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Abstract. In the present paper, we further study the asymptotical behavior of the fol-
lowing higher order nonlinear difference equation

x(n + 1) = ax(n) + b f (x(n)) + c f (x(n − k)), n = 0, 1, . . .

where a, b and c are constants with 0 < a < 1, 0 ≤ b < 1, 0 ≤ c < 1 and a + b + c = 1,
f ∈ C[[0, ∞), [0, ∞)] with f (x) > 0 for x > 0, and k is a positive integer, which has been
recently studied in: On global attractivity of a higher order difference equation and its
applications [Electron. J. Qual. Theory Diff. Equ. 2022, No. 2, 1–14 pp]. We obtain some
new sufficient conditions for the global attractivity of positive solutions of the equation,
and show the applications of these results to some population models..
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1 Introduction

Consider the following higher order nonlinear difference equation

x(n + 1) = ax(n) + b f (x(n)) + c f (x(n − k)), n = 0, 1, . . . , (1.1)

where a, b and c are constants with 0 < a < 1, 0 ≤ b < 1, 0 ≤ c < 1 and a + b + c = 1,
f ∈ C[[0, ∞), [0, ∞)] with f (x) > 0 for x > 0 and k is a positive integer. The case when the
sum of the main coefficients of a higher order difference equation is equal to one is of a great
interest and has been studied a lot see, e.g., [1,2,19–23] and the related references therein. One
of the reasons is that such difference equations frequently model some processes in nature or
society. Recently, asymptotic behavior of positive solutions of Eq. (1.1) has been studied in [1].
Among other results, the following one was presented therein.
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Theorem A. Assume that f (x) has a unique positive fixed point x̄ and satisfies the negative feedback
condition

(x − x̄)( f (x)− x) < 0, x > 0, x ̸= x̄. (1.2)

Suppose also ax + b f (x) is increasing, and f (x) is L-Lipschitz with

c
1 − ak+1

c + akb
L ≤ 1. (1.3)

Then every positive solution {x(n)} of Eq. (1.1) converges to x̄ as n → ∞.

In addition, by using a different approach, a new result on the global attractivity of positive
solutions of Eq. (1.1) was obtained in [2] for the special case that f is unimodal, that is,
f (x) = xg(x) where g ∈ C[[0, ∞), [0, ∞)] is decreasing.

In the present paper, we are still interested in the study of global attractivity of positive
solutions of Eq. (1.1), but for the case that f is decreasing, and furthermore for the case that
f is an S-map, that is, f : [0, ∞) → [0, ∞) is three times differentiable with (S f )(x) < 0 and
f ′(x) < 0 for x > 0 where S is the Schwarzian derivative

(S f )(x) =
f ′′′(x)
f ′(x)

− 3
2

(
f ′′(x)
f ′(x)

)2

.

Clearly, if we let
x(−k), x(−k + 1), . . . , x(0) (1.4)

be k + 1 given nonnegative numbers with x(0) > 0, then Eq. (1.1) has a unique positive
solution with initial condition (1.4).

In the next section, we establish two sufficient conditions on the global attractivity of
positive solutions of Eq. (1.1) under the conditions that f is a decreasing function and f is an
S-map, respectively. Our results can be applied to several difference equations derived from
mathematical biology. We show these applications in Section 3.

In the following discussion,we always assume that f is decreasing. In addition, for the
sake of convenience, we adopt the notation ∏n

i=m s(i) = 1 and ∑n
i=m s(i) = 0 whenever {s(n)}

is a real sequence and m > n.

2 Main results

Since f is decreasing, f has a unique positive fixed point x̄ and satisfies the negative feedback
condition (1.2). Hence by Lemma 2.1 in [1], every positive solution {x(n)} of Eq. (1.1) is
bounded and persistent.

In the following, we establish two sufficient conditions for every positive solution of
Eq. (1.1) to converge to x̄ as n → ∞. By an argument similar to that in the proof of Theo-
rem 2.2 in [1], we know that every nonoscillatory solution of Eq. (1.1) converges to x̄. Hence
we need to obtain conditions for every oscillatory solution of Eq. (1.1) to converge to x̄ also.

The following lemma on the asymptotic behavior of oscillatory solutions of Eq. (1.1) is
needed in the proof of our main results.

Lemma 2.1. Assume that ax + b f (x) is increasing and let {x(n)} be a positive solution of Eq. (1.1)
which oscillates about x̄. Then for any nonnegative integer m ≥ 0, there is a positive integer Nm such
that

u(2m) ≤ x(n) ≤ u(2m + 1) for n ≥ Nm (2.1)
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where {u(n)} is defined by{
u(n) = c 1−ak+1

c+akb f (u(n − 1)) + ak(b+ac)
c+akb x̄, n = 1, 2, . . . ,

u(0) = ak(b+ac)
c+akb x̄.

(2.2)

Proof. Let y(n) = x(n)− x̄. Then {y(n)} satisfies the equation

y(n + 1) = ay(n) + b( f (y(n) + x̄)− x̄) + c( f (y(n − k) + x̄)− x̄) (2.3)

and {y(n)} oscillates about zero.
Let y(i) and y(j) be two consecutive members of the solution {y(n)} such that

y(i) ≥ 0, y(j + 1) ≥ 0 and y(n) < 0 for i + 1 ≤ n ≤ j. (2.4)

and let
y(r) = min{y(i + 1), y(i + 2), . . . , y(j)}.

Then by an argument similar to that in the proof of Theorem 2.2 in [1] (the increasing property
of ax + b f (x) is needed in the proof) we may show that

r − (i + 1) ≤ k (2.5)

and

y(r) ≥ 1 − a
c + akb

ar
r−1

∑
n=i

c
an+1 [ f (y(n − k) + x̄)− f (x̄)]. (2.6)

Noting f (y(n − k) + x̄) ≥ 0, f (x̄) = x̄ and (2.5), we see that

y(r) ≥ −x̄
1 − a

c + akb
ar

r−1

∑
n=i

c
an+1 = −x̄

1 − a
c + akb

c
(

1 − ar−i

1 − a

)
≥ −cx̄

1 − ak+1

c + akb

and so it follows that

y(n) ≥ −cx̄
1 − ak+1

c + akb
, i ≤ n ≤ j.

Since y(i) and y(j) are two arbitrary members of the solution with property (2.4), we see that
there is a positive integer N′

0 such that

y(n) ≥ −cx̄
1 − ak+1

c + akb
def
= z(0), n ≥ N′

0. (2.7)

Next, let y(i) and y(j) be two consecutive members of the solution {y(n)} with N′
0 + k ≤

i < j such that

y(i) ≤ 0, y(j + 1) ≤ 0 and y(n) > 0 for i + 1 ≤ n ≤ j (2.8)

and
y(t) = max{y(i + 1), y(i + 2), . . . , y(j)}.

Then by a similar argument, we may show that

t − (i + 1) ≤ k (2.9)
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and

y(t) ≤ 1 − a
c + akb

at
t−1

∑
n=i

c
an+1 [ f (y(n − k) + x̄)− f (x̄)]. (2.10)

Since

z(0) + x̄ =

(
1 − c

1 − ak+1

c + akb

)
x̄ =

ak(b + ac)
c + akb

x̄ > 0,

f (z(0) + x̄) is well-defined. Since z(0) < 0 (see (2.7)) and f is decreasing, we see that

f (y(n − k) + x̄) ≤ f (z(0) + x̄) for n ≥ N′
0 + k.

Hence, it follows from (2.9) and (2.10) that

y(t) ≤ 1 − a
c + akb

at
t−1

∑
n=i

c
an+1 [ f (z(0) + x̄)− f (x̄)] ≤ c

1 − ak+1

c + akb
[ f (z(0) + x̄)− x̄],

which yields

y(n) ≤ c
1 − ak+1

c + akb
[ f (z(0) + x̄)− x̄], i ≤ n ≤ j.

Since y(i) and y(j) are two arbitrary members of the solution with property (2.8), we see that
there is a positive integer N0 > N′

0 such that

y(n) ≤ c
1 − ak+1

c + akb
[ f (z(0) + x̄)− x̄] def

= z(1), n ≥ N0.

Then, by an easy induction, we see that for each m ≥ 0, there is a positive integer Nm such
that

z(2m) ≤ y(n) ≤ z(2m + 1) for n ≥ Nm, (2.11)

where {z(n)} is defined by{
z(n) = c 1−ak+1

c+akb [ f (z(n − 1) + x̄)− x̄], n = 1, 2, . . . ,

z(0) = −cx̄ 1−ak+1

c+akb .
(2.12)

Let u(n) = z(n) + x̄, n = 0, 1, . . . Then (2.11) and (2.12) become (2.1) and (2.2), respectively.
The proof is complete.

Theorem 2.2. Assume that ax + b f (x) is increasing and

c(1 − ak+1)

ak(b + ac)x̄
(x f (x))′ > −1, x > 0. (2.13)

Then every positive solution {x(n)} of Eq. (1.1) tends to its positive equilibrium x̄ as n → ∞.

Proof. As indicated at the beginning of the section, every nonoscillatory solution of Eq. (1.1)
converges to x̄. Hence we only need to show that every oscillatory solution converges to x̄
also. To this end, let {x(n)} be an oscillatory solution of Eq. (1.1). Then by Lemma 2.1, {x(n)}
satisfies (2.1). Since u(0) ≤ u(1), from (2.2) and the monotonicity of f it is not difficult to
see that {u(2m)} is increasing, {u(2m + 1)} is decreasing and u(2m) ≤ x̄ ≤ u(2m + 1), m =

0, 1, . . . Hence,
lim

m→∞
u(2m) = l ≤ x̄ and lim

m→∞
u(2m + 1) = L ≥ x̄
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exist, and l and L satisfy the equations{
l = c 1−ak+1

c+akb f (L) + ak(b+ac)
c+akb x̄

L = c 1−ak+1

c+akb f (l) + ak(b+ac)
c+akb x̄.

(2.14)

We now show that l = L = x̄. To this end, let

g(x) = c
1 − ak+1

c + akb
x f (x) +

ak(b + ac)
c + akb

x̄x, x > 0

and observe that

g′(x) = c
1 − ak+1

c + akb
(x f (x))′ +

ak(b + ac)
c + akb

x̄, x > 0.

In view of (2.13), we see that g′(x) > 0. However, it follows from (2.14) that g(l) = g(L) = lL.
Hence l = L = x̄ and so limn→∞ u(n) = x̄. Then from (2.1) we see that x(n) → x̄ as n → ∞.
The proof is complete.

For the proof of the next theorem, we need the following lemma which is extracted
from [12].

Lemma 2.3. Consider the following difference equation

x(n + 1) = h(x(n)), n = 0, 1, . . . (2.15)

where h : [0, ∞) → [0, ∞) is an S-map. Assume that x̄ is the unique fixed point of h and |h′(x̄)| ≤ 1.
Then x̄ is a global attractor of all solutions of Eq. (2.15).

Theorem 2.4. Assume that ax + b f (x) is increasing and f is an S-map with

c
1 − ak+1

c + akb
f ′(x̄) ≥ −1. (2.16)

Then every positive solution {x(n)} of Eq. (1.1) tends to its positive equilibrium x̄ as n → ∞.

Proof. We only need to show that every oscillatory solution of Eq. (1.1) converges to x̄. Let
{x(n)} be an oscillatory solution. Then {x(n)} satisfies (2.1). Hence, to show that x(n) → x̄
as n → ∞ it suffices to show that u(n) → x̄ as n → ∞. To this end, let

h(x) = c
1 − ak+1

c + akb
f (x) +

ak(b + ac)
c + akb

x̄.

Clearly, h : [0, ∞) → [0, ∞), x̄ is the unique fixed point of h, h′(x) = c 1−ak+1

c+akb f ′(x) < 0 and
(Sh)(x) = (S f )(x) < 0 for x > 0. Hence, h is an S-map. In addition, (2.16) yields |h′(x̄)| ≤ 1.
Therefore, all the conditions assumed in Lemma 2.3 are satisfied and so u(n) → x̄ as n → ∞.
Then it follows that x(n) → x̄ as n → ∞. The proof is complete.

Remark 2.5. By comparing Theorems 2.2 and 2.4 with Theorem A, we see that when f is a
decreasing function, the condition (2.13) is different from the condition (1.3); while when f is
an S-map, the condition (2.16) is better than the condition (1.3).
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3 Applications

In this section, we apply our results obtained in the last section to some difference equations
derived from mathematical biology.

Consider the following system of difference equations
x(n + 1) = (1 − ϵ) f (x(n)) + ϵy(n),

y(n + 1) = (1 − ϵ)y(n) + ϵ f (x(n)),

x(0) ≥ 0, y(0) ≥ 0, x(0) + y(0) > 0,

n = 0, 1, . . . , (3.1)

where 0 < ϵ < 1 is a positive constant and f ∈ C[[0, ∞), [0, ∞)] with f (x) > 0 for x > 0.
Sys. (3.1) is a population model proposed by Newman et al. [18] which assumes symmetric
dispersal between active population x(n) and refuge population y(n). The chaotic behavior
of positive solutions of Sys. (3.1) is studied in [18] by numerical simulations, whereas in
[3] various properties of solutions of (3.1) are studied and several results on the asymptotic
behavior of solutions of (3.1) are obtained. Recently, a sufficient condition on the global
stability of positive solutions of (3.1) is obtained in [1].

Notice that Sys. (3.1) can be converted into the second order difference equation

x(n + 1) = (1 − ϵ)x(n) + (1 − ϵ) f (x(n)) + (2ϵ − 1) f (x(n − 1)), n = 0, 1, . . . (3.2)

When f is decreasing and ϵ ≥ 1/2, Eq. (3.2) is in the form of (1.1) and f has a unique
positive fixed point x̄. Clearly, x̄ is the unique positive equilibrium of Eq. (3.2) and (x̄, x̄) is
the unique positive equilibrium of Sys. (3.1).

By Theorems 2.2 and 2.4, we may have the following result on the global attractivity of
positive solutions of Sys. (3.1).

Corollary 3.1. Assume that 1/2 ≤ ϵ < 1, f is decreasing and x + f (x) is increasing. Suppose also
that either x f (x) is differentiable with

(2ϵ − 1)(2 − ϵ)

2(1 − ϵ)2 x̄
(x f (x))′ > −1, x > 0 (3.3)

or f is an S-map with
(2 − ϵ)(2 − 1/ϵ) f ′(x̄) ≥ −1. (3.4)

Then every positive solution (x(n), y(n)) of Sys. (3.1) tends to its positive equilibrium (x̄, x̄) as
n → ∞.

Proof. As indicated above, Sys. (3.1) can be converted into (3.2) which is in the form of Eq. (1.1)
with a = b = 1 − ϵ, c = 2ϵ − 1 and k = 1. By the assumption, ax + b f (x) = (1 − ϵ)(x + f (x))
is increasing. In addition, noting

c(1 − ak+1)

ak(b + ac)
=

(2ϵ − 1)(2 − ϵ)

2(1 − ϵ)2 (3.5)

and

c
1 − ak+1

c + akb
= (2 − ϵ)(2 − 1/ϵ) (3.6)
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we see that when (3.5) or (3.6) holds, (2.13) or (2.16) holds respectively. Then by Theorems 2.2
and 2.4, every positive solution {x(n)} of Eq. (3.2) converges to x̄ as n → ∞. Then from (3.1)
we see that

ϵy(n) = x(n + 1)− (1 − ϵ) f (x(n)) → x̄ − (1 − ϵ) f (x̄) as n → ∞,

which yields
y(n) → x̄ as n → ∞.

Hence, it follows that every positive solution (x(n), y(n)) of Sys. (3.1) converges to (x̄, x̄). The
proof is complete.

Next, consider the following difference equation in the form

x(n + 1) = αx(n) + βg(x(n)) + γg(x(n − k)), n = 0, 1, . . . , (3.7)

where 0 < α < 1, β ≥ 0 and γ ≥ 0 with β + γ > 0 are constants, g ∈ C[[0, ∞), [0, ∞)] and k is
a positive integer, observe that it can be written as

x(n + 1) = αx(n) +
β(1 − α)

β + γ

[
β + γ

1 − α
g(x(n))

]
+

γ(1 − α)

β + γ

[
β + γ

1 − α
g(x(n − k))

]
, (3.8)

which is in the form of (1.1) with

a = α, b =
β(1 − α)

β + γ
, c =

γ(1 − α)

β + γ
and f (x) =

β + γ

1 − α
g(x).

Assume that x̄ is the unique positive fixed point of f (x), that is, x̄ is the only positive number
satisfying

g(x̄) =
1 − α

β + γ
x̄.

Clearly x̄ is the unique positive equilibrium of Eq. (3.7). Observing that

c(1 − ak+1)

ak(b + ac)x̄
=

γ(1 − αk+1)

αk(β + αγ)x̄

and

c
1 − ak+1

c + akb
f ′(x̄) =

γ(1 − αk+1)(β + γ)

(1 − α)(γ + αkβ)
g′(x̄),

we see that the following corollary on the global attractivity of x̄ is a direct consequence of
Theorems 2.2 and 2.4.

Corollary 3.2. Assume that g is decreasing and αx + βg(x) is increasing. Let x̄ be the unique positive
equilibrium of Eq. (3.7) and suppose that either xg(x) is differentiable with

γ(1 − αk+1)

αk(β + αγ)x̄
(xg(x))′ > −1 (3.9)

or g is an S-map with
γ(1 − αk+1)(β + γ)

(1 − α)(γ + αkβ)
g′(x̄) ≥ −1. (3.10)

Then every positive solution of Eq. (3.7) tends to x̄ as n → ∞.
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When γ = 0, Eq. (3.7) reduces to

x(n + 1) = αx(n) + βg(x(n)), n = 0, 1, . . . (3.11)

Clearly, (3.9) is automatically satisfied since the left side is 0. From Corollary 3.2 we know that
when g is decreasing and αx + βg(x) is increasing, every positive solution {x(n)} of Eq. (3.11)
tends to its positive equilibrium x̄ as n → ∞ where x̄ is the unique positive number satisfying
x̄ = β

1−α g(x̄).

When β = 0, Eq. (3.7) reduces to

x(n + 1) = αx(n) + γg(x(n − k)), n = 0, 1, . . . , (3.12)

which includes several discrete models derived from mathematical biology. For instance,
when g(x) = 1

1+xp where p is a positive constant, Eq. (3.12) is a discrete analogue of a model
that has been used to study blood cells production [13]; when g(x) = e−qx where q is a positive
constant, Eq. (3.12) is a discrete version of a model of the survival of red blood cells in an
animal [25]. Due to its theoretical interest and applications, asymptotic behavior of positive
solutions of Eq. (3.12) and some related forms have been studied by numerous authors, see,
for example, [1, 2, 4–11, 13–25] and the references cited therein. As a special case of Eq. (3.7),
our results can be applied to Eq. (3.12) also.

In the following, we discuss the global attractivity of positive solutions of Eq. (3.7) when
g(x) = 1

1+xp and g(x) = e−qx where p and q are positive constants, respectively. When
g(x) = 1

1+xp , Eq. (3.7) becomes

x(n + 1) = αx(n) +
β

1 + xp +
γ

1 + xp(n − k)
, n = 0, 1, . . . (3.13)

Clearly, g is decreasing and has a unique positive number x̄ satisfying g(x̄) = 1−α
β+γ x̄ which is

the only positive equilibrium of Eq. (3.13). When β = 0, αx + βg(x) = αx is increasing; when
β > 0 and p ≥ 1, noting

g′(x) =
−pxp−1

(1 + xp)2

and

g′′(x) =
−pxp−2((p − 1)− (p + 1)xp)

(1 + xp)3

we see that g′(x) takes minimum at x∗ = ( p−1
p+1 )

1/p and

g′(x∗) = − 1
4p

(p − 1)1−1/p(1 + p)1+1/p.

Hence, if p ≥ 1 and
β

4p
(p − 1)1−1/p(1 + p)1+1/p ≤ α, (3.14)

then

(αx + βg(x))′ ≥ α + βg′(x∗) = α − β

4p
(p − 1)1−1/p(1 + p)1+1/p ≥ 0

and so αx + βg(x) is increasing.
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Next, observe that

(xg(x))′ =
1 + (1 − p)xp

(1 + xp)2

and

(xg(x))′′ =
pxp−1((p − 1)xp − (p + 1))

(1 + xp)3 .

We see that when p ≤ 1, (xg(x))′ > 0 and so (3.9) is true; when p > 1, (xg(x))′ has minimum
at x∗ =

( p+1
p−1

)1/p. Hence in this case,

(xg(x))′ ≥ (xg(x))′|x=x∗ = − (p − 1)2

4p
. (3.15)

Clearly, if
γ(1 − αk+1)

αk(β + αγ)x̄

(
− (p − 1)2

4p

)
> −1,

that is,
γ(1 − αk+1)

αk(β + αγ)x̄
(p − 1)2

4p
< 1, (3.16)

then by noting (3.15) we know that (3.9) is satisfied. Furthermore, by a simple calculation, we
find that for p > 1,

(Sg)(x) =
g′′′(x)
g′(x)

− 3
2

(
g′′(x)
g′(x)

)2

=
1
2
(1 − p)(1 + p)x−2 < 0, x > 0,

that is, g is an S-map. In addition, by noting

g′(x̄) = − px̄p−1

(1 + x̄p)2 = −px̄p−1g2(x̄) = −px̄p−1
(

1 − α

β + γ
x̄
)2

= −p
(

1 − α

β + γ

)2

x̄p+1

we see that if
γ(1 − αk+1)(β + γ)

(1 − α)(γ + αkβ)

(
−p
(

1 − α

β + γ

)2

x̄p+1

)
≥ −1,

that is,
γ(1 − α)(1 − αk+1)

(β + γ)(γ + αkβ)
px̄p+1 ≤ 1, (3.17)

then (3.10) is satisfied. Hence, by Corollary 3.2, we have the following conclusion: every
positive solution of Eq. (3.13) tends to its positive equilibrium x̄ as n → ∞ if one of the
following holds

(i) p ≤ 1 and β = 0;

(ii) p ≥ 1, (3.14) and (3.16) hold;

(iii) p > 1, (3.14) and (3.17) hold.

When f (x) = 1
1+xp , Sys. (3.1) becomes

x(n + 1) = 1−ϵ
1+xp(n) + ϵy(n),

y(n + 1) = (1 − ϵ)y(n) + ϵ
1+xp(n) ,

x(0) ≥ 0, y(0) ≥ 0, x(0) + y(0) > 0,

n = 0, 1, . . . , (3.18)
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and it can be converted into Eq. (3.13) with α = β = 1 − ϵ, γ = 2ϵ − 1 and k = 1. Since α = β,
(3.14) reduces to

1
4p

(p − 1)1−1/p(1 + p)1+1/p ≤ 1. (3.19)

Hence, when p ≥ 1 and (3.19) holds, x + f (x) is increasing. Note that f (x) = g(x). From
(3.15), (3.17) and the above discussion, we know that when p ≥ 1,

(x f (x))′ ≥ −(p − 1)2/(4p) (3.20)

and

f (x̄) = −p
(

1 − α

β + γ

)2

x̄p+1 = −px̄p+1. (3.21)

Clearly, (3.20) implies that if

(2ϵ − 1)(2 − ϵ)

2(1 − ϵ)2 x̄

(
− (p − 1)2

4p

)
> −1,

that is,
(2ϵ − 1)(2 − ϵ)

2(1 − ϵ)2 x̄
(p − 1)2

4p
< 1, (3.22)

then (3.5) is satisfied, and (3.21) implies that if

(2 − ϵ)(2 − 1/ϵ)(−px̄p+1) ≥ −1,

that is,
(2 − ϵ)(2 − 1/ϵ)px̄p+1 ≤ 1, (3.23)

then (3.6) is satisfied. In addition, from the above discussion, we know that when p > 1, f
is an S-map. Hence, by Corollary 3.1, we have the following conclusion: when 1/2 ≤ ϵ < 1,
every positive solution of Sys. (3.18) converges to its positive equilibrium (x̄, x̄) as n → ∞ if
either p ≥ 1, (3.19) and (3.22) hold, or p > 1, (3.19) and (3.23) hold.

Example 3.3. Consider the equation

x(n + 1) = (1/2)x(n) + (3/4)
1

1 + x2(n)
+ (1/4)

1
1 + x2(n − 3)

, n = 0, 1, . . . , (3.24)

which is in the form of Eq. (3.7) with α = 1/2, β = 3/4, γ = 1/4, k = 3 and g(x) = 1/(1 + x2).
Note that x̄ = 1 is the unique positive equilibrium of Eq. (3.24). Since p = 2,

β

4p
(p − 1)1−1/p(1 + p)1+1/p = (3/4)(1/8)33/2 < 1/2 = α,

that is, (3.14) is satisfied. In addition, observing that

γ(1 − αk+1)

αk(β + αγ)x̄
(p − 1)2

4p
=

(1/4)(1 − (1/2)4)

(1/2)3((3/4) + (1/2)(1/4))
· 1

8
=

15
56

< 1

we see that (3.16) is satisfied. Hence, from the above discussion, we know that every positive
solution of Eq. (3.24) tends to its positive equilibrium x̄ = 1 as n → ∞.
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Example 3.4. Consider the system
x(n + 1) = 7/15

1+x3(n) + (8/15)y(n),

y(n + 1) = (7/15)y(n) + 8/15
1+x3(n) ,

x(0) ≥ 0, y(0) ≥ 0, x(0) + y(0) > 0,

n = 0, 1, . . . , (3.25)

which is in the form of Sys. (3.18) with ϵ = 8/15 and f (x) = 1/(1 + x3). Since p = 3,

1
4p

(p − 1)1−1/p(p + 1)1+1/p = (1/12)22/344/3 < 1,

that is, (3.19) is satisfied. In addition, we know that f is an S-map. Sys. (3.25) has the
unique positive equilibrium (x̄, x̄) where x̄ is the unique positive fixed point of f . Observing
x̄(1 + x̄3) = 1, we see that x̄ < 1. Then it follows that

(2 − ϵ)(2 − 1/ϵ)px̄p+1 ≤ (2 − 8/15)(2 − 15/8)3 = 11/20 < 1

and so (3.22) is satisfied. Hence, from the above discussion, we know that every positive
solution of Sys. (3.25) tends to its positive equilibrium (x̄, x̄) as n → ∞.

When g(x) = e−qx, Eq. (3.7) becomes

x(n + 1) = αx(n) + βe−qx(n) + γe−qx(n−k), n = 0, 1, . . . . (3.26)

Since g is decreasing, there is a unique positive number x̄ satisfying g(x̄) = 1−α
β+γ x̄. Clearly x̄ is

the only positive equilibrium of Eq. (3.26). Noting

(αx + βg(x))′ = (αx + βe−qx)′ = α − qβe−qx

we see that αx + βe−qx is increasing when

α ≥ qβ. (3.27)

In addition, observing that

(xg(x))′ = (1 − qx)e−qx and (xg(x))′′ = q(qx − 2)e−qx

we find that (xg(x))′ takes minimum when x = 2/q and so

(xg(x))′ ≥ (xg(x))′|x=q/2 = −e−2. (3.28)

Hence, if
γ(1 − αk+1)

αk(β + αγ)x̄
(−e−2) > −1,

that is,
γ(1 − αk+1)

αk(β + αγ)x̄
< e2, (3.29)

then (3.9) is satisfied. Furthermore, by a simple calculation, we find that

(Sg)(x) =
g′′′(x)
g′(x)

− 3
2

(
g′′(x)
g′(x)

)2

= −(1/2)q2 < 0, x > 0,
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that is, g is an S-map. In addition, by noting

g′(x̄) = −qe−qx̄ = −q
1 − α

β + γ
x̄ (3.30)

we see that if
γ(1 − αk+1)(β + γ)

(1 − α)(γ + αkβ)

(
−q

1 − α

β + γ
x̄
)
≥ −1

that is,
γ(1 − αk+1)

γ + αkβ
qx̄ ≤ 1, (3.31)

then (3.10) is satisfied. Hence, by Corollary 3.2, we have the following conclusion: if (3.27)
holds and either (3.29) or (3.31) holds also, then every positive solution of Eq. (3.26) tends to
its positive equilibrium as n → ∞.

When f (x) = e−qx, Sys. (3.1) is
x(n + 1) = (1 − ϵ)e−qx(n) + ϵy(n),

y(n + 1) = (1 − ϵ)y(n) + ϵe−qx(n),

x(0) ≥ 0, y(0) ≥ 0, x(0) + y(0) > 0,

n = 0, 1, . . . , (3.32)

and it can be converted into Eq. (3.26) with α = β = 1 − ϵ, γ = 2ϵ − 1 and k = 1. Since α = β,
(3.27) reduces to q ≤ 1. Noting f (x) = g(x), from (3.28), (3.30) and the above discussion, we
know that

(x f (x))′ ≥ −e−2 (3.33)

and
f ′(x̄) = −qe−qx̄ = −q

1 − α

β + γ
x̄ = −qx̄. (3.34)

Clearly, (3.33) implies that if

(2ϵ − 1)(2 − ϵ)

2(1 − ϵ)2 x̄
(−e−2) > −1,

that is,
(2ϵ − 1)(2 − ϵ)

2(1 − ϵ)2 x̄
< e2, (3.35)

then (3.5) is satisfied, and if
(2 − ϵ)(2 − 1/ϵ)(−qx̄) ≥ −1,

that is,
(2 − ϵ)(2 − 1/ϵ)qx̄ ≤ 1, (3.36)

then (3.6) is satisfied. Hence, by Corollary 3.1, we have the following conclusion on the global
attractivity of positive solutions of Sys. (3.32): if q ≤ 1 and either (3.35) or (3.36) holds, then
every positive solution of Sys. (3.32) tends to its positive equilibrium (x̄, x̄) as n → ∞.

Example 3.5. Consider the equation

x(n + 1) = (2/3)x(n) + (1/3)e−2x(n) + (1/4)e−2x(n−3), n = 0, 1, . . . (3.37)
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which is in the form of Eq. (3.26) with α = 2/3, β = 1/3, γ = 1/4, k = 3 and g(x) = e−2x.
Noting q = 2, we see that (3.27) is satisfied. Let x̄ be the unique positive equilibrium of
Eq. (3.37). Then x̄ satisfies x̄e2x̄ = 7/4. By noting (1/2)e2(1/2) < 7/4, we see that x̄ > 1/2 and
so it follows that

γ(1 − αk+1)

αk(β + αγ)x̄
<

(1/4)(1 − (2/3)4)

(2/3)3((1/3) + (2/3)(1/4))(1/2)
=

65
24

< e2,

that is, (3.29) holds. Hence, from the above discussion, we know that every positive solution
of Eq. (3.37) converges to its positive equilibrium x̄ as n → ∞.

Example 3.6. Consider the system
x(n + 1) = (2/5)e−(1/2)x(n) + (3/5)y(n),

y(n + 1) = (2/5)y(n) + (3/5)e−(1/2)x(n),

x(0) ≥ 0, y(0) ≥ 0, x(0) + y(0) > 0,

n = 0, 1, . . . , (3.38)

which is in the form of Sys. (3.32) with ϵ = 3/5 and f (x) = e−(1/2)x. Note that q = 1/2 < 1.
Sys. (3.38) has the unique positive equilibrium (x̄, x̄) where x̄ is the unique positive fixed point
of f . Noting x̄e(1/2)x̄ = 1, we see that x̄ < 1. Then it follows that

(2 − ϵ)(2 − 1/ϵ)qx̄ ≤ (2 − 3/5)(2 − 5/3)(1/2) = 7/30 < 1

and so (3.36) is satisfied. Hence, from the above discussion, we know that every positive
solution of Sys. (3.38) tends to its positive equilibrium (x̄, x̄) as n → ∞.

Acknowledgements

The authors are grateful to the reviewer for carefully reading the paper and providing helpful
suggestions.

References

[1] A. Almaslokh, C. Qian, On global attractivity of a higher order difference equation and
its applications, Electron. J. Qual. Theory Diff. Equ. 2022, No. 2, 1–14. https://doi.org/
10.14232/ejqtde.2022.1.2; MR4400920; Zbl 1499.39003

[2] A. Almaslokh, C. Qian, Global attractivity of a higher order nonlinear difference equa-
tion with unimodal terms, Opuscula Math. 43(2023), No. 2, 131–143. https://doi.org/
10.1016/j.amc.2010.01.092; MR4567775; Zbl 1514.39001

[3] Y. Chow, S. R.-J. Jang, N. Yeh, Dynamics of a population in two patches with dispersal,
J. Difference Equ. Appl. 24(2018), No. 4, 543–563. https://doi.org/10.1080/10236198.
2018.1428962; MR3767030;Zbl 1427.92073

[4] H. A. El-Morshedy, E. Liz, Convergence to equilibria in discrete population mod-
els, J. Difference Equ. Appl. 11(2005), No. 2, 117–131. https://doi.org/10.1080/
10236190512331319334; MR2114320;Zbl 1070.39022

https://doi.org/10.14232/ejqtde.2022.1.2
https://doi.org/10.14232/ejqtde.2022.1.2
https://www.ams.org/mathscinet-getitem?mr=4400920
https://zbmath.org/?q=an:1499.39003
https://doi.org/10.1016/j.amc.2010.01.092
https://doi.org/10.1016/j.amc.2010.01.092
https://www.ams.org/mathscinet-getitem?mr=4567775
https://zbmath.org/?q=an:1514.39001
https://doi.org/10.1080/10236198.2018.1428962
https://doi.org/10.1080/10236198.2018.1428962
https://www.ams.org/mathscinet-getitem?mr=3767030
https://zbmath.org/?q=an:1427.92073
https://doi.org/10.1080/10236190512331319334
https://doi.org/10.1080/10236190512331319334
https://www.ams.org/mathscinet-getitem?mr=2114320
https://zbmath.org/?q=an:1070.39022


14 X. Wang and C. Qian

[5] J. R. Graef, C. Qian, Global stability in a nonlinear difference equation, J. Differ.
Equations Appl. 5(1999), No. 3, 251–270. https://doi.org/10.1080/10236199908808186;
MR1697059; Zbl 0945.39002

[6] J. R. Graef, C. Qian, Global attractivity of the equilibrium of a nonlinear difference
equation, Czechoslovak Math. J. 52(127)(2002), No. 4, 757–769. https://doi.org/10.1023/
B:CMAJ.0000027231.05060.d8; MR1940057; Zbl 1014.39003

[7] J. R. Graef, C. Qian, Global attractivity in a nonlinear difference equation and its
application, Dynam. Systems Appl. 15(2006), No. 1, 89–96. https://doi.org/10.1016/
0096-3003(94)90086-8; MR2194095; Zbl 1105.39007

[8] D. D. Hai, C. Qian, Global attractivity in nonlinear difference equations of higher order
with a forcing term, Appl. Math. Comput. 264(2015), 198–207. https://doi.org/10.1016/
j.amc.2015.04.086; MR3351602; Zbl 1410.39020

[9] A. F. Ivanov, On global stability in a nonlinear discrete model, Nonlinear Anal. 23(1994),
No. 11, 1383–1389. https://doi.org/10.1016/0362-546X(94)90133-3; MR1306677;
Zbl 0842.39005

[10] G. Karakostas, Ch. G. Philos, Y. G. Sficas, The dynamics of some disrete population
models, Nonlinear Anal. 17(1991), 1069–1084. https://doi.org/10.1016/0362-546X(91)
90192-4

[11] V. L. Koćic, G. Ladas, Global behavior of nonlinear difference equations of higher order with
applications, Mathematics and its Applications, Vol. 256, Kluwer Academic Publishers,
1993. https://doi.org/10.1137/1037019; MR1247956; Zbl 0787.39001

[12] E. Liz, G. Röst, Dichotomy results for delay differential equations with negative-
Schwarzian derivatives, Nonlinear Anal. 11(2010), No. 3, 1422–1430. https://doi.org/
10.1016/j.nonrwa.2009.02.030; MR2646558

[13] M. C. Mackey, L. Glass, Oscillations and chaos in physiological control sys-
tems, Science. 197(1977), No. 4300, 287–289. https://doi.org/10.1126/science.267326;
Zbl 1383.92036

[14] C. Qian, Global attractivity of periodic solutions in a higher order difference equation,
Appl. Math. Lett. 26(2013), No. 5, 578–583. https://doi.org/10.1016/j.aml.2012.12.
005; MR3027766; Zbl 1261.39019

[15] C. Qian, Global attractivity in a nonlinear difference equation and applications to a
biological model, Int. J. Difference Equ. 9(2014), No. 2, 233–242. MR3352985

[16] C. Qian, J. Smith, On existence and global attractivity of periodic solutions of nonlinear
delay differential equations, Opuscula Math. 39(2019), No. 6, 839–862. https://doi.org/
10.7494/OpMath.2019.39.6.839; MR4038367

[17] C. Qian, Global attractivity in a nonlinear difference equation and applications to dis-
crete population models, Dynam. Systems Appl. 23(2014), No. 4, 575–589. MR3027766;
Zbl 1312.39021

https://doi.org/10.1080/10236199908808186
https://www.ams.org/mathscinet-getitem?mr=1697059
https://zbmath.org/?q=an:0945.39002
https://doi.org/10.1023/B:CMAJ.0000027231.05060.d8
https://doi.org/10.1023/B:CMAJ.0000027231.05060.d8
https://www.ams.org/mathscinet-getitem?mr=1940057
https://zbmath.org/?q=an:1014.39003
https://doi.org/10.1016/0096-3003(94)90086-8
https://doi.org/10.1016/0096-3003(94)90086-8
https://www.ams.org/mathscinet-getitem?mr=2194095
https://zbmath.org/?q=an:1105.39007
https://doi.org/10.1016/j.amc.2015.04.086
https://doi.org/10.1016/j.amc.2015.04.086
https://www.ams.org/mathscinet-getitem?mr=3351602
https://zbmath.org/?q=an:1410.39020
https://doi.org/10.1016/0362-546X(94)90133-3
https://www.ams.org/mathscinet-getitem?mr=1306677
https://zbmath.org/?q=an:0842.39005
https://doi.org/10.1016/0362-546X(91)90192-4
https://doi.org/10.1016/0362-546X(91)90192-4
https://doi.org/10.1137/1037019
https://www.ams.org/mathscinet-getitem?mr=1247956
https://zbmath.org/?q=an:0787.39001
https://doi.org/10.1016/j.nonrwa.2009.02.030
https://doi.org/10.1016/j.nonrwa.2009.02.030
https://www.ams.org/mathscinet-getitem?mr=2646558
https://doi.org/10.1126/science.267326
https://zbmath.org/?q=an:1383.92036
https://doi.org/10.1016/j.aml.2012.12.005
https://doi.org/10.1016/j.aml.2012.12.005
https://www.ams.org/mathscinet-getitem?mr=3027766
https://zbmath.org/?q=an:1261.39019
https://www.ams.org/mathscinet-getitem?mr=3352985
https://doi.org/10.7494/OpMath.2019.39.6.839
https://doi.org/10.7494/OpMath.2019.39.6.839
https://www.ams.org/mathscinet-getitem?mr=4038367
https://www.ams.org/mathscinet-getitem?mr=3027766
https://zbmath.org/?q=an:1312.39021


Global attractivity of a difference equation with decreasing terms 15

[18] T. Newman, J. Antonivics, H. Wilbur, Population dynamics with a refuge: fractal basins
and the suppression of chaos, Theor. Popul. Biol. 62(2002), No. 2, 121–128. https://doi.
org/10.1006/tpbi.2002.1584; Zbl 1101.92310
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