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1 Introduction

Several applied problems are modeled by non-delay systems. Non-delay systems are gov-
erned by the assumption that the future evolution of the system is determined by the present
state. Moreover, it is independent of the past states. In reality, such an assumption is the only
a first approximation to the real system. A more realistic model assumes that the evolution
of the future states depends not only on the current state but also on their past history. Delay
differential equations (DDEs) (also called hereditary systems, systems with aftereffect, func-
tional differential equations, retarded differential equations, differential difference equations)
provide an appropriate model for physical processes whose time evolution depends on their
history.

The stochastic delay differential equations (SDDEs) have been extensively used in many
branches of physics, biology, as well as in dynamical structures in engineering, mechanics, au-
tomatic regulation, economy finance, ecology, sociology, medicine, etc. The stability of SDDEs
has become a very prevalent theme of recent research in Mathematics and its applications. An
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important direction in the study of equations with delays is the analysis of stability. The cor-
responding study of the stability properties of solutions has received much attention during
the last decades. The reader is referred to [15,16,20-22,24], for more details.

As it is well known, in the case without any hereditary features, Lyapunov’s technique
is available to obtain sufficient conditions for the stability of the solutions of stochastic dif-
ferential equations. These sufficient conditions are obtained using the construction of some
Lyapunov functions of functionals, being the latter a method which provides better conditions
than using Lyapunov functions. Moreover, the construction of Lyapunov functionals is more
complicated as Krasovskii [19] pointed out.

In this us, the construction of different Lyapunov functionals for one SDDEs allows to
establish several stability conditions for the solution of this equation. There exist numerous
works that tackle the construction of Lyapunov functionals for a wide range of equations
containing some hereditary properties, see [10,17,23].

Several fundamental variants to Lyapunov’s original concepts of practical stability were
introduced in [1-6,9,11,12]. When the origin is not necessarily an equilibrium point, we can
study the asymptotic stability of solutions of the SDDEs in a small neighborhood of the origin.
In the investigation of the asymptotic behavior of solutions to stochastic differential systems,
one can find that a solution is asymptotically stable but may not necessarily exponentially
stable. Further, in the nonlinear and/or nonautonomous situations, it may happen that the
stability cannot always be exponential but can be sub or super-exponential, see [7,8]. For
this reason, the main aim of this paper is to discuss the almost sure practical stability with a
general decay rate of stochastic delay differential equations.

The general method of Lyapunov functionals construction, which was proposed by V.
Kolmanovskii and L. Shaikhet [17,18,23], is used here for stochastic differential equations with
delay. This approach has already been successfully used for functional differential equations,
for difference equations with discrete time, for difference equations with continuous time.
Our interest in this paper is to investigate the practical stability with a general decay rate of
stochastic differential equations with constant and time-varying delay by using the general
method of Lyapunov functionals construction.

In [11], Caraballo et al. investigated the practical convergence to zero with a general decay
rate of stochastic delay evolution equation by using Lyapunov functions. To the best of our
knowledge, no work has been published about the practical stability of SDDEs in the literature
by using Lyapunov functionals, which is our research topic in our paper. The novelty of our
work is to investigate the practical convergence to a small ball centered at the origin with a
general decay rate in terms of the existence and construction of Lyapunov functionals. Further-
more, we construct Lyapunov functionals for stochastic differential equations with constant
and time-varying delay to obtain sufficient conditions ensuring the practical convergence to a
small ball centered at the origin with a general decay rate. The contents of this paper are as
follows: in Section 2, we introduce the necessary notations and preliminaries. In Section 3,
we establish several sufficient criteria for almost sure practical stability of the stochastic delay
systems with a general decay rate utilizing Lyapunov’s functional. In Section 4, we aim to
analyze the almost sure practical stability with a general decay rate of stochastic differential
equations with constant and time-varying delay by constructing suitable Lyapunov function-
als. Moreover, we exhibit some examples to illustrate the theoretical findings. Eventually,
some conclusions are included in the last section.
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Notations

Throughout this paper, unless otherwise specified, we use the following notations.

Let {Q), F,P} be a complete probability space with a filtration {F; };>¢ satisfying the usual
conditions (i.e., it is increasing and right continuous while ¢ contains all IP-null sets). Let
B(t) = (Bi(t),...,Bu(t)) be an m-dimensional Brownian motion defined on the probability
space. Let Ry = [0,+00) and T > 0. We denote by C([—7,0],R") the family of all con-
tinuous functions from [—7,0] to R" with the norm ||¢| = sup___,-,|@(8)|. Let p > 0,
and denote by Lfrt([—r, 0], R") the family of all F;-measurable C([—T,0], R")-valued random
variables ¢, such that E(||||P) < oo. If x(t) is a continuous R"-valued stochastic process on
t € [—T,+00), for each t > 0 we define x; by x;(0) = x(t +6) : —7 < 6 < 0 for t > 0, which is
a C([—7,0],R")valued process.

Let us consider the following n-dimensional stochastic differential delay equation (SDDE):

dx(t) = F(t,x¢)dt + G(t,x¢)dB(t), t>0, (1.1)

where F : [0,400) x C([-7,0],R") - R", G:[0,4+00) x C([—7,0],R") — R"*"™.

We assume that there exits t € R, such that F(¢,0) # 0 or G(t,0) # 0, i.e., the stochastic
differential delay equation (1.1) does not have the trivial solution x = 0.

In order to solve equation (1.1), we require to know the initial data, then we assume that
they are given by

xo=¢, ie, xo(0)=¢(0)=x(0), V0e][-1,0], (1.2)
where ¢ is a C([—7,0],R") — valued random variable such that E(||¢[|?) < co.

For the well-posedness of system (1.1), we impose the following assumptions.

Assumptions:

1. A local Lipschitz condition:

For every real number T > 0 and integer i > 1, there exists a positive constant Kr;, such
that for all t € [0, T] and all ¢, ¢ € C([—7,0],R") with ||| V ||¢] <,

IE(t, @) = E(t, @) 1>V IG(t, ) = G(t, )II* < Kr,i (¢ — 1)

2. A linear growth condition:

For every real number T > 0, there exists a positive constant Kr, such that for all
t €[0,T] and all ¢ € C([—7,0],R"),

IECE )12 VGt @) < Kr (14 [lo]?).

Then, under assumptions (1) and (2), the stochastic differential delay equation (1.1) with the
given initial data (1.2) has a unique global solution x(-) = x(+,0,&) € M?([—7, +0),R"), (see
Mao [21], for more details). Moreover, x(-) satisfies the following integral equation:

{x(t) :C(O)—|—/OtF(s,xs)ds+/OtG(s,xs)dB(s), as, and
x(t) =¢(t), t

€ [-7,0].
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To calculate the stochastic differential of the process #(f) = v(t,x(t)), where x(t) is a
solution of the SDDE (1.1), and the function v : [0, +c0) X R" — Ry has continuous partial
derivatives

v v v 9%
ve(t, x) = E(t,x), vx(t,x) = <ax](t,x),...,m(t,x)>, Uxx(f,Xx) = <BXiaxj(t,x)>nm.

The following Itd’s formula [14] is used:
dn(t) = Lo(t, x(t))dt + vy (t, x(t))G(t, x¢)dB(t).

The operator Luv is called the generator of (1.1) and is defined in the following way:

Lo(t,x(t)) = vi(t, x(£)) + 02 (t, x(£))E(t, x;) + %trace (GT(t, ) v (t, x(£))G(t, xt)> .

The generator £ can be applied also for some functionals V (¢, ¢): [0, +00)xC([—7,0], R") —
R;. Suppose that a functional V (¢, ¢) can be represented in the form V (t, ¢(0), ¢(0)), 6 <0,
and for ¢ = x;, put

Vo(t,x) =V(t,e) =V(t,x) =V(t,x,x(t+0)), 6<0,
x = @(0) = x(t). (1.3)

Denote by D the set of the functionals for which the function V,(t,x) defined by (1) has a
continuous derivative with respect to t and two continuous derivatives with respect to x (see
[23]). For functionals from D, the generator £ of (1.1) has the following form:

LV (t,x1) = Vo (£, x(£)) + Vg (£, x(£)) F(t, 1) + %trace <GT(t, %) Vur (£, x(£)) G (¢, xt)) .

From the It6 formula it follows that for a functional V from D,
dV(t,x;) = LV(t,x;)dt + Vo (t, x(t))G(t, x;)dB(t).

The following lemma is known as the exponential martingale inequality, and will be useful
in our analysis.

Lemma 1.1 (See [21]). Let ¢ = (g1, ..., 9m) € L*(R,R™), and let T, y, 17 be any positive numbers.
Then,
t t
P ( sup | [ s(ab. 5 [[lg(e) P > 77) < exp(—pu).
o<t<t L/O 0

2 Practical stability of stochastic delay equations

First, we define the practical uniform exponential stability of a stochastic delay equation.
Definition 2.1.

i) The ball B, := {x € R" : ||x|| < r}, r > 0 is said to be almost surely globally uniformly
exponentially stable, if for any initial data ¢ € C(|—1,0],R"), such that 0 < ||x(t,0,¢)| —r,
forallt >0,

1
lim sup?ln(||x(t,0,(§)|\ —r) <0, as.

t—+oc0
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ii) The system (1.1) is said to be almost surely practically uniformly exponentially stable, if
there exists r > 0, such that B, is almost surely uniformly exponentially stable.

Now, we state the definition of practical convergence to the ball B, with a general decay
function A(t).

Definition 2.2. Let A(t) be a positive function defined for sufficiently large t > 0, such that
A(t) — +oco as t — +oo. A solution x(t) to system (1.1) is said to decay to the ball B,
almost surely practically with decay function A(t) and order at least v > 0, if its generalized
Lyapunov exponent is less than or equal to —< with probability one, i.e.,

In([|x(£,0,&)| =)

i <—q, as.
Jm, sup I A(f) =77 as

If in addition, 0 is a solution to system (1.1), the zero solution is said to be almost surely
practically asymptotically stable with decay function A(t) and order at least 1, if every solution
to system (1.1) decays to the ball B, almost surely practically with decay function A(t) and
order at least v, for all r > 0 sufficiently small.

Remark 2.3. Clearly, replacing in the above definition, the decay function A(t) by O(e') leads
to the almost sure practical exponential stability.

Remark 2.4. Here we should mention that in [11] we establish sufficient conditions for prac-
tical decay to zero by using Lyapunov functions but now we will use Lyapunov functionals
and decay to ball B;.

Now, we aim to prove the practical stability of stochastic differential delay equations with
general decay rate in terms of Lyapunov functionals.

Theorem 2.5. Let V : Ry x C([—7,0],R") — R be a functional from D. Assume that In A(t) is
uniformly continuous on t > 0, and there exists a constant o > 0, such that

im Inlnt
t=too INA(E) —

Let x(-) = x(-,0,¢) be a solution to system (1.1) and assume that there exist constants g € N*, m >
0, B1 € R, B2 > 0, a non-increasing function ¢(t) > 0 and a continuous non-negative function P(t),
such that, for all t > 0, the following assumptions hold:

(H1) AT () [x()[|T < V(E, xt).
(#2) / LV (s,x, ds+/ §) | Vi (s, x5)G (s, x5 ) | *ds </ P(s)A™ () | x(s)||7ds + p(£),

where p(t) is a continuous non-negative function.

(Hs) Jo

0
Jm sup S m() “<h
o lncp()
tEToo inf InA(t) — = ~P2
p(t)

=v>0.

=100 A (1)



6 T. Caraballo, F. Ezzine and M. A. Hammami

M g
(Ha) |x(¢,0,8)| > <Apmt2)) , forall t >0.

Then,

Ix(t,0,8)] — (40 ;)
lim sup < <A t)) < —[m

t—>-+oo InA(t) —(B1+ (B2+0o)vm)], as.

Proof. Observe that we have

AT ()]l x(B) 1T = p(t) = A™(E)

(
= A (t) (x@" ((Ae"(z))y) |

Al b1 = (a—b)(aT P +aT b+ a7 30 + - + a1,

Using the inequality

we conclude
A8 (0) |9 — p(t) = A7 (x e - ,ﬁ%)ﬁj
Qu )
x(>q1+ qZ(;@Q;+M+<5@Q%j
:AWQQM@H—Q&%>5§2W@W%<EQQ%{

From condition (#3), we have lim;_, 4 Amgy = V> 0. That is, for 0 < vy < v, there exits

_ 1
T > 0, such that Apnf(i) > vp for all + > T. Then, as we are assuming that ||x(¢)|| > (APHSEZ))% for
all t > 0, it holds

k-1 1 g-1

O[] = o+ o2 [

Therefore,

Awmme—meAwohmmw[;@J]vtfmauzfzo
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Hence, we see that

Vit ) = AR = A [x(0)]7 — p(h)
m o) 171
> A [uxwu—[ ol ]

0 [qu)u - |85

(1) [wau - frfzi)]q” <In[V(tx)].

That is,

and,

Inv' +In

Consequently, it follows that

Inv' +minA(t) +In

Il - | s

Applying the It6 formula, we obtain
t t
V(txi) = V(0,x0) + / LV (s, x)ds + [ V(s %)G(s, %)B(s). @.1)
0 0

Based upon the uniform continuity of In A(t), we can ensure that for each ¢ > 0 there exists
two positive integers N = N(¢) and k1 (¢), such that if k w<t< 2’§V, k > kq(e), it follows that

InA <2]§\]> —ln)\(t)' <e

On the other side, owing to the exponential martingale inequality from Lemma 1.1, we have

0<t<t

t
P {w . sup [M(t) — g/ HVx(s,xs)G(s,xs)szs] > 17} <e M,
0
for any positive constants y, 77 and T, where

M(f) = /Ot Vi(s, %5)G(s, x5)dB(s).

In particular, for the preceding € > 0, we set

k—1 k—1\"" k-1 k
}1:2(])<2N), 77:¢<21\]) IHZT, T:27N, k:2,3,...

Then, we apply the well-known Borel-Cantelli lemma to obtain that, for almost all w € (),
there exists an integer ko = k(e, w) > 0, such that

Mo <o (550) "Z‘Nl o (550 [ InGs 066l

k—1
=¢ (21\’) n ZN +/ $)||Vie(s, x5)G (s, x5)||*ds,
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for0 <t <%, k>ko(ew).
Substituting the last inequality into Eq. (2.1), we obtain

V(t,xt) <V(0,x0) +¢ <k 1) ln N —|—/ LV (s, xs ds+/ $) || Vi (s, x5)G(s, x5)||%ds,

for 0 <t < &, k < ko(e, w).
Using conditions (#1) and (H2), it follows that

V(t,xt)SV(O,xo)—i—q><k2_Nl) 1n—+p +/ s)|x(s)||7ds

V(0,x0) + ¢ <k2_N1) +p +/ V(s, x5)d

for0<t< ZLN' k> ko(e, w).
Applying now the Gronwall lemma [13],

Vit ) < (v<o o () Lo >)exp(/0t¢<s>ds). 2)

Based upon condition (H3) we have that, for any € > 0, lim;_, ;. sup v < B1+¢ and

ln)\
lim;_, 4 o inf iﬁf%g > —p — &. Thanks also to the uniform continuity of In A( ), there exists a

positive integer ki (¢), such that whenever t > k; (¢),
t
| @)ds < (B +e)ma),
k—1\"" .
¢ <2N> < ¢(t) < A(t)P,

for S <t < Ko, k> k(o).
Furthermore, we have

k—1 k k—1 k

Based on inequality (2.2), and the standing assumptions, we obtain for almost all w € ),
IV (t, %) < In (V(0,%0) + (5% 4 p(t)) + (B1 +2) InA(),

for 5t <t <, k>K(e).
Hence we deduce that

< .S.
ttoo InA(t) S (Prtot2e)vmtprte as

Recall that, for t > T > 0 and g € IN*, we have

n <||x(t)y| - (fﬂf&)‘]) <InV(Lx) — minA(E) — Inv.
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Taking into account that ¢ > 0 is arbitrary, we derive that,

m@ﬂw—(ﬂ%)j
lim sup

t—-+oo In A(t)

< —[m—(pr+(p2+0o)Vvm), as,

as required. O

In the next corollary, we will deduce the practical convergence to the ball B, with a general
decay rate of stochastic differential delay equations.

Corollary 2.6. Let V : Ry x C([—1,0],R") — Ry be a functional from D. Assume that In A(t) is
uniformly continuous on t > 0, and there exists a constant o > 0, such that
Inlnt

e InA(f) =7

Let x(-) = x(+,0,¢) be a solution to system (1.1), and assume that there exist constants q € IN*, m >
0, B1 € R, B2 > 0, a non—increasing function ¢(t) > 0 and a continuous non—negative function
Y(t), such that for all t > 0, assumptions (H1)—(Ha) are satisfied. Then, if in addition there exists
U > v > 0, such that ||x(t,0,¢)|| > v forall t > 0, it follows

i (lxw0.0)] - 0)7)
e OP In A(t) =T

where vy =m — (B1+ (B2 +0) V m).
In particular, if m > By + (B2 + o) V m, then the solution to system (1.1) decays to the ball B,,

with r = (17)% almost surely practically with decay function A(t) and order at least .

Remark 2.7. Observe that the condition m > B + (B2 + o) V m (or equivalently v > 0) in the
corollary holds in the following cases:

* If Bo + 0 < m, then the condition becomes m > B; 4+ m. Therefore, this requires g; < 0.

e If B, 4+ o > m, then the condition turns to m > B1 + B2 + ¢ which again requires f; < 0.
As a conclusion, the condition ensuring that -y is positive requires that f; < 0, and this
implies that when B, + ¢ < m, then v > 0, and when B + ¢ > m, then B; must be
smaller than m — $, — 0.

Proof. From Theorem 2.5, it follows that

m@mw—(ﬁ%)j
lim sup

t+o0 In A(t)

< —7, as.

Since, we have lim;_, % = v < U, then there exists T > 0, such that £ (t)) < v, for all

/\m(t
t > T > 0. Hence, we obtain
1
o)
1 In | [|x(8)| —
 m(kol-@F) Q“”'(Mm
lim su < lim sup

e InA(f) = 15 e InA(t)

< —v, textrma.s.

Hence, if m > B1 + (B2 + ) V m, then the solution to system (1.1) decays to the ball B,

with r = (5)% almost surely practically with decay function A(f) and order at least . O
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Example 2.8. Consider the following one dimensional stochastic differential delay equation
with constant time delay.

b+1 1

2(1J:L n¥ 0+ 1
x(t) =¢(t), te[-T1,0],
where b € Ry, B(t) is a one-dimensional Brownian motion and 7 is a positive constant.
Define for ® € C([—1,0],R):

b+1 1
mcb(O) + T+t
Now, we proceed to investigate the practical stability with a general decay rate of system

(2.3) by using a Lyapunov functional.
Consider the following functional,

x(t—7)|dt+ (1+8)"2dB(t), >0,

dx(t) = | —

(2.3)

NI=

EF(t,®) = — d(—1), G(t,P)=(1+t)"2, t>0.

V(t,x;) := (14 ) |x(t)]* + tt | (u) |2du.

—T

Then, it is easy to check that for arbitrary a« > 1, ¢(t) = 4(1%)&, we have
/Ot LV (s, xs)ds + /Ot 4<1iis)awx(s, x5)G(s, x5)|ds
< /Otds—/Otb|x(s)|2ds+/Ot2|x(s)||x(s—T)|ds
b [ Iet)ds — [ els )P + [ ot ) Pas
0 0 0o (14s)x2
< /Ot ds + /Ot(l —b)|x(s)|*ds + /Ot |x(s — 7)|%ds

+ /Ot |x(s)|?ds — /Ot |x(s — 7)|%ds + /Ot (1_|_bs)az’x(5)|2ds-

Consequently, we obtain

t t
/O£V(S,x5)ds+/0 b(l_lf_s)lx‘vx(s,xs)G(S,xs)’zdS

< t+/0t ﬁ;i e _|_Z>uc—l:| (1+s)|x(s)|?ds.

( )

Taking A(t) = (1 + t), then by some easy computations, we can check that,
c=0, p1=2-b, Po=a v=1 m=1
Finally, Corollary 2.6 allows us to conclude that
In(]x(t)| —1)
t-oo In(1+¢) — Toas

Hence, we deduce that the solution to system (2.3) decays to the ball B, almost surely prac-
tically with decay function A(t) = 1+¢, r = 1, and order at least v = b — 1 — a, whenever
b>1+a.
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3 Method of Lyapunov functionals construction in practical stability
of stochastic delay differential equations

Notice that Corollary 2.6 implies that the almost sure practical stability with a general decay

rate of SDDE (1.1) can be reduced to the construction of appropriate Lyapunov functionals.

A formal procedure to construct Lyapunov functionals is described below, (see Krasovskii
[19], and V. Kolmanovskii and L. Shaikhet [17,18,23], for more details).

3.1 The formal procedure of constructing Lyapunov functionals

The formal procedure for constructing Lyapunov functionals consists of four steps.

Step 1: Let us represent (1.1) in the following form:
dz(t,x;) = (Fi(t,x(t)) + Fa(t, x¢)) dt + (G1(t, x(t)) + Ga(t, x¢)) dB(t), (3.1)

where z(t,x¢) is some functional of x;, the functions F; (¢, x(t)) and Gy (t, x(t)), depend on t
and x(t) only and do not depend on the previous values x(t + 6), 6 < 0, of the solution, and
there exists t € Ry, such that Fi(¢,-) # 0 or G1(¢,-) # 0.

Step 2 : Consider the auxiliary differential equation without memory

dy(t) = Fy(t,y(8))dt + G (£, y())dB(). (32)

Assume that the system (3.2) is almost sure practical stable with a general decay rate and there
exists a Lyapunov function v(t,y(t)), which satisfies the conditions of Corollary 2.6.

Step 3 : A Lyapunov functional V(t,x;) for Eq.(1.1) is constructed in the form V = V; + V3,
where Vi (t,x¢) = v(t,z(t,x;)). Here the argument y of the function v(t,y) is replaced on the
functional z(t, x;) from the left-hand part of Eq.(3.1).

Step 4 : Usually, the functional V;(t,x;) almost satisfies the conditions of Corollary 2.6. To
fully satisfy these conditions, it is necessary to calculate LV} (t,x¢) and estimate it. Then, we
choose the additional functional V,(t, x;) in a standard way.

Remark 3.1. The representation (3.1) is not unique. This fact allows, using different repre-
sentations of the type of (3.1) or different ways to estimate LV;(t,x;), to construct different
Lyapunov functionals and, as a result to obtain different sufficient conditions for the practical
stability with a general decay rate.

3.2 Construction of Lyapunov functionals for stochastic differential equations
with constant delay

Consider the following stochastic differential equation with constant delay:

(f(t,x(t)) + F(t,x(t),x(t —h)))dt + G(t, x(t), x(t — T))dB(t),

dx(t) t
&(s), se[—h0], (3.3)

x(s)

where, N
h =max[h, 1|, and f:R;y xR"— xR",

F:[0,400) x R" xR" - R", G:[0,+00) x R" x R" — R"".
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B(t) is an m-dimensional Brownian motion defined on the probability space {Q), F,P}.
Observe that Eq. (3.3) is a particular case of Eq. (1.1).
We will apply the method described above to construct Lyapunov functionals for Eq. (3.3),
and, as a consequence, to obtain sufficient conditions ensuring the almost sure practical sta-
bility with decay function A(t), where A(-) € C}(Ry).

Theorem 3.2. Assume that In A(t) is uniformly continuous on t > 0, and there exists a constant
o > 0, such that
Inlnt

S InA(E) =

Let ¢ (t) be a continuous non—negative function, and p(t) a non-negative continuous differentiable
function, such that for all t > 0 > 0 the following assumptions hold:

(A1) 25,00 < (1 (0) ~ R+ L1, k>0,
I, ®)]| < & |[D(—1)]|,
16(t, )] < asll (-,
|D(0)G(E,®) | < asll@(~7), 64)

where E(t,®) = E(t, ®(0), ®(—h)), G(t,®) = G(t, d(0), d(—T)).

(Ay) Jo $1(s)ds
AmsUP e = ek
. t . p(t)
AP ~ €20 M e vl
(As) p(t) \?
|x(t,0,8)| > ()\m(t)> , forallt > 0.

Then, if in addition there exists U > v > 0, such that ||x(t,0,¢)|| > v forall t > 0, it follows

. (Ix(t,0,8) - (8)?)

t—>+oo InA(#) =7 as

where v = KC — (m+a +0) — (201 + &)C, & = a2 + a3.
In particular, if KC > m + a + 0 + (201 + «)C, then the solution to system (3.3) decays to the
ball B,, with r = (0)2 almost surely practically, with decay function A(t) and order at least .

Proof. Based upon the procedure of Lyapunov functionals construction, we consider the aux-
iliary equation without memory of the type (3.2) as

y(t) = f(&y(1)). (35)

Our target now is to prove that the solution to system (3.5) decays to the ball B,, with r =
(17)% almost surely with decay function A(t). To this end, we consider the function v(t,y) =
A"(H)|ly|l?, m > 0 as a Lyapunov function for Eq. (3.5). Then, we have to prove that v(t,y)
satisfies all conditions of Corollary 2.6.
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Using (3.4), it follows that

/Otvs (s,y(s))ds + /Ot ox(s,y(3)) f(s,y(s))ds
= /ot mA (A" (s) y(s)] s + | 207(5) (y(s), £ (5, y(s)) s
< /Oth'(s)Am1(s)||y(5)\!2ds+/0t (A"(s) [ (s) — K] ly(s) |12 + 0'(5)) ds
= /ot [mﬁl((ss)) +1a(s) - K} A () ||y (s)[|%ds + p(t) — p(0).

That is,

| osty(s))ds + [ o0a(s, ()£ (5, (5))ds
< [ [+ n) - K| o) s+ oo

Thus, setting

w(t) = m//\\/((:)) i) — K.

Then, using assumption (A;), one obtains

t
lim sup fo P (s)ds

< — KC.
£ 400 In A(t) sm+a—KC

Consequently, Corollary 2.6 allows us to conclude that,

(ol - @)
it P In A(t) =7 asy

where v = KC — (v + 0V m). Hence, if KC > a + ¢V m, then the solution to system (3.4)
decays to the ball B,, with r = ()2 almost surely practically with decay function A(t) and
order at least 7.

Based on the procedure, now we construct a Lyapunov functional V for Eq. (3.3) in the
form V = V; + V;, where Vi (t,x;) = A™(t)]|x(t)]|*.

Following Corollary 2.6, we consider the function ¢(t) = t > 0, then, it follows that

4)\’”( )’

/ LVi(s,xo)ds + / $)|[Vax(s, x:) G (s, x(s), x(s — 7)) ||*ds

- /0 mA (A" (6) [(3)]Pds + [ 207 (5) (f (5, x(s)), x(5))ds

+ ; 2/\m(s)<f(s,x(s),x(s —h)),x(s))ds + /Ot /\m(s)Hé(s,x(s),x(s —1))||%ds

+ /t/\m(s)Hx(s)é(s,x(s),x(s _ T))sz&
0
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Taking into account assumptions (3.4), we obtain

/Ot£V1(S,xs)dS + /t MW;HVM(S,JCS)G(S,X(S),JC(S - T))szs
<[4 5+ i) - ]||x<s>r|2ds+p<t>
+ [ 2aan(s Hx $)llxts — ) ds + [ adA"(s) (s — o)
+ [ () (s - o)l ds

< [ ([ T ) - K] ) I
4 [ ann(s)lixts —miPds + [ @A (s)llx(s ) Pds + p(0),

where, & = a3 + a3.
Set now

Valtxe) = an [ A% (o) P & [ A7) )Pt

Then,
t t t
/EVz(s,xs)ds:txl/O )Lm(s+h)||x(s)||2ds—¢x1/o A (s)||x(s — ) || ds
0
t t
H [ A D)) [Pds — & [N (s - s
0 0
t t
= [ A7(5)1x(6)Pds = an | A7(5)x(s — ) s
0 0
t t
+ [ A7($)|x(6) Pds & | A7(5)]x(s — 7).
0 0
That is, for V = V; + V5, we obtain

[ evisxas+ [ tW{)y|vx<s,xs>é<s,x<s>,x<s—r))szs

<, [

(s >+za1+a—1<] x(s)|%ds + p ().

That is, we have

o) =i+ 2w ik 00 =

Therefore, we obtain

oy w(s)
tEI-&l:Ioo sup ({n A(t)

.. Ing(t
Mm inf e 2 T

s
<m+uwa+ (201 +a — K)C,

~—
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Finally, Corollary 2.6 allows us to conclude that,

I ([x(50,8)] - (©)?)
tErJPoo In A(t) =V

where v+ = KC— (m+a +0) — (2a1 + «)C. Thus, if KC > (m+a+0) + (201 + &)C, the
solution to system (3.3) decays to the ball B,, with r = (17)% almost surely practically with
decay function A(f). O

Now, we provide an illustrative example that implements the previous result.

Example 3.3. Consider the following one dimensional stochastic differential delay equation
with constant time delay.

dx(t) = [(a Lo 3t — 4K) x(t) + 2(1+1]x(t)|) + cos(t)x(t —h)| dt
+g(x(t))1 i |x(t§|dB(t), t>0, (3.6)
x(t)=¢(t), te[-h0],

where a4,K € R4, g(-) : R — R is a bounded Lipschitz continuous function, such that g(0) #
0, and |g(x)| < L, x € R, L > 0, B(t) is a one-dimensional Brownian motion and # is a
positive constant.

We can set this problem in our formulation by taking,

1

f(t,x)zi(a+e’%t—4l<>x+ 1

2(1+[x(1)])’
F(t,®) = cos(t)®(—h),
P(=h)

G(t,®) = 8(®(0) 150y

x €R, ® € C([-h,0],R).
We will consider the decay function A(t) = ¢! and m = 1. Indeed, we can apply Theorem
3.2 in a straightforward way since,

2(x, f(t,x)) < (a+e 2t 4K) |x|2+ii,
|E(t, @)| < |D(—h)],
G(t, ®)| < L|®(—h)],
|©(0)G(t,@)| < L|®(—Hh)].

Therefore, we can set .
p(t) =¢', pi(t) = (a+e2).

Then, we can choose constants in Theorem 3.2 as follows:
c=0 C=1, a=a, oy=1, ap=a3=L, v=1.

Eventually, we deduce that

t—+o0 t
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where v = 4K — (3 4+ a + 2L?). Hence, if 4K > 3 + a + 2L?, we deduce that the solution to
system (3.6) is almost surely practically exponentially stable with decay function A(t) = e
and order at least .

3.3 Construction of Lyapunov functionals for stochastic differential equations
with time-varying delay

Consider the following stochastic differential equation with time-varying delay:

dx(t) = [f(t,x(t)) + F(t, x(t), x(t — h(t)))] dt + G(t, x(¢), x(t — T(t)))dB(t),
h(t) € [0,h], 7T(t) €[0,], h = max[hoy, 1),

x(s) = &(s), s € [~h,0], (37)
where,
f:Ry xR" — xR", F:[0,40) xR"xR" —-R", G:[0,+00)x R" xR" — R"™"™.

B(t) is an m—dimensional Brownian motion defined on the probability {Q), F,P}.
Observe that Eq.(3.7) is a particular case of Eq. (1.1).

Now, we aim to apply the procedure of constructing Lyapunov functionals for Eq. (3.7), in
order to obtain sufficient conditions ensuring the almost sure practical uniform exponential
stability, with decay function A(t) = ¢’. The construction of Lyapunov functionals for general
decay functions will be analyzed elsewhere.

Theorem 3.4. Let ¢ (t) be a continuous non-negative function, y,(t) > 0 a non-increasing function
and p(t) a continuous non-negative differentiable function, such that for all t > 0 > 0 the following
assumptions hold:

(A 203, £(t,)) < (i(6) ~ O+ 20, k>0,
1E(, @) < pa(t)[@(~R(1))]]
1G(t, )| < aal|d(~7(1))]],
[©(0)G(t, ®)]| < asll@(~T(1))]], )

where F(t,®) = F(t,®(0), ®(—h(t))), G(t,®) = G(t,®(0), P(—7(t))), and

t(t) ; 7 <1 (3.9)

Ix(£,0,)[| > (ig}) forall t > 0.
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Then, if in addition there exists U > v > 0, such that ||x(t,0,&)|| > v for all t > 0, it follows

1
i ([t0,01 - @)
o I A(t) =7 &8

where v = K — (m+«) — (1+1WZ’) K%,E:a%—i—a%.

In particular, if K > m +a + (1 + 1"_—,101)a+~" -
By, with r = (17)% almost surely uniformly pmctzcally exponentially stable, i.e., with decay function
A(t) = €', and order at least .

, the solution to system (3.7) decays to the ball

Proof. Proceeding as in the proof of Theorem 3.2, we consider the auxiliary equation without
memory of the type (3.2) as

y(t) = f(&y(t). (3.10)

We have to prove that the solution to system (3.10) decays to the ball B, with r = (17)% almost
surely with decay function A(t). To this end, we consider the function v(t,y) = e™||y||?, m >0
as a Lyapunov function for Eq. (3.10).

Then, we have to prove that v(t,y) satisfies all conditions of Corollary 2.6.
On account of (3.8), it follows that

t

[ oo, + [ outoy(@) s y(s)ds < [ ya(s) = K y(s)]ds + p(o)

Thus, setting
P(t) = m+ Py (t) —

and using Corollary 2.6, it follows that

- Supln(uy( ) - @)?)

< — a.s.,
t—+o0 t =

where v = K— («+ 0V m). Hence, if K > a+ 0V m, then the solution to system (3.10)
decays to the ball B,, with r = (17)% almost surely practically uniformly exponentially stable
with order at least y. Based on the procedure, now we construct a Lyapunov functional V for
Eq. (3.7) in the form V = V; + V;, where Vy(t, x¢) = e™||x(t) ||2

Following Corollary 2.6, we consider the function ¢(t) = t > 0, then it follows that

4€mt 7

/ LVi(s, xs ds+/ $) || Vix (s, x5) G(s, x5) || 2ds
= /o emst(s)szs—i—/ 2e"™(f (s, x(s)), x(s))ds

£ ~
+/ 26 (F(s, xs), x ds+/ ¢8| G (s, xs ||2ds+/ ¢ [|x(5) G (s, xs) || °ds.
0
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Taking into account assumption (A}), it follows that

[ evits s + [ i IVaels,x)Gls, ) s
< [ i i) K] () Pas + (1)
+ [ 22w (s = (s)) s+ [ e x(s — 2(s))]ds
+ [ e s — () s
< [ e m e pa(s) = Ko+ 2(5)) () s
[ (e (s — h(s)) s + [ & (s = w(s)) s + p(o),

where & = a3 + 3.

Set now
Valt ) = g [ ) P+ [ e ) P
1—hy Ji-n 1—m11 Ji—(t)
Then,
t
/EVZ(s,xs)ds
0
= e ) (o) s
1—"hy Jo

1

" /Ot(l — h(s))em(s*h(s)Jrho))l/)z(s —h(s))|x(s — h(s))szs
T 1_“T1 /Ote (0 |l x(s) | *ds — 1_“ /0t<1 — (s))e"C=TE) ) || x(s — 7(s)) || 2ds

T

1 t
< 10 ) O ROl
1
— T = e D (s h(s)) (s — h(s) P
“mJo )
trg e ”"””zds—lfn/oﬂ—ﬁ) e 0T x(s — 7(s)) |ds

i ) R OlE) s = [ e pa(s) (s — (o) P

= t t
+ 1 _D‘T / s tm) l|x(s)]|>ds —BZ/ e"||x(s — 7(s))||*ds.
1.0 0

That is, for V = V] + V,, we obtain

IN

t t ~
[ evisxas+ | L V(s ) (s, x(s), x(s — 1)) |2ds
0 0 4e™s

t mhg mty
< [l (mr o) =Ko (1 0 ) (o) 437 ) ()]s +p(0),
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That is, we have

emhg emTO
= —-K+ (1 a
P(t) =m+ ¢ (t) — K+ ( + 1 _hl) Pa(t) + @y —
1
P(t) = Tt
Therefore, we obtain
fO emho M
< -
tgrﬂosup m+oa—K+ 1+1—h1 a+(x1_Tl,
lim inf lncp(t) =—
t—+o0 t
Using Corollary 2.6, we infer that
1
i (lt0,01 - @F)
e nA(f) =T asy
em’l'o

where v = K — (m + &) — (1—}—1"”;’) ?x'l —
-7
th

Then, if K > m+a+ (1+ 1" )a +a em ~, the solution to system (3.7) decays to the ball B;,

with r = (N)% almost surely uniformly practlcally exponentially stable with decay function
A(t) = ¢!, and order at least 7. O

We analyze now an example to show how the previous theorem can be implemented.

Example 3.5. Consider the following one dimensional stochastic differential delay equation
with constant time delay.

ax(t) = | 5 (b+ |cos(t)] ~ K) x ()+;1+€|xt()’+ti1x(t—h(t)) it
1(+|;(<t))])dB(t) (>0, (3.11)

x(t) =¢(t), te[-h0],
with the conditions,
1,
1,
where b, K € Ry, x € R, B(t) is a one-dimensional Brownian motion, and & = max[hy, To].
We can set this problem in our formulation by taking,

f(t,x) = % (a+ |cos(t)] — K)x + %1 j_‘tx’,
F(t,@) = 7 ®(-h(1),
G(t CD) @(—T(t))

1+ [®(0)[
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xeR, ®eC([-h0],R).
For m = 2, we can check that

Hence, we see that

Pi(t) = (b +[cos(t)]), ¥a(t) o(t) =eé.

T ir1

Then, we can choose constants in Theorem 3.4 as follows:
x=b a=0 ax=a3=1 v=1.
Finally, Theorem 3.4 allows us to conclude that,

i sup P0XO1 1)

— a.s.
t—+o0 t =" !

where v = K—(2-10) — 2 Hence, if K > 24 b+ 222, we deduce that the solution

1—T1 . 1—T1 4
to system (3.11) is almost surely practically exponentially stable, i.e., with decay function

A(t) = ¢!, and order at least 7.

4 Conclusion

We investigated herein the practical convergence to a small ball centered at the origin with
a general decay rate of stochastic differential delay equations. We then establish sufficient
conditions ensuring practical stability with a general decay rate of SDDEs by using Lyapunov
functionals. Furthermore, we construct suitable Lyapunov functionals for stochastic differen-
tial equations with constant and time-varying delay to obtain sufficient conditions ensuring
the practical stability with a general decay rate. Finally, based on the established stability
criteria, some examples are given to check the correctness of the derived results.
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