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Abstract. In this paper, we study the following quasilinear Schrodinger-Poisson system
in R®

—Au+V(x)u+Apu = f(x,u), x€R5,

—Ap — *Ayp = Au?, x € R3,
where A and ¢ are positive parameters, Ayu = div(|Vu|>Vu), V is a continuous and
periodic potential function with positive infimum, f(x,t) € C(R® x R,R) is periodic
with respect to x and only needs to satisfy some superquadratic growth conditions with

respect to t. One nontrivial solution is obtained for A small enough and ¢ fixed by a
combination of variational methods and truncation technique.
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1 Introduction and main result

In this paper, we consider the following system

B - 3
{ Au+V(x)u+Apu = f(x,u), x€R, (1.1)

—APp — Ay = A2, x € R?,
where A and e are positive parameters, Ayu = div(|Vu|*Vu), V is a continuous and peri-
odic potential function with positive infimum, f is a continuous function defined on R® x R

which is periodic with respect to the first variable and satisfies some superquadratic growth
conditions with respect to the second variable. Precisely, we assume that

(V) V € C(R? R) with inf,cgs V(x) = Vo > 0 and it is a 1-periodic potential function, that is,

V(x+y)=V(x), foreveryxcR>andyc Z°
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(f1) f is 1-periodic with respect to x. There exist positive constants C and p € (2,6) such
that
If(x, )] < C(1+|t|P7Y), for (x,t) € R® x R.
(f2) limy 0 @ = 0, uniformly for x € R5.
(f3) There exist « € (2,6) and R > 0 such that
inf  F(x,t) >0, f(x,t)t > aF(x,t), for (x,t) € R®x R,

x€R3, |t|>R
where F(x,t) = fotf(x,s)ds.

This class of system appears by studying a quantum mechanical model of extremely small
devices in semiconductor nanostructures taking into account quantum structure and the lon-
gitudinal field oscillations during the beam propagation, for more details on the physical
background of this class of system see [19]. Although this class of system has been well-
known among the physicists, it has never been considered before [12,13] in the mathematical
literature. One of them is something of type

{—Au+wu+(¢+¢)u =0, 12)

—Ap — *Nyp = u> —n*,

where u and ¢ represent the modulus of the wave function and the electrostatic potential
respectively, n* and ¢ are given data of the problem which represent respectively the dopant
density and the effective external potential. System (1.2) with some periodicity conditions was
studied in [12] by the Krasnoselskii genus. Under minimal summability conditions on the data
n* and ¢, existence of ground state solutions for system (1.2) was proved in [3] by means of
minimization techniques, and the behaviour of these solutions whenever ¢ — 0 was studied:
these solutions converge to a ground state solution of Schrodinger-Poisson system associated
with ¢ = 0 in system (1.2). A quasilinear Schrodinger-Poisson system in the unitary cube
under periodic boundary conditions was studied in [13], the global existence and uniqueness
of solution was obtained by using Galerkin scheme. There are also some studies on quasilinear
Schrodinger-Poisson system with nonlinearities by variational methods. In [8], a class of
quasilinear Schrodinger-Poisson system with an asymptotically linear term was studied, the
existence and behaviour of ground state solutions as ¢ — 0 were given. Recently, [11] studied
the existence and asymptotic behaviour of solutions for a class of quasilinear Schrédinger—
Poisson system with a critical nonlinearity combining with a 4-suplinear nonlinearity. Similar
results were obtained in [10] in the two-dimensional case. In [21], we also got the existence
and asymptotic behaviour of solutions for a class of quasilinear Schrodinger—Poisson system
with coercive potential by variational methods and a truncation technique.

Formally, system (1.1) is the well-known Schrodinger-Poisson system if ¢ = 0 which has
been given extensive attention and research in the last few decades. We mention that a re-
duction procedure for this class of system was proposed in [2] and an eigenvalue problem
in bounded domains was considered. Schrodinger-Poisson system with general nonlinearity
was first studied in [6] and later studied in many literatures, see for example [1,5,7,17,20,23]
and the references therein. More recently, [9] studied the following quasilinear elliptic system
by variational methods

{—Apu + u|P2u + AlulP2u = |ulT%u, x € R, (1.3)

—A¢ = |ul?, x € R,
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where 1 < p <3, p <g< %’ Apu = div(|Vul[P~2Vu) and A > 0 is a parameter. The
existence of nontrivial solutions for system (1.3) is obtained by the Mountain Pass theorem.
According to the range of g, the scaling technique [14] and the truncation technique [15] were
used to obtain a bounded Palais-Smale sequence respectively in [9].

From a mathematical point of view, on the one hand, the main novelty of system (1.1) is
that the equation of the electrostatic potential in the system is not linear, that is, it is not the
classical Poisson equation. Contrast to the classical Poisson equation or the second equation
in system (1.3), the solution of the second equation in system (1.1) has neither an explicit
formula nor homogeneity properties. It leads to that the scaling technique [14] is no longer
applicable. It is natural to ask whether the truncation technique [15] can be used to deal with
system (1.1), especially for the case a € (2,4]. One the other hand, since under our assump-
tions there is no compact embedding between the main working spaces, we can not prove
that the variational functional associated to system (1.1) satisfies (PS) condition directly. Lions
vanishing lemma[18] will be applied to prove that system (1.1) enjoys at least one nontrivial
solutions whenever the positive parameter A is small enough. In this process, the weak con-
vergence property of the solutions for the second equation in system (1.1) plays an important
role. However, due to the “bad” properties of those solutions, this weak convergence property
of them is not apparent. We will follow the arguments of [4,9], together with the uniqueness
of the solution for the second equation in system (1.1), to solve this key technique problem,
for more details, see Lemma 2.2.

Before stating our main result, we give several notations. For any g € [1, 40|, we denote
by | - |4 the norm of the Lebesgue space L1(R?). D'?(IR?) is the Hilbert space defined as the
completion of the test functions CP(RR®) with respect to the L? norm of the gradient. We
denote by X the completion of the functions C§°(IR®) with respect to the norm |V - |, 4 |V - |4,
which is a reflexive Banach space. Under assumption (V), let H,(R?) be H'(IR®) equipped
with the following norm and inner product

lull = ([ 09uP+ v ax) s (wo) = [ (FuVo+Vxuoix.

Assumption (V) also guarantees the continuous embedding from H{,(IR?) to L1(R?%), g € [2, 6]
and local compact embedding from H},(R?) to L] (R3), q € [1,6).
As usual, a weak solution for system (1.1) is a pair (¢, ¢ae) € Hi (R%) x X such that

/]R3(VuMVv + V(X)Up 0+ Ay i) (0)dx = /]Rsf(x, upe)vdx, vE H%,(]R3),

/]RS(VCPA,S + £4|V¢A,8|2V¢A,S)V(pdx = /\/]R3 u%\ﬁ(pdx, p e X.
Our main result is as follows.

Theorem 1.1. Under the assumptions (V') and (f1)—(f3), there exists Ag > 0 such that system (1.1)
has at least one nontrivial solution (upe ¢re) € Hy(R®) x X for all (A,e) € (0,A9) x (0,00).
Moreover, ¢, . is nonnegative.

Remark 1.2. Compared with our last result in [21], the main difficulty here is the lack of
compactness. In particular, the weak convergence property of the solutions for the second
equation in system (1.1) is the key to obtaining a nontrivial solution for system (1.1).

Remark 1.3. The constraint on A is mainly used to guarantee the variational functional as-
sociated to system (1.1) enjoys a (PS) sequence with a prior bound. If « € (4,6), due to (i)
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of Lemma 2.2, it is easy to obtain a bounded (PS) sequence of the variational functional as-
sociated to system (1.1) with (A,¢) € (0,00) x (0,00) by using standard methods. Thus, the
constraint that A < Ag can be got rid of in this case. We leave details of the proof to the
interested readers.

Throughout the paper, we denote C, the constant of Sobolev imbedding from H{ (R%)
Vol3

to L1(R%) for g € [2,6]. S = inf,cp12(rs))\ 0} T\%z is the optimal constant in the Sobolev

inequality. The rest of the paper is organized as follows. We give some preliminaries in
Section 2. The proof of Theorem 1.1 is given in Section 3.

2 Preliminaries

First, under our assumptions, system (1.1) has a variational structure. Formally, its corre-
sponding functional is defined by

L A etde - L 2_84/4_/
jA,S(u,¢)—2]|u|| +2/]R3q>u dx 4/]R3\V<p| dx 3 IRS|V(/>| dx F(x,u)dx.

R3

It is not difficult to see that the critical points of J, . are the weak solutions of system (1.1).
Since the functional 7,  is strongly indefinite, the reduction procedure which is successfully
used to study the classical Schrodinger-Poisson system will be applied to deal with system
(1.1). Similar to Lemma 2.1 of [21] or Lemma 2.2 of [8], we have the following result.

Lemma 2.1. For any u € Hi,(R%) and A,e > 0, there exists a unique nonnegative weak solution

Pre(u) € X for
—Ap— Ao = A?, x eRE 2.1)

That is, for any ¢ € X, we have
/R (Vgne(tt) + € [Vpne () PV (1)) Ve = A /m g,
Next, we give some properties of the weak solution ¢, (1) for equation (2.1).

Lemma 2.2. For every A, e > 0, ¢, (1) enjoys the following properties.

(i) Forevery u € H,(R3),
(Ve (1) 3+ Ve (u) |t = A /ms Pre(u)udx < A2S71Ch [|u];

(ii) if {uy} is bounded in H,(R3), then there exist a subsequence still denoted by {u,} and u €
HY(R3) such that

Pre(un) = Pre(u)in X, /1R3 P e(Un)upvdx — /11{3 Pre(u)uvdx, forv e H%,(]R3);

(iid) ppe(tty)(-) = pae(u)(- +y), for every y € R3, where uy(-) = u(-+y).

Proof. (1) By the definition of ¢, ((u), the first equality in (i) is true. Then by the Holder
inequality and the Sobolev embedding theorem, we can get that the first conclusion is true.
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(2) Since {uy} is bounded in Hi,(R3), going if necessary to a subsequence, there exists
u € H{,(R%) such that u, — u in H,(R?). By the Sobolev embedding theorem and the local
compact embedding theorem, we can assume that

Uy — U in LP(R%), p € [2,6];
Uy — U in L} (R®), p € [1,6);
u(x) = u(x), ae x€R3

Since (i) leads to that {¢) . (11,) } is bounded in X, going if necessary to a subsequence, there
exists ¢, € X such that

Pre(tiy) = ¢re in X (which is also valid in D*?(R?)).
Furthermore, we can also assume that

¢A,s(”n) — ¢A,g in L6(]R3);
47A,s(1/ln) — Pre in Li)c(R3)’ pe [1, 6);
Pre(tin)(x) = Pre(x), ae x € R

On the one hand, by Lemma 2.1, we have
/]RS(prA,S(un)V(p + e Ve (1) |*Vr e (1n) V)dx = A/]RS u2 gdx, (2.2)
and
/]RS(ch)\,g(u)V(p + e |V e (1))*Vpr e (u)V)dx = A/IR:‘* u?pdx, for ¢ € X. (2.3)

Set @ = (Pre(un) — Pae)yPr in (2.2), where Yr € CF (IR, [0,1]) is a cut-off function such that
¥R|By(0) = 1, supp ¢r C Bar(0) and [Vipr| < 2 we can get

0= [ (14 € 90c(100) ) V(1) V (e (02) = 1) e
[ €00 (00) )V 00 VP (9, (10) — ) @4)
— /\/ a(Pre(un) — Pre)Prdx.
On the other hand, by the definition of weak convergence in X, we have
/R 1+ € Ve ) VeV (@ne(utn) — pae)prdx — 0, asn — oo,
The local compact embedding theorem implies that
/1123 Vre VPr(Pre(iin) — Pre)dx — 0, /]R3 VoA *VPr VIR (Pre(n) — Ppe)dx — 0,
as n — oo. Then
0u(1) = [ (14 V0, VoV (9 (1a) = 1,0 ) e
[ 190V Tr(s(itn) = )i
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By calculating (2.4) minus (2.5), we deduce that

= o[V nclu) = Voo P
6 [ (Vne000) PV s 10r) = V92V V (re(itn) = e
[ (Tnela) = Vgr0) Vr(ns(ien) — . )dx
6 [ (1V90000) PO (1) = [T 2V Vi (c(102) = 1)
- )L/ “(Pre(tin) — Pae)Prdx.

Since ¢y ¢(uy) — Ppein LY
we can get that

/]R3 Vpre(un) VPr(Pre(ttn) — Pre)dx — 0, asn — oo,
/]R3 |V e(tn) >V P e (11n) VPR (Pre(ttn) — Pae)dx — 0, asn — oo.

In fact, by the Holder inequality, we have

1

IO TPr(asli) = 1) (Prolin) = i )

S C‘ng/\,s(un)’z <A (0)

2R

— 0, asn — oo,

L 19 004000) P10 T (1) = 91,

< CITgneln) ([, Ionelin) = gntr)

Byr(0)
— 0, asn — oo.

Similarly, we can also get that

/1123 Vor e Vipr(Pae(tin) — pre)dx — 0, /]123 IVPrel>Vor e Vr(Pre(tin) — Pae)dx — 0,

and

/]RS 15 (Pae(itn) — Pre)Prdx — 0, asn — co.
Thus, it follows from (2.6)—(2.8) that

o (1) =/]RS[84(|V¢A,s(un)|2V¢A,e(un) — V1PV Pr)V (e (tn) — dac)
+ |V (pre(ttn) — dre) Plprax.
Then the Simon inequality leads to that
/le(IV(pr,g(un) — 91.0) P+ € |V (Pac(1n) — dre) |V prdx — 0, asn — oo,

Thus,
/ |V (pre(tn) — 47A,e)|2dx — 0, asn — oco.
Br(0)

1.(IR?), p € [1,6), by the Holder inequality and the definition of ¢,
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Up to a subsequence, we have
Vpre(un)(x) = Vpre(x), ae. x € Br(0), asn — oo.
The arbitrariness of R implies that, going to a subsequence,
Vre(in)(x) = Vre(x), ae x €R’, asn — oo.

The boundedness of {|V¢, .(u,)|} in L*(R3) ensures that {|V¢, (u,)|?} is also bounded in
L3 (R3). Thus, it follows from [22, Proposition 5.4.7] that

Ve (1) *Digpa e (n) = [Vpr?Digpn  in L3(R?), i = 1,2,3.
Therefore, for every ¢ € X,
/IR3 Ve (10) 2 Dicp e (11) Dyl x — /]R3 Vpre[2DiprcDigdx,  i=1,2,3.

Then
/]R3 |V¢A,E(un)|2ch)\,g(un)V(pdx — /11{3 \quA,g]ZngA,EVgodx, as n — oo.

It follows from ¢, ¢ (uy) — ¢y in D¥?(IR?) that
/1[{3 Vpre(un)Vodx — /RS Vr.Veodx, asn — oo.

Since ¢ € L°(R?) and u2 — u? in L3 (R3) by [22, Proposition 5.4.7], we have

2 2

/]Rsun(pdx—> /1RSu @dx, asmn — co.
Therefore, by taking limits as n — oo on both sides of (2.2), we can obtain that
[ (V910 + € 1V0r Y0V p)x =4 [ 1gdx, for g€ X.
R R

The uniqueness of solution for equation (2.1) with given u and (2.3) result that ¢, . = ¢ (u).
By [22, Proposition 5.4.7] again, we can get that ¢ ¢ (1, )uy — ¢ (u)u in L3 (R3®). Then for
every v € H,(R%), we have

/ Pre(Un)upvdx —>/ Pre(u)uvdx, asn — oo.
RR3 R3

(3) The uniqueness of solution for equation (2.1) and the translation invariance of Lebesgue
integral on IR® also guarantee that (iii) is true. In fact, for every ¢ € X and y € R3,

[ A+ 900 () V(1) (1) Vol = p)dx = A [ 12 (x)gp(x — ).
By the translation invariance of Lebesgue integral on IR?, we have
/Ra(l + e[V e() (x +y)*) Ve (u) (x + y) Ve (x)dx
= A/}RS u?(x +y)g(x)dx
=A . ui(x)q)(x)dx.

The uniqueness of solution for equation (2.1) leads to ¢, ¢ (uy)(-) = pre(u)(- +y). O
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As shown in [11], the functional
]A,s(”) = j)u:(” (PAS(”))

3¢t
= Sl 5 [ Vg x +

[ Vorcldx — [ Fl iz, w e HY(RY)

is of class C!. Its Fréchet derivative at u € H‘l,(le ) is given by

(The(),0) = (Oudne(ut, Pae(u)), )
= /IRB(VuVU + V(x)uv + Apy e (u)uv)dx — /]Rsf(x,u)vdx.

Lemma 2.3 ([11, Lemma 4]). Let A, e > 0 be fixed, the following statements are equivalent:
(i) the pair (ure, $pre) € HL(R3) x X is a critical point of J) ¢
(ii) uye € HY(IR®) is a critical point of [y and ¢ppe = Pae(tire).
For convenience, we set the functional

3¢t
helw) = 7 [ 1900Pdx+ 7 [ Vorwldy,  ue Hy®R)

It follows from [3, Proposition 4.1] that I, . € C!(H{,(R?),R) and

(I3 o(u),v) = /\/]R3 Pre(u)uvdx, forov € HL(R?).

In such a way, J) . can be rewritten as

Juclw) = gl + Do) = [ FCx )

In view of the above facts, in order to obtain a weak solution for system (1.1), it is sufficient
to find a critical point of the functional J, . in Hy,(R%).

3 Proof of our main result

In this section, we complete the proof of our main result. It is a difficult task to get a bounded
Palais-Smale sequence for the functional ], . directly due to the presence of nonlocal term for
the case « € (2,4] in (f3). We use a truncation method which has been widely used [1,9,15-17]
to deal with it. Precisely, we define a truncation for the functional ], . in the following way.
Let x € C®([0,+0),[0,1]) satisfy

x(s)=1,s€]0,1],
0<x(s) <1, s€(1,2),
X(s) =0, s € [2,+00),
-2 <x'(s) <0.

i) ) for u € HL(R®) and the truncated functional

For each T > 0, we define hr(u) = x ("%

eCw) = gl hr(u) D) = [ FCx, ) (3.1)
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The functional ], € C!'(Hj,(R?), R) with Fréchet derivative at u given by

42
<]){g’(u),v> _ (1+]32XI(HT’2| )IA,s(”)> /]R3(Vqu-|-V(x)uv)dx-I-)&hT(u)/]R3 Pre(u)uvdx

- /]Rsf(x,u)vdx, v € HL(R).

Then u, . € Hy,(R?) is a critical point of J , if and only if (ue, ¢re(ttre)) € Hy(R®) x X is a
weak solution of

(14 20 (W) o)) (=B + V(x)u) + A (w)put = f(x,u), x € R,
—Ap — *Ayp = M2, x € R3.

From the definition of ), for given T, we have

JL(u) = Jae(u) and JI.(u) = J5.(u), if ul| <T.

Thus, if {u,} is a (PS) sequence of ]/{8 with ||u,|| < T, then it is also a bounded (PS) sequence

Of ])\,g.
We firstly prove that the truncated functional |}, enjoys the mountain pass geometry
structure.

Lemma 3.1. For every fixed (A, ) € (0,00) x (0,00), there exist p > 0 and er € H},(R3) such that
ler|| > o and
inf Tne(u) > J1.(0) =0 > ] (er).
u€Hy (IR3), [|ul|=p

Proof. On the one hand, it follows from (f1) and (f2) that there exists a; > 0 such that
£ 0] < 2l + P, [FGe 0] < 202 + Uiy, for (o) ERTxR (32)
Then (3.1) and (3.2) imply that

JEae) = 2 P + e e (a) — [ P )

1
> gl =2 [ julx
p JR

ai
HMF—ECHMW

VvV
I PENN

We conclude that there exists p > 0 small enough such that for any u € H},(R®) with 0 <
Ju| < p, it results that J1 (1) > 0. In particular, we have

1
el = 302~ 2k >0, for u & HY(R) with u] = .

On the other hand, by (f1)-(f3), there exist ay,a3 > 0 such that

F(x,t) > as|t|* —azt?, for (x,t) € R®x € R. (3.3)
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Then for € H(R®) with ||i|| = 1 fixed and s > /2T, by (3.3) and the definition of ht, we

have
2

_ 57— _ _ _
JEelsT) = SR + b (5T o(57) — [ P, st

1
< < +a3> $2||ul|® - aﬂs]“/ || *dx
2 R3

— —o0, S — +o0.

Thus, by choosing st > max{p, 2T} large enough, we can get ]{g(sTﬁ) < 0. So we can set
er = STU. ]

Then it follows from Lemma 3.1 and the Mountain Pass lemma that there exists a (PS).,
sequence {u,} for J1 . in Hy,(R?), where

o T
cr = }Yrg max Jae(r(t)),

with
I:= {y € C([0,1], Hy(R®)) : 7(0) = 0,7(1) = er}.

From the proof of Lemma 3.1, we can also get that cr > 0, for every T > 0.

Second, we study the boundedness of the (PS)., sequence {u,} of ]Z/S which has been
obtained by the Mountain Pass lemma. In this process, the truncation of the nonlocal term
plays an important role.

Lemma 3.2. For T > O sufficiently large, there exists A > 0 such that for any A € (0,Ar) and
£>0,

limsup ||u,|| < T
n—00

holds, where {u,} is the (PS)., sequence of ]AT,S obtained above.

Proof. 1f ||uy| — oo, as n — oo, then hr(u,) = X(””T”ZHZ) — 0, as n — oo. Thus, for all n € N

large enough

1 /
Helun) = 5l = [ P, L ) ) =l = [

Then, by (f3), for n € IN large enough

1 '
cr + 14 [Jun| > ]){g(”n) - E<]/’{,€ (tn), tn)
1 1 1
= (53 ) Il = [, (FCm) = ) )
1 1 )
> (3-3) Ial?

which is impossible, since ||u,|| — o0, n — co. Therefore, {u,} is bounded in H{,(R®) which
may be dependent on T.
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On the contrary, we assume that limsup, . ||ux]| > T. Up to a subsequence and still
denoted by {u, }, we have lim,_,« ||ux|| > T. By (f3), we obtain that

1, . 1 1 2, |jun?
]/{g(un) - &U}{s (un)/un> = [2 T (1 + f?( (||L;—v2|| )h,s(”iﬂ)] ||un||2

+ hp(un) <1A,g(un) -2 ¢A,g(un)u%dx>

_ /]R3 <F(x,un) — if(x,un)un> dx
> (3 3 ) Il = Shrlun) [ gnclun s,

Then 11 , A
(2 - ) P+ 2 U8 ) ) < TEa) + Shrtaen) [ gneluniddx. G4

By the definition of I . and (i) of Lemma 2.2,
0< Iefo) < SNSTChollt, o€ HY(R?). (35)
5
By (3.3), (3.5) and the definitions of ¢t and er, we have

cr < max ]}/e(teT)

t€[0,1]
< max (t2||e ||2—/ F(x,te )dx) + max hr(ter)I) ¢(ter)
e \ 21T Ry T refoq] T/ AEET
(srt)? AN IETE R— « 3 2c-1,4 4
< max (14 2a3C3)||u||” — ao|ul(stt)* | + A°ST'CLT (3.6)
t€[0,1] 2 2 5
2
< max (t(l + 2a3C3) ||u||* — a2|u|gt"‘> + §/\25_1C‘%2 T4
te[0,00) \ 2 2 3

=:cy + §A2s—1c‘%2 T,
2 5

It should be pointed out that ¢, > 0 is independent of T and A. It follows from the definition
of hy and (i) of Lemma 2.2 that

(i) [ gae(n)ddx < 42571CLT, (3.7)

By taking upper limits as n — oo on both sides of (3.4), (3.6) and (3.7) lead to

L. T? <c. + 22 sty
2 o« 2« 5

For every T large enough such that (% - %) T? > ¢, + 1, we can obtain At > 0 small such that
(3 + ) Ar*S71C4, T* < 1. Therefore, we can get a contradiction for every A € (0, Ar). O
5

4

It follows from Lemma 3.2 that there exists a (PS)., sequence of ]{E still denoted by {u,}
20(cs+1)

with ||u,|| < T for every T > i

get that

and A € (0, At). By the definition of it again, we can

/
Jae(ity) = ]AT,S(un) — cT, Jae(tn) = ){g (uy) =0, asn — oo.
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x—2
By using Lemma 2.2, we can obtain the following lemma which plays a crucial role in

finding a nontrivial solution of system (1.1).

That is, for every fixed T > 4/ 2“(“‘“), {u,} is also a bounded (PS)., of ], for A € (0,Ar).

Lemma 3.3. Let {u, } be a bounded (PS). sequence of ], . with ¢ > 0, then there exists i € Hi,(R3) \
{0} such that J) (i) = 0.

Proof. Let {u,} be a bounded (PS). sequence of ], .. That is,
Jae(un) = ¢>0,  Ji.(uy) =0 inH,'(R%), as n — co. (3.8)
It is clear that {u,} is either
(i) vanishing: for each r > 0, limy,_,c0 Sup, cgs fBr(y) utdx =0, or

(ii) non-vanishing: there exist r,;7 > 0 and a sequence {y,} C R? such that

lim sup uZdx > 1.

If {u, } is vanishing, then it follows from Lemma L.1 in [18] that u, — 0 in L*(R®) whenever
2 <5 < 6. By [11, Lemma 2], we have

/3 Pre(un)uzdx — 0, n — oo. 3.9)
R
It follows from (f1) and (f2) that for every e > 0 there exists Cc > 0 such that

|f(x,£)] < elt] +Ce|t|PL, for (x,t) € R®x € R. (3.10)

Then

ASf(x,un)undx

By the arbitrariness of € and u,, — 0 in L?(R®), we have

< / (e? + Celuy|P)dx.
R3

/Sf(x,un)undx — 0, n — oo. (3.11)
R

It follows from (3.9), (3.11) and (]A,E(un),uﬁ — 0 that u,, — 0 in H%,(IR%. Then J) . (1,) — 0,
which is a contradiction with the fact that ¢ > 0 in (3.8). Therefore, {u,} must be non-
vanishing. Furthermore, we can assume that {y,} C Z3 since B,(y,) C B,;1(z,) for some
z, € Z5.

Let u,(x) := uy(x +y,). (iii) of Lemma 2.2 and the periodic assumptions of V and f
guarantee that ||il,| = ||u.|| and ||J} ()] = ||J}.(un)|- Since {i,} is bounded in H,(IR?),
there exists # € Hi,(R%), which is nonzero due to the fact that lim sup,, .. fBr(O) uZdx > 1,
such that i1, — # in H},(IR®) after passing to a subsequence. A direct computation shows that
J4 (@) = 0. In fact, for every v € H},(IR%),

0u(1) = (J} (i), 0) = /R (Vi Vo+ V()0 + e ()0 — f(x, )0)dx.

The weak convergence in H{,(IR?) leads to

/S(VﬁnVU + V(x)uy0)dx — /3(VWU + V(x)uv)dx, asn — .
R R
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By (i7) of Lemma 2.2, we can get that ¢, ((il,) — ¢, (i) in X and

/]R3 Pae(ily)thyvdx — /]R3 Pre(th)ivdx, asn — oo.
It follows from (3.10) that
|f(x, 1n)0| < || |v| + Clita|P~ 0|, for some C > 0.
By the definitions of weak convergence in L?(IR®) and Lt (R%), we can get that
/Rs“ﬁ"””' + Clig P o] )dx — /RE}(WHU\ +Cli|PYo|)dx, for v € HY(R3).
Then, by applying the Fatou lemma twice, we have
/]Rsf(x,ﬂn)vdx — /]Rsf(x, u)vdx, n — 0.

Thus, (]} .(i1),v) = 0. That is, i is a nontrivial critical point of Jj .. O

a—2
Lemma 3.2 and Lemma 3.3, for every A € (0,A9) and € > 0, ], has at least one nontrivial
critical point u) . € Hj,(IR%). Lemma 2.3 indicates that (1) ¢, ¢ (11,)) is a nontrivial solution
of system (1.1). The proof is completed. O

Proof of Theorem 1.1. Let Ty > 4/ 2(e:41) and Ap := Ag, be chosen as in Lemma 3.2. By
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