u be the solution in consideration. So
(1.58) ue C*(B)NC(B), ulr =a;3v:[0,1] — R :v(p) = v(|z|) = u(z) =€ B,
therefore in virtue of Lemmae 1.1, 1.3
(1.59) v(p) € C?[0,1)NC[0,1], v(1) = a,a < v(p) < b:=u(0) pecl0,1]
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and using assumption (1.54)we get

(1.60) 0 <v(p) = f(p,v(p), —v'(p)) < Kap p€0,1].

Using Lemma 1.5 we get

t
0>v'(t) = ‘tl_n/ P (p) dp > —t nKabp_ =
0

p=0
Ku,p-t K,
= _2wb P 2eb 20, 1).

n - n

(1.61)

To begin the proof of (1.55) we first prove the existence of the limit

(1.62) lim '(t)=d; € R.

t<1,t—1

The last statement follows from the Cauchy criteria. Namely, let ¢ > 0 be arbitrary. We
will find a number § € (0,1/2) such, that

1
(1.63) [0/ (t1) — ' (t2)] <€ Vi1, to: 3 < 1—06 <ty te <1,

Let us use equality (1.38) for £ < ¢; < t5 < 1,then we get

to
i)~ =1 [ ) do— [ () dol =
0
= [T i d- [0 ol =
0
\/ (k" =t )" y(p) dp+/ 17" 0" y(p) dpl <
t1

to
</<ﬁ-—é%w1ﬂ>m+/tﬁWme@zh+u
0 t1

(1.64)

Estimating the integrals I;, Iy with help of (1.61), and the Lagrange’s theorem applied to
t1=" on [tq, 2] we have

tTL
0< <ty "=ty "MKup2 =
n

ty —n
=K,p— (t1 — 1) (1 =)t " smec(ty t0) =
(1.65)

_ Kayb%(n —1)(ta —0)E = Kapl(1= 1)) (2~ 1) <

< Ka,b . 2n(t2 — tl) <

Do M
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if

1 € _

(166) §<t1<t2<1, tQ—t1<W:(51
For the integral I we get (simpler):
(1.67) 0< Iy < 2"ty — 1)) Kayp < %
if
(1.68) 1<t <t <1, ta—t;1 < ‘ =6

. 2 1 2 9 2 1 Ka’b . 27’L = 02.
Obviously 02 > 07, therefore

1

(1.69) [V (t2) — ' (t1)] <€ Vii,ta € (5,]) Dty < tg, to — 1ty < 1.

The existence of the limit in (1.62) is proved. The existence of the derivative v'(1) ~
v'(1 - 0) follows from the Lagrange’s theorem and (1.62), because for any ¢ € (3,1) there
exists a £ € (t,1) such, that

v(t) —v(1)

(1.70) —

=v(§) (V'(§) »di t—1-0).

The first of the relations in (1.59) combined with (1.62), (1.70) implies the statement
(1.55). Finally - using (1.55) and formulae

g, (y) = v’(p)% yeB\{0}, i=Tn

from (1.24) in virtue of the continuity of the factors % in B\{0} and using (1.58), (1.59)
we get the property:

(1.71) uy, € C(B) i=1,n, uc C'(B).

For the proof of the statements in (1.56) remark, that using (1.35), (1.37) we have the
representation

n—1

(1.72) v"(p) = —70’(@ — flp,v(p), —v'(p)) p€(0,1),

where (1.55) and the continuity of function f guarantee the existence of the limits as
p — 1 —0 of both terms in the right hand side of (1.72), consequently there exists also the
limit of the left hand side, and

n—1

. 1 . _ . .
(1.73) p<111’r;1_>11) (p) =:do = | dy — f(1,a,—dy).
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The existence of the derivative v” (1) follows from the Lagrange’s theorem because for any
t € (0,1) and suitable & € (t,1)

V'(t) —0'(1)  v'(t) —dy

1.74 =
(1.74) t—1 t—1

=€) = dy te(0,1), t— 1.

The first of the relations in (1.59) combined with (1.73), (1.74) implies the statement
(1.56). Finally, using (1.55), (1.56) and formulae (from (1.25), (1.26)):

) = 00) = By € p{0hp = ol i £ 505 € T
o) = (0" () = LBy YO g0y, pem i =Tom
p p p

with help of (1.71), and properties

Low B 1=1,n
S €CBV0Y) 1,

we get, that
(1.75) Upz;s Uzw, € C(B\{0}) i#j;4,5€1,n
Relations(1.75) combined with (1.58) guarantee, that
uwiwj y Uz, z; € C(F)v

the latter together with (1.58), (1.71) give u € C?(B) i.e. relation (1.57). Lemma is
proven.

Summarising the results of Lemmae 1.1 - 1.7 we get:

Theorem 1.1. Let f be a function, that satisfies conditions:
(1.76) f € C(Gay; (0,00)),
and for any a,b € R such that (ag < a < b) there exists a constant K, ; such, that
(1.77) 0< f(z|, e, 8) < Kapp (|z], @, B) € [0,1] x [a,b] x [0,00) = Ggp.
Consider Problem 3 (with function f satisfying (1.76), (1.77), and with arbitrary a €
R,a > ag in the boundary condition (1.34)). If u(x) is a solution of Problem 3, then
function u(x) has automatically the additional smoothness property
(1.78) u € C*(B).

A trivial consequence of Theorem 1.1 and relation (1.73) is the following:
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Corollary 1.1. Equalities (1.35),(1.38) appearing in Lemma 1.5 (under the assump-
tions of Theorem 1.1) are fulfilled even on the whole interval p € [0, 1], t € [0, 1] respectively
(if u(z) = v(]z|) is a solution of Problem 3).

Another (more sharp) result on the additional smoothness of solution u(z) is expressed
in the next subsection.

Higher order smoothness at the boundary.

Theorem 1.2. Let a € R,a > ag be arbitrarily fixed. Suppose that function f
satisfies conditions:

(1.79) f € C([0,1] x [a, 00) x [0,00); (0,00)) N C™((0, 1] x [a, 00) x [0,00)) 1< m < o0,
and for any b € R, b > a there exists a constant K, ; such, that
(180) 0<f<|l’|,04,ﬁ) <Ka,b (|$|,&,ﬁ) 6C;(a,b>-

Consider Problem 3 (with a € R,a > a¢ fixed above and with function f satisfying
conditions (1.79), (1.80)), and let u(x) be a solution of this Problem i.e.:

(1.81) Au(z) + f(|z|, u(z), |Vu(z)]) =0 z€ B={xeR"| |z|<1},
(1.82) u€ C*B)NC(B), F:[0,1] =R:u(p)=v(|z|) =u(z) =z € B,
(1.83) ulr=op = a,

then function u(x) has automatically the additional smoothness property:

(1.84) u e C2(B)n ™2 (B\{0}).

Proof. Comparing (1.78) and (1.84) one can see, that it is necessary to prove, that
for the solution u(x) = v(|z|) = v(p) of the Problem 3

(1.85) we CHB\{0}) k=3,4,...,m+2.

Relations (1.85) may be proven by induction. First, let & = 3. Using representation (1.72)
and relations (1.55), (1.56), (1.73) we get:

n—1

v"(p) = - p v'(p) = flp,v(p), —v'(p)) p € (0,1],
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where both terms on the right hand side allow differentiation with respect to p (on (0, 1])
in virtue of condition (1.79), consequently (using the notation f ~ f(a1, as, as))

() = U ‘;3“'“)) - L0 (0) = fu (0 0(p)s =0/ () —

(1.86)
—fas (psv(p), =0 ()0 (p) + fas(p,v(p), =v'(p))v"(p) p € (0,1].

All of the terms on the right hand side of (1.86) are continuous functions of variable p on
(0, 1], consequently

(1.87) " e C(0,1], wveC30,1].

Using relation (1.87) it is easy to show that all terms on the right hand sides of represen-
tations (1.25), (1.26) allow differentiation with respect to p on (0, 1], and we come to the
existence of the derivatives gz, (r) 2 € B\{0} and to representations:

gy, () = 0" (0) ZLIE — () ZEE 4 () (ygj) N
Yk

p p p
1.88 Yiyj 0" v’ Yil;y
( ) —U/(p) ( 3]) _ (UH/(/))—S (P) +3 (Qp) 33 k
P> ) p p P

y € B\{0}, p:=|yl; i#j#k#: i k=Tn (n>2),
y2y;
umxiwj (y) = ,U///(p)z—] +

R OIFICES

y€B\{0}, p:=yl, i#j; i,j=1n,

(1.90) Ui, () = 0" (p) (%)3 + 3% [1 _ (%)2] {U,,(p) - v'/()p)]

ye B\{0}, p:=lyl, i=TIn

(1.89)

All the right hand side terms in (1.88) - (1.90) are continuous functions on B\{0}, conse-
quently

U/xixjw;w uwixi$j7 uwzxzwz S C(P\{O})

(1.91) _
iFj#k#G 65 k=Tn; ueC*(B\{0}).

Further, if f € C™, m > 1, then the right hand side of (1.86) allows differentation
with respect to p on p € (0,1] and we come to relations:

(1.92) FoIV) on (0,1], vV € C(0,1]; v € C* (0,1]
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that imply the existence of the derivatives g, 42,0, (y) ¥ € B\{0}, and property
(1.93) Uszsm, € C(B\{0}; u € CH(B\{0})

in virtue of representations for s, ;4 ,, similar to ones in (1.88)-(1.90).
The general step of the induction may be made by the following scheme:
1) Suppose, that k € N, 2<k<m+1 (f € C™) and also, that the properties

(1.94) v, ..., v® e C(0,1]; v e C*(0,1],

(1.95) U, Ug,, . .., 0%u € C(B\{0}) |a| <k; ue CF(B\{0})

are already proved.
2) Observe, that the right hand side terms in equality

n—1

(1.96) v"(p) = — P v'(p) = f(p,v(p), —'(p))

allow differentiations with respect to p (when p € (0, 1]) k—1-times, and the resulted terms
belong to C'(0, 1]-we come to the relations

30" (p) pe(0,1],

(1.97) v (p) = Pu(v', 0", ... 0, %; L0 f(p,u(p), =V (p)),...)
Bl =01+ B2+ B3 <k—1, pe(0,1],

where Py is a polynomial of all of the variables

918l f
8aflaa528a§3 T

1
(1.98) S P GO ) L =
p

It remains to remark that all of these variables are continuous in p € (0, 1], consequently
using also relations in (1.94) we get

(1.99) v (p) € C(0,1]; v e P10, 1].

3) The existence and continuity of derivatives 0%u |a| < k+1 may be given starting
with formulae (1.88) - (1.90), differentiating them necessary-times and using the chain-rule.
The resulted equality has the following form:

1
Oguly) = Ru(v'(p), .., oV (p); PIEALEE ,Yn)

(1.100) a=(ar,...,0n) oy €Zy i=1,n; |af ::Zai;
i=1

pe (0,1, yeB\{0},
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where Ry is a polynomial of all of the variables v/(p), ..., y,; consequently
(1.101) 302u(y) y e B\{0}; 9%uly) € C(B\{0}) o] = k+1
that combined with (1.95) serves:

(1.102) u € C*(B\{0}).

Theorem is proved.

2. The existence of the solution.

Throughout this section we shall suppose that the parameter a > a¢ appearing in
Problem 3 is arbitrarily fixed and

(2.1) Va e Ria>a9g K, €R: 0< f(p,a,B) <K, Y(p,a,p) € Gy,
and that
(2.2) f € C(Ga)

Lemma 2.1. If u(z) is a solution of Problem 3 with v(p) ;== u(|z|) z€ B (p¢€
[0, 1]) then vector function (v(t), —v'(t)) = (v(t),v(t)) t € [0, 1] satisfies (2.3) - (2.6):

(2.3) All of the statements of Lemmae 1.2, 1.3, 1.5 are valid,
(2.4) veC?*B), veCB),
t p n—1
(25) vt)= [ (8)" #ovto), vip) dp tel0+0,1
0

int =0+ 0 in the limit sense (v(0) = —v'(0) = 0)
(2.6) v(t) =a+ /1 v(s)ds tel0,1].

Proof. Conditions of Lemmae 1.2, 1.3, 1.5 are fulfilled, consequently (2.3) holds.
Relations in (2.4) follow from Theorem 1.1 (see (1.78)). Finally, (2.3), (2.4) and Corollary
1.1 imply (2.5), (2.6).
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An inverse result is expressed in the following
Lemma 2.2. Let v,v: [0,1] — R be given functions,
(2.7) veC(0,1], v(0) =0, v(p)>0 pe(0,1],

that satisfy system (2.8), (2.9):

(28) o= | (O) Hpoto), v do te 0.1

1
(2.9) v(t) = a+/ v(s)ds tel0,1],
t
where a € R,a > ay is fixed, f € C(Gq; (0, K,]), then function
u(e) == w(le) =v(p) z€B, pe0,1]
is a solution of Problem 3.
Proof. Condition (1.34) is fulfilled (see (2.9) for ¢t = 1). The property u € C(B) N

C?(B) (the first relation of (1.33)) may be proved by the following way. First, using
boundedness of f, from (2.7), (2.8) we get

1 pn|~ K, -t
(2.10) o<v(t)< — 2| K, = t € (0,1], v(0) := 0,
tn n | ,—0 n
consequently
(2.11) veC0,1], veCH0,1] (see (2.9)).

Second, using (2.11) continuity of the integrand in (2.8) for ¢ € (0, 1] : i.e.:

1

(2.12) (%)n_lf(p,a—l—/p v(s) ds, v(p)) €C[0,1], Vte(0,1]
we get

v €C(0,1], vecC'(0,1]ncClo,1],
ony Y O=100 v0) = [0 100, vie) do=

= a1(t) + as(t) te(0,1]
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with the terms

(2.14) a1, € C(0,1].

Further

(2.15) 3, 1im a1 (t) = £(0,0(0),1(0)) = £(0,(0),0)
and

(2.16) 3 limax(t)

that follows from the ¢ Hospital’s rule because

—(n=1) Jy 0" F vl v(p) dp .

(217) Oég(t) == i

(0,1,

where the denominator: t" — 0 as ¢t — 0+0; and the same is true for the numerator using
(2.10)

n

t
t
(2.18) 0< [0 Hp.vlp), v(p) dp < Ky 0 £ 040,
0
and finally there exists the limit

(2.19) li =D, O) (1 .

t—0+0 n tn—1 n

) £(0,0(0), 1(0)) =

_ (l - 1) £(0,0(0), 0).

n

Combining these calculations with (2.13), (2.15) we come to relations

1
] / = — ] " —_ —
(2.20) Eltl}(r)rio V(t) = tl}ér}rov (t) nf(O,v(O), 0)

and (using also the Lagrange’s theorem) to the existence of the derivatives

1
(2.21.) V' (0+0)=—0"(0+0) = - f(0,v(0), 0)
and finally to the properties
(2.22) v eCl0,1], veCto,1] (v e Clo,1], ve C?0,1]).

Relations (2.22) combined with (2.7) - (2.9), (2.13) guarantee the validity of assumptions
(1.51), (1.52) of Lemma 1.6. So, Lemma 1.6 may be applied, and conditions (1.32), (1.33)
of Problem 3 are also fulfilled. Lemma 2.2 is proven.
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Next we shall prove the existence of functions v, v satisfying assumptions of Lemma
2.2.

In fact we need (only) function v because function v is defined uniquely with help
of v by the formula (2.9). We will use the Schauder’s fixed point theorem. For this goal
consider the Banach space H := C|0, 1] equipped with the usual norm

(2.23) ||lw|| ;= max |w(t)] Yw € H,
tc[0,1]

and introduce the subset Hg of H:

K,

(2.24) Ho :={veHv(t) >0 te(0,1], v(0) =0, v(t) < 71& te[0,1]}.

It is clear that Hj is a closed subset of H. Moreover Hg is bounded, because

K,

(2.25) vl < =2 v € Ho,

and Hg is a convex set. The last statement follows from the considerations in below:

K, .
vi€H, wvi(t)>0 te(0,1], 4(0)=0, v(t) < —t te€][0,1];i=1,2
n

imply
)\1V1 + )\QVQ € C[O, 1], )\1V1(t) + )\QVQ(t) Z 0 te (O, 1],

K, K,
Avi(0) + Xore(0) = 04+0 =0, Awvi(t) + Aara(t) < Ay 7t + )‘QTt =

K, K,
:<)\1+)\2)7t57t V)\l,)\QE[O,l] A1+ Ay = 1.
Let A be the operator defined by the formula:

0 t=20
(2.26) (Av)(t) := R )
Jo (8)" flp, a+ [ v(s) ds, v(p)) dp  t€(0,1],

where v € H. The definition is correct because

1

(%)n_l € C[0,1], ~(p) := f(p,a+/ v(s) ds, v(p)) € C[0,1]

p

for any t € (0, 1] and any v € H, therefore the integrand appearing in (2.26) is a continuous
function of p, when p € [0,1] which guarantees the existence of the integral standing in
(2.26). Show that A maps Ho into Hy. In fact, if v € Hy, then (Av)(0) = 0 by the
definition in (2.26). Instead of the property Av € C|0, 1] for any v € Hy let us prove the
uniform equicontinuity of the family {Av} (v € Hp) on [0,1]. Let € > 0 be arbitrary, and
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suppose first that t; = 0, to € (0, 1], then using the inequality 0 < f < K, < co on G, we
get

[(Av)(t2) = (Av)(0)] = [(Av)(t2)] Z/Ozté_”p”‘lv(p) dp <

(2.27) : -
1—n 4 p=ta __ a
S tQ Ka?‘p:(f = 77&2 <€
if
en
to < F = 51 (tg—tl <51), VUGH().

For the case 0 < t1 < t3 < 1 we have

[ [(tﬁ) - (tﬁ)] oo+ [ (2) e
L@ @) o () e
= (™" —té_”)/otl P (p) dp) +/: (ﬁ)n_lv(p) dp).

Here estimating the first term we get:

tl n
t
0< (" —t") / Pp) dp < (07" —ty ) Ko - =
0
Ka 1 1 n Ka ntg_l B t711_1
- n—1  n—1 tl = —tl n—1,n—1 =
AN th noooty Tty
K n n—2 n—3 n—2 1
= Tah (to —t1) (5 +t5 "t1 +...+ ] )7#—115“—1 <
1 Us
K, t"(ty —t1)(n — 1Dt 2 K t
< K 1( n—>1(n—1 )ty e, -l =
n 1ty n ta
n—1t% €
=K —(to —t1) < K (ta — t1) < —=.
“ t2(2 1) alt2 —t1) 5
if
ta —t1 < ¢ _. 0
2 1 oK. 2.
Using the inequality
p

0<—<1 pG[tl,tQ],
to
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for the second term we have

ta n—1 ta
(2.29) 0< / (tﬁ) v(p) dp < / K, dp=K,(ta —t1) <
t1 t1

2

DN ™

if

by— ) < —— =3¢
2 1 2Ka_2~

So (2.28) turnes into inequality

(2.30) (Av)(t2) — (Av)(t)] < % + % —¢ YveH, Vi, tse (0,1] (b <to)
if .
to —t1 < 0g := K.
Inequality (2.30) combined with (2.27) gives:
(2.31) |(Av)(t2) — (Av)(t1)| < e Vv € Hy, Vt1,ta € [0,1] (t1 < t2)

if

en € €
to —t 0 :=min (01,02) =min | —, — | = = 5.
2 — 11 < min (01, d2) mm(Ka’ 2Ka) 2K, 2
So, the uniform equicontinuity of the family {Av} v € Hy is proved. Especially for any
v € Hy we have Av € C[0, 1]. To complete the proof of the property AHy C Hj it remains
to observe that

0 < (Av)(t) = / t (%)Hv(p) dp < / e, dp =

(2.32)

—n pn = KCL
= tl Ka;m:g == Tt \V/t € (O, ].], VV S H().

Inequality (2.32) guarantees also the boundedness of family {Av} v € H,.

The considerations above show, that all of the conditions of Schauder’s fixed point
theorem are fulfilled for the case of space H, subset H and operator A. Consequently we
have proved the following

Lemma 2.3. There exists a fixed point: v € Hg of the operator A i.e v = Av for
some v € Hy. Taking any of the fixed points v of the operator A, and defining v(¢) by
(2.9) we get a pair v, v satisfying conditions of Lemma 2.2. As a consequence we get

Theorem 2.1. Let a > ag appearing in Problem 3 be arbitrarily fixed and suppose
that there exists a constant K, > 0 such, that f € C(G,; (0, K,]), then Problem 3 has a
solution: namely u(z) := v(|z|) x € B, where v is defined by the formula (2.9):

v(t) = a—l—/tl v(s)ds tel0,1],
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and v is any of the fixed points in Hg of the operator A.

Higher order smoothness at the origin.

Consider Problem 4 ((3.1)-(3.4)):

(3.1) Au(z) + f(lz|, u(z), [Vu(z)]) =0 =€ B,
(3.2) u€ C*(B)NC(B),3v:[0,1] = R:v(p) =v(|z|) = u(z) Vx € B,
(3.3) ulr = a,

where B is the unit ball centered at the origin, I := 0B, and a € R is arbitrary, a > ag >
—00; ag is fixed and function f = f(aq, as, a3) satisfies condition

(3.4) f€C*([0,6) x (ag,00) x [0,00)) N C(Gay; (0,00))

for some 0 < § < 1.

Lemma 3.1. Condition

1
(35) fa1(07a270) = _ﬁf<0705270)fa3<0705270) an > ap
is sufficient for the property:
(3.6) u(z) = u(x;a) € C3(BY)

where BY := {z € R"| |z| < § < 1} and u(z;a) is any of the solutions of Problem 4
with arbitrary a > ayg.

Proof. From the proof (for 0 < pg <9 <1, 0 < p=|z|] <J <1) of Lemma 1.2 it
follows that

v(p;a) = v(|z|;a) := u(z;a) € C?[0,0); ap < a<v(0;a) < oo,
3.7 1
&0 v'(0;a) = 0, v"(0;0) = =—f(0,v(0;a),0)(< 0).
Similarly the proof of Theorem 1.2 shows, that
(3.8) v(pia) € C°(0,9), u(z;a) € C°(BF\{0}),

EJQTDE, 2002 No. 18, p. 24



therefore it remains to prove, that the derivatives

Ugizjz,(T) 1F#JFRFT G, 5,k=1n n>2

have limits as x — 0. For this reason rewrite representations (1.88)-(1.90) into more
suitable forms:

pv”(p) —v'(p) i

p i € BI\{0} n>2,

(39) Uz, ajap, (:E) - {U/H(p) -3

(310) tprr, () = 0" () 2222 4 Ty gy 2O =0 povr) o

(311) tprz0,(2) = 0" (p) (%)3 +3% - (ﬁ)Q]’”’"(”)p; Y0 e B0V} n>2

Now, prove for v(t;a) ~ v(t) that

. " _
(3.12) Htllggl_ov (t)=A€eR.

Since u(z;a) = v(|z|;a) = v(p; a) is a solution of Problem 4, then for any a > a¢ fixed

(3.13)  a(p) = flp,v(p), —v'(p)) € C'([0,8)); la(p)l, |/ (p)| £ C < o0 pelo, g]-

Further, from (1.38),(3.8),(3.13) we have
(3.14) " (t) = —f(t,v(t), —v'(t)) + [/0 p"talp)dpl(n —1)t™" 0<t=|x| <0,

from which

a()t" —n [y " a(p)dp
tn—|—1

(3.15) V() = -/ (t) + (n—1) t e (0,6/2].

The second term on the right hand side has limit as ¢ — 0 + 0, because using the
¢’ Hospital’s rule

o (" +at)nt™ !t —nt"la(t) n-1

1 -1 ' t ;
(3.16) (n—1) G — n+1a(0) — 0+0;
therefore from (3.15) we get
(3.17) o) = —a'(0) + L1 a/(0) = ——>—a/(0) £ —0+0

' n+1 n+1 '
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From (3.4), (3.13) we get

&/ (t) = fa, (£, 0(t), =0 (£)) + fao (£, 0(t), =" () (t)—

(3.18) — fag(t,0(t), =" ()W (t) t€]0,0).

Using equalities in (3.7), and substituting o/(0) from (3.18) into (3.17) we conclude, that

2

3.19 "t -
(319) o"(t) » ———

1
[fa (0,0(0), 0) + — fa3 (0,0(0), 0)f(0,v(0), 0)] = v™(0) = B € R
ast— 0+0.
Representation (3.10) holds for any n > 2, therefore setting in (3.10) z; = 0 we get
that if there exists the limit

(3.20) lin%) Uz 2z, (T)

xr—

then it must be zero. Now setting z; = x; = % p >0 we get

1
3.21 Ug, oz () = 0" (p) —=,
( ) 11 j( ) (p) 3\/§
Consequently, the following must be true :
(3.22) 3 lim v"(p)=0 (= B).

p—040

2
If (3.22) holds, then ugz,4;2,(z) — 0 2z — 0, because the factors %, 1-3 (%) of the

second term on the right hand side of (3.10) are bounded as # — 0, and for the last factor
[pv"(p) — v'(p)]/p? in virtue of the ¢’ Hospital’s rule

12 n oo 1"

2p

The same arguments provide (see (3.9), (3.11)), that

(3.24) = lin% Ug,z;2,(T) =0 n>2, 3 lin% Up,z,0, () =0 1> 2,

xr—

It remains to observe, that if (3.5) is fulfilled, then relations (3.19), (3.22) hold. Lemma is
proved.

Remark 3.1. If u(z;a) = v(|z|;a) is any of the solutions of Problem 4, then
condition

(3.25) o (0,0(050),0) = = £(0, (03 @), 0) o (0, (0 0), 0
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is necessary and sufficient for the property u € C?(BY).

Theorem 3.1. Let a > ag appearing in Problem 3 be arbitrarily fixed. Suppose,
that there exists a constant K, > 0 such, that function f satisfies condition

(3.26) f e C(0,1] x [a,00) x [0,00); (0, Ko]) N CHG).

Then Problem 3 has a solution u(z;a) = v(|z|; a) for any a > ag, and every solution has
the property

(3.27) u(z;a) € C3(B) Ya > ao,
if condition (3.5) is fulfilled.

Proof. The existence of solutions follows from Theorem 2.1; the smoothness prop-
erty (3.27) is a consequence of Lemma 3.1 and Theorem 1.2. Theorem is proved.

An analysis of conditions (3.4), (3.5), (3.24), (3.25), and C*,C%, C® -smoothness re-
sults (in BY) will be given in a subsequent paper.
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