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Abstract. In this paper, we prove the existence of a positive ground state solution to the
following coupled system involving nonlinear Schrodinger equations:

—Au+Vi(x)u = fi(x,u) + A(x)v, x €R?,
—Av+ Vo (x)v = fo(x,0) + A(x)u, x € R?,

where A, Vi, V5, € C (]Rz, (0,400)) and fi, f> : R?Z x R — R have critical exponential
growth in the sense of Trudinger-Moser inequality. The potentials V; (x) and V;,(x) sat-
isfy a condition involving the coupling term A(x), namely 0 < A(x) < Ag+/Vi(x)Va(x).
We use non-Nehari manifold, Lions’s concentration compactness and strong maximum
principle to get a positive ground state solution. Moreover, by using a bootstrap reg-
ularity lifting argument and L7-estimates we get regularity and asymptotic behavior.
Our results improve and extend the previous results.
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1 Introduction and main results

This article is devoted to studying standing waves for the following system of nonlinear
Schrodinger equations:

{—Au + Vi(x)u = fi(x,u) + A(x)v, x€R? (1.1)

—Av+ Va(x)v = fo(x,0) + A(x)u, x €R?

where A, V1, V, € C (IRZ, R) and f1, f> : RZxR — R satisfy the following basic assumptions:
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(V) Vi(x), Va(x), A(x) € C(IR?%, (0, +0)) are all 1-periodic in each of x; and x,. Moreover,
there exists Ag € (0,1) such that

0 < A(x) < Apgy/Vh(x)Va(x), Vx € R%;

(F1) f; € C(R? x R,R), fi(x,t) is 1-periodic in each of x; and x5, and there exists a1, ay > 0
such that

om0

too  pnt?

= 0, uniformly on x € R? forall & > a;,i = 1,2;

and
L i)

) = too, uniformly on x € R?forall a < a;,i =1,2;
—» 00 e

(F2) fi(x,t) = o(t) as t — 0 uniformly on x € R?, fori =1,2. fi(x,t) =0 forall x € R%,t < 0.
y

Solutions of system (1.1) are related with standing waves of the following two-component
system:

{‘i%t =Ap = Vil)y + A0 $) A0 (1) ER* xR, (12)

_i%q: =Ap —Va(x)p+ fa(x, ) + A(x)p, (x,t) € R”ZXR,

where i denotes the imaginary unit. Such class of systems arise in various branches of mathe-
matical physics and nonlinear optics, see [1]. For instance, solutions of (1.1) are related to the
existence of solitary wave solutions for nonlinear Schrodinger equations and Klein—-Gordon
equations, see [4]. For system (1.2), a solution of the form

(1/1(?0 t)/ ‘P(xl t)) = (eithu(x)r eithU(x))/

where M is some real constant, called standing wave solution.

In order to motivate our results, we begin by giving a brief survey on this subject. Let us
consider the scalar case. Notice thatif A =0,V; =V, = V(x), fi = fo, = f and u = v, system
(1.1) reduces to the scalar equation

—Au+V(x)u= f(x,u). (1.3)

This class of nonlinear Schrodinger equation has been widely studied by many researchers,
under various hypotheses on the potential V(x) and nonlinear term f(x,u). Such as coercive
potential, axially symmetric potential, positive potential and periodic potential. In particular,
Chen and Tang [8] developed a direct approach to get nontrivial solutions and ground state
solutions when they considered the equation (1.3) in R?> where V(x) was a 1-periodic function
with respect to x; and xy, 0 lies in the gap of —A + V, and the nonlinear term was of Trudinger-
Moser critical exponential growth. Using the generalized linking theorem to obtain a Cerami
sequence, they showed that the Cerami sequence was bounded and the minimax-level was
less than the threshold value by virtue of Moser type functions. Furthermore, they obtained
that the Cerami sequence was nonvanishing, which extended and improved the results of
[2,17].

For the system of nonlinear Schrédinger equations, there are some results on the linearly
coupled system in subcritical and critical case. Chen and Zou [9] studied the following system

{—Au +u=f(x,u)+Av, xeRN, L4)

~Av+v=g(x,v)+Au, xRV,
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where 0 < A < 1. They discussed the system for non-autonomous and autonomous non-
linearities of subcritical growth respectively. When N > 2, f(x,u) = (1 + a(x))|u|’~'u and
¢(x,0) = (1+b(x))|v|P~1v, they improved the results of [3] for establishing energy estimates
of the ground states. Under some assumptions of potential a(x) and b(x), they obtained
not only the existence of positive bound states, but also a precise description of the limit be-
havior of the bound states as the parameter A goes to zero. When N > 3, f(x,u) = f(u),
g(x,v) = g(v), and Berestycki-Lions type assumptions were satisfied, they proved system
(1.4) had a positive radial ground state, moreover, the behavior and energy estimates of the
bound states as A — 0 were also obtained.

Later, Chen and Zou [10] investigated the following coupled systems with critical power-
type nonlinearity:

—A = ulP"lu+ Ao, xRV,
{ u+pu = ulP"u+Av, x (15)

—~Av+vo= o> 20+ Au, x€RN,

where 0 < A < /pv,1 < p < 2*—1and N > 3. They proved the existence of positive
ground states for system (1.5) when 0 < u < po, where 9 € (0,1) was some critical value.
When u and A were both large, system (1.5) had a positive ground state also. While, when u
was large but A was small, the system (1.5) had no ground state solutions. In addition, when
p = 2* — 1, system (1.5) had no nontrivial solutions by the Pohozaev identity. Motivated by
[10], Li and Tang [14] considered system (1.5) in RN, N > 3, when y = a(x) > 0, v = b(x) >0
and A = A(x) were continuous functions, 1-periodic in each of x1,x,...,xy, and satisfied
A(x) < /a(x)b(x), they proved system (1.5) had a Nehari-type ground state solution when
0 < a(x) < pp for some pp € (0,1). Some related linearly coupled systems were also studied
in [3,11,12] and the references therein.

In the above references we refer to, it is noticed that the nonlinearities were only considered
the polynominal growth of subcritical or critical type in terms of the Sobolev embedding. As
we all know, the Trudinger-Moser inequality in R? with critical exponential growth instead
of the Sobolev inequality in RN with critical polynominal growth, which was first established
by Cao in [5], reads as follows.

Lemma 1.1 ([5]).

i) Ifa > 0and u € H (IR?), then
/2 (e”‘”2 —1)dx < oo;
R

i) ifu € HY(R?), |[Vull3 < 1, |lul} < M < oo, and o < 47t. then there exists a constant
C(M, ), which depends only on M and «, such that

/]R2 (e —1)dx < C(M, ).

By virtue of the Trudinger-Moser inequality, do O and de Albuquerque [16] investigated
the following linear coupled system with constant potential in R?,

{—Au +u=fi(u)+A(x)v, x€R? (1.6)

—Av+v=fo(v) + A(x)u, xeR2.
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By using the minimization technique over the Nehari manifold and strong maximum princi-
ple, the existence of positive ground state solution and the corresponding asymptotic behavior
were obtained.

In the paper [15], do O and de Albuquerque used the same idea as [16] to investigate the
existence of positive ground state solution and asymptotic behaviors for the coupled system
(1.1) with nonnegative variable potentials. The main problem they faced was to overcome
the difficulty originated from the lack of compactness when the nonlinear terms had critical
exponential growth in R?. Based on this, they considered the following weighted Sobolev
space defined by

Hy,(R?) = {u e H'(R?) : /

Vi(x)udx < oo},
R2

endowed with the norm

1

2

H“sz(/ \Vu\zdx+/ Vi(x)uzdx) .
RR2 R2

They assumed the following conditions on the potential Vi(x), i = 1,2.

(V1) Vi(x) >0, for all x € R? and V; € L. (R?);

loc

(V2’) The infimum
uefjer:fRZ) {/}RZ(WMZ + Vi(x)u?)dx : /11{2 u?dx = 1}
is positive;
(V3’) There exists s € [2,+o0) such that

lim v!(IR*\ Bg) = oo,

R—o0

here,

Vul2+V; 2)d
i Jo(IVul* + z(xgu) x’ a+o,

Vi(Q) = L ueHy@\0) ([, |ulsdx)
o, O =0;

(V4’) There exists functions A;(x) € L;’;’C(]RZ), with A;(x) > 1, and constants 8; > 1,Cop, Ry >
0 such that 1
Ai(x) < Co[1+ Vi(x)Pi], forall |x| > Rq.

Here, (V1) and (V2) is assumed to ensure that Hy (IR?) is a Hilbert space, (V3’) and (V4')
play a crucial role in overcoming the lack of compactness.

In terms of nonlinearities, they defined f; : R* x R — R had a)-critical growth at +oo
involving the term A;(x), such as

= 0, uniformly on x € R? for all & > a}).

lim M = +o0, uniformly on x € R? for all & < «.
t— o0 Ai(x)glxt

Here, A;(x) was defined in (V4’). When A;(x) = 1, (F1) holds. In addition, they assumed the
following hypotheses:
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(F1) fi: R*x R — Ris C!, fi(x,t) =0 for all x € R?t <0, and

o i 1)

= iforml RZ;
WS 0, uniformly on x € R%;

(F2') fi(x,t) is locally bounded in ¢, that is, for any bounded interval A C R, there exists
C > 0 such that fi(x,t) < C, for all (x,t) € R x A;

(F3’) There exists p; > 2 such that

t
tfi(x,t) > uiFi(x,t) := yi/o fi(x,s)ds >0, V(x,t) € R* x RT;

(F4’) For each fixed x € R? the function t M is increasing for t > 0;

(F5") There exists g > 2 such that
Fi(x,s) + Fx(x,t) > 0(s + 1)
forall x € R2and s,t >0, ¢ > 0 is a constant.

n [15], jointly with (V4’), one can find that the growth of f; are controlled by the growth
of Vi(x), i = 1,2 form (F1’). Moreover, the condition f; € C! in (F1’) plays a crucial role to
obtain the Nehari-type ground state solutions for (1.1) via the Nehari manifold method. (F3’)
is the well-known Ambrosetti-Rabinowitz condition ((AR) condition), which ensures that the
functional associated with the problem has a mountain pass geometry and guarantees the
boundedness of the Palais-Smale sequence. (F4’) is the Nehari monotonic condition. (F5’)
needs that the nonlinearities are super-g growth at zero, g > 2. It is noticed that sufficiently
large ¢ in (F5’) is very crucial in their arguments. In fact, by virtue of this condition, the
minimax-level for the energy functional can be choosen sufficiently small, therefore the dif-
ficult arising from the critical growth of Trudinger-Moser type is easily overcome. But this
result has no relationship with the exponential velocity af, i = 1,2, hence it does not reveal
the essential characteristics with the critical growth of Trudinger-Moser type.

Recently, Wei, Lin and Tang [20] used non-Nehari manifold methods (see [19]), Lions’s
concentration compactness and a direct approach derived from [7] for obtaining the mini-
max estimate to investigate system (1.6) in the non-autonomous case. They proved that (1.6)
still possessed a Nehari-type ground state solution and a nontrivial solution. Their results
improved the existence results of [16] by weakening the nonlinearities to be continuous, and
only needed to satisfy the weaker Nehari monotonic condition, even without (AR) condition.
Additionally, since the generalized linking theorem did not work for the strongly indefinite
Hamiltonian elliptic system with critical exponential growth in R?, Qin, Tang and Zhang [18]
developed a new approach to seek Cerami sequences for the energy functional and estimated
the minimax levels of these sequences. Furthermore, they used non-Nehari manifold method
to obtain the existence of ground state solutions without (AR) condition.

It is interesting to ask if the existence of positive ground state solutions for linearly coupled
systems with variable potentials is preserved without (AR) condition. Our aim in this paper
is to prove the existence of positive Nehari-type ground state solution of (1.1) and obtain the
asymptotic behaviors of ground states with some mild assumptions. This work is motivated
by the results of [15,18,20]. Our main result below (Theorem 1.2) can handle the case of
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fi(x,t) with less restrictions, which are in the true sense of critical exponential growth, and
are independent of (F5’) with some large constant & (see [15, Theroem 1.1]).

To this end, we emphasize that we need refinements in order to treat the different setting
from the constant potentials to the variable ones. Indeed, it is easy to get the mountain pass
geometry for the problem with the constant potentials, while for variable potentials, some
new analysis techniques and imbedding inequalities such as (2.2) are needed. We borrow the
ideas from [18,20] to look for the minimizing Cerami sequence for the energy functional as-
sociated with (1.1) by using the non-Nehari manifold approach. By means of slightly weaker
monotonic conditions, we show the boundedness of the Cerami sequence. Furthermore, to
recover the compactness of the minimizing Cerami sequence, we estimate an accurate thresh-
old for the minimax-level, meanwhile, we use Lions’s concentration compactness principle
and the invariance of the energy functional by translation to show that the sequence does not
vanish. Then by using a standard bootstrap argument and L7-estimates we get regularity and
asymptotic behavior of the ground state solution.

To state our main results, in addition to (F1) and (F2), we also introduce the following
assumptions:

(F3) There exists My > 0 and t; > 0 such that for every x € R?,
Fi(xit) SMO‘fi(.x,t)’, v‘t’ ZtOI

(F4) For every x € R?, fl( Y is non- decreasing on (0, c0);

(F5) lurnmf‘tHoo ;(f;’t) > K > ‘;—%‘ uniformly on x € R?, where ay = max{ay, a2}, Vy =

maxp2 { V1 ’ V2}

In view of Lemma 1.1 i), under assumption (V), (F1) and (F2), the weak solutions of (1.1)
correspond to the critical points of the energy functional defined by

®(u,v) = H u,0)||% - z/ x)uody| —/Z[Fl(x,u)+F2(x,v)]dx. (1.7)
R
where || - || is defined in Section 2, (2.3).

Now our main results can be stated as follow.
Theorem 1.2. Let (V), (F1)—(F5) be satisfied. Then (1.1) has a solution (i1,7) € N with it > 0 and
0 > 0 such that ®(1,7) = b := infyr O, where
N :={ueE\{(0,0)}:

where E is defined in Section 2. Moreover, (ii,0) € Cllof (R?) x Cllof (R2) for some B € (0,1) with the
following asymptotic behavior

@' (u,v), (u,v)) =0}, (1.8)

il crpmgy — 0 and  [[0f|cipgr) — 0 as x| — oo (1.9)

Remark 1.3. Theorem 1.2 improves and extends the results in [15, Theorem 1.1]. In the sense
of the conditions of nonlinearities, f; and f, are continuous and the growth of them are
independent on V;(x). For obtaining the boundedness of Cerami sequence, we only need
the condition (F3) used for the exponential growth problems instead of (F3’). When it comes
to the minimax level estimates of the energy functional, the authors in [15] made use of a
rigorous limitation on the norm of the minimizing sequence by the the polynomial controlled
condition (F5’), while we use the direct calculation argument with the exponential controlled
condition (F5). Moreover, we use the weaker monotonicity condition (F4) to replace (F4').
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Remark 1.4. There are many functions satisfying the conditions (F1)—(F5) of the nonlinearities
in this paper, but not satisfying the conditions (F4") and (F5’) in [15]. For example, fora;, a; > 0,

al(eZt2 -1), t>0,
0, t <0,

fi(x,t) :{

az\t]tetz, t>0,
0, t <O0.

flxt) = {

The paper is organized as follows. In Section 2, we give the variational setting and prelim-
inaries. In Section 3, we establish the minimax estimates of the energy functional. The proof
of ground state solution will be stated in Section 4. Then in Section 5, we give the proof of
regularity and asymptotic behavior.

Throughout the paper, we make use of the following notations:

o L(R?)(1 < s < o) denotes the Lebesgue space with the norm ||u|s = ([ [u[*dx)!/*;
e VxeR?andr >0,B,(x) :={y e R?: |y — x| <r};

* (C1,(Cy,GCs, ... denote positive constants possibly different in different places.

2 Variational setting and preliminaries

Consider that the potentials are positive, we define the inner product in H!(IR?) and the
associated norm as follows,

(u,v) = /]RQ[VL!VZH— V(x)uv]dx, |ul|? := (w,u), Yu,0c H(R?). (2.1)

For any s € [2,+00), the Sobolev embedding theorem yields the existence of s € (0, 40)
such that
lulls < ysllull, — Vu e H'(R?). (2.2)

Under (V), let Hy, (R?) and Hy,(IR?) be endowed with the norm

1
= ([ 98P+ Vi) ol = ( [ V0P + vatapar)
Define E := Hy, (R?) x Hy,(R?) and
((w,0), (¢, 9)) := /IRZ(VMV<P—|— VoV + Vi(x)up + Vo(x)vp)dx, V(u,¢) € Hy, (v,¢) € Hy,.
Then E is a Hilbert space on the above inner product. The induced norm
| (u,0)]|? := /]RZ(\Vu]z + | Vo)? + Vi(x)u? + Va(x)v?)dx, V(u,v) € E. (2.3)

That is [|(u,v)||* = |lull}, + [[v]l},- By (V), (1.7) and Lemma 1.1, we know that the functional
®(u,v) is well defined on E. Moreover, by standard arguments, ® € C!(E,R) and its deriva-
tive is given by

(@' (1,0, (¢,9)) = (,0),(9,9)) = [ Ay +o¢)dx— [ [fi(x,m)g+ falx,0)pldx 24)

R2
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and
(®'(u,0), (u,0)) = ||(u,0)]]? —2/H{2A(x)uvdx - /]RZ[fl(x,u)u + fa(x,v)v]dx. (2.5)

For any ¢ > 0,&4 > a9 and § > 0, it follows from (F1) and (F2) that there exists C =
C(e, &, 4) > 0 such that
IFi(x, )| < ef? + C|#|7e*”. (2.6)
Now we choose (1o, v9) € E\ {(0,0)}, it is easy to show that lim;_,« P(tug, tvg) = —oo due to
(V) and (F1).
Lemma 2.1. Assume that (V), (F1) and (F2) hold. Then there exists a sequence (uy,,v,) C E satisfying

®(un,vn) =, |9 (s, 00) | (1 + | (un, 00)|]) — 0. 27)

where c* is given by

* = inf D((1)),
¢ = inf max (v(£))

I'={ycC([0,1],E) : 7(0) = 0,®((1)) < O}
Proof. By (2.6), one has for some constants « > &g and C; > 0

—)\02 3/ at?
2+ C P (e —1). 2.8)
43

Fi(x, t) S
From (2.8) and Lemma 1.1 ii), we obtain

Fy(x,u)dx < ——20 G [ @ = Dlufd
o Pl < =22 ul Co [ (e = Dlufdx

< Tl e [ = 1ax] "}
1-A
< =l + Callully VIO < Vade 9)

Similarly, we have

— Ao

1
/Rz Fy(x,v)dx < lol%, + Callolls, Vil 0)ll < Vr/a. (2.10)

Hence, it follows from (V), (1.7), (2.9) and (2.10) that

®(u,v) = ;[||(u,v)||2—2/]Rz)x(x)uvdx} —/]RZ[Pl(x,u) + B(x,0)]dx

> o) =20 [ (Vi@ + Va(@eRydx] = 220l + o)
= Ca([[ully, + lIol13,)
> 1220 0 2 — 3, 0) . @1
Therefore, there exists kg > 0and 0 < p < V/7t/a such that
®(u,v) > Ko, Y(u,v) € S:={(u,v) € E:||(u,0)| =p}. (2.12)
Since lim;_,0 P (tug, tvg) = —oo, we can choose T > 0 such that e = (Tug, Tvg) € {(u,v) €

E:|(u,0)]| > p} and ®(e) < 0, then according to the mountain pass lemma, we deduce that
there exists ¢* € [ko, sup,., P(tuo, tvo)] and a sequence {(uy,v,)} C E satisfying (2.7). O
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Lemma 2.2. Assume that (V), (F1), (F2) and (F4) hold. Then

D(u,v) > O(tu, tv)

(u,v),(u,0)),  Vt>0. (2.13)

Proof. 1t is obvious that (F4) implies the following inequality:
1—#

S Ts

fi(x,s)s + Fi(x,ts) — Fi(x,s) = /tl [fi(x,s) il TS)]Tssz > 0. (2.14)
From (1.7), (2.5) and (2.14), we have

O (1, v) — D(tu, tv) = ;[H(u,v)ﬂz . /]Rz)»(x)uvdx] . /Rz [Fy(x, u) + Fa(x,0)]dx

_ {t22||(u,v)||2 _ 12 /IR2 A(x)uvdx — /2 Fi(x,tu) + B(x, tv)dx}

1 1— 2

—_ 2 ,
== (@' (u,0), (u,0)) + - [

el
]RZ
1—+#2

filx,u)u + Fi(x, tu) — H(x,u)] dx

1_

f2(x,0)0 + Fa(x, tv) — Fz(X,U)]dx

(u,0), (u,0)). O

From Lemma 2.2, we get the following corollary easily.
Corollary 2.3. Assume that (V), (F1), (F2) and (F4) hold. Then

®(u,v) > r?foxd)(tu, tv), V(u,v) € N. (2.15)

Lemma 2.4. Assume that (V), (F1), (F2) and (F4) hold. Then for any (u,v) € E\ {(0,0)}, there
exists a unique t(, ) > 0 such that (t(, , i, t,,)v) € N.

Proof. Let (u,v) € E\ {(0,0)} be fixed and define a function {(t) := ®(tu,tv) on [0, c0).
Clearly, by (2.5), we have

() =0 & £2)(u,0)|? - 2t2/ A(x)uodx — /R 1 (x, tu)tu + fo(x, to)to]dx = 0
& (P (tu, tv), (tu, tv)) = 0 & (tu,tv) € N.

By (2.11) and (F1), one has {(0) = 0 and () > 0 for + > 0 small and {(t) < O for ¢
large. Therefore, max;c (o) ¢(t) is achieved at some fo = t(,,) > 0, so that {'(ty) = 0 and
t(u,v)(u ?J) eN.

Next we claim that t, . is unique for any (u,v) € E\ {(0,0)}, let t;,t2 > 0 such that
gl(tl) = ?(tz) = 0. Then <CD/(t1M, tﬂ)), (tlu, t1Z))> = <®/(t2u, tzZ)), (tQLl, t20)> = 0. ]ointly with
(2.13) , we have

D(tu, o) > O(tu, trv)

), (t1u, t10)) (2.16)

and

—f2
O(tou, trv) > P(tu, tv) (D' (tau, tov), (tau, 1) ) . (217)

By (2.16) and (2.17), it is obvious that t; = t,. Therefore t(, ;) > 0 is unique for any (u,v) €
E\ {(0,0)}. O
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From Corollary 2.3 and Lemma 2.4, we directly have the following lemma about minimax
characterization of inf, .

Lemma 2.5. Assume that (V), (F1), (F2) and (F4) hold. Then

b:=inf® = inf max P(tu, tv). (2.18)
N (u,0)eE\{(0,0)} t>0

Lemma 2.6. Assume that (V), (F1), (F2) and (F4) hold. Then there exist a constant ¢ € (0,b] and a
sequence {(un,vy)} C E satisfying

D(uy,vy) — G, 1D (1, vn) || £+ (1 + || (20, vn)||) — O. (2.19)
Similarly with [20, Lemma 2.6], the proof is omitted here.

Lemma 2.7. Assume that (V), (F1)~(F4) hold. Then any sequence {(u,vy)} satisfying (2.19) is
bounded.

Proof. Arguing by contradiction, suppose that ||(u,,v,)| — o0 as n — oo. Let (iiy, 7,) =
(t4n,0n)/ || (ttn, vn) |- Then 1 = || (i, 3,)||%. By (F2) and (F4), we have

fi(x,0t)6t

ra—— fi(x,t)t > 2F(x,t) >0, VxeR%teR,0>1,i=1,2 (2.20)

It follows from (F3) and (2.20) that there exists R > t( such that
fi(x, t)t > 4F;(x, 1), Y|t| > R. (2.21)
From (1.7), (2.5), (2.19), (2.20), and (2.21), we have
&+ o0(1) = (it 0y) — % (D (14, 0n), (16 0n)

/IR2 Bfl(x,un)un - Fl(x,un)} dx + /IRZ [;fz(x,vn)vn — Fz(x,z)n)] dx

Z/qu Bﬁ(x,un)un —H(x,un)] dx+

L on)en— a0 i

[vq|<R
Jr1 f(xu)udx+1 fa(x,vn)v,dx
4 >R 1\A, Yn JUn 4 (ou >R 2\A,Vn )Un
1 1
> = X, Uy ) Updx + = X, 0y )0pdx. 2.22
-1 |un|>Rf1( n) n 4 ‘vanfZ( n) n ( )

~ 1
Let T > (‘i(cﬂ))j and t, = T/||(un,vy)||. Then t, — 0 as n — oo. It follows from (F2), (2.21)
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and (2.22) that

/]RZ [F1(x, tyuy) + Fa(x, tyuy,)]dx

= Fi(x, tyu,)dx + Fi(x, tyuy,)dx
‘”11|§R |M;1|>R

—|—/ F(x, tyv,)dx + F(x, tyv,)dx
[vq|<R |vy|>R
1

1
< - tuzdx+—/ a0, |?dx
o 47% ‘/|un|§R ’ ! n| 4’)/% ‘01‘1|§R| ! n‘
t t
- f1(x, uy)updx + 24 f2(x,v,)v,dx

4 Jju,|>R 4 Jio, >R

f £ 2(c+1
5 J|uq|<R Y5 Joa| <R Uy, Un
TZ
< - o). (2.23)

Hence, from (2.13), (2.19) and (2.23), we have

c+o(1) = D(uy,vy)
142

> D(tyity, tyoy) + (@ (1n, vn), (Un, 0n))

2
— ?[H(un,vn)ﬂz —2/];{2A(x)unvndx] _/]Rz[Fl(x’t”u”) + By (x, tyon)]dx +0(1)

_ 2
> (12 20)7 iAO)T +o(1)
>c+140(1). (2.24)
This contradiction shows that {(u,,v,)} is bounded. O

3 Minimax estimates

In this section, we give a accurate estimation about the minimax level c* defined by Lemma
2.1
At first, we define a Moser type function wy(x) supported in B 57~ := B 577,(0) as

follows:
V1ogn, 0 < |x| < V2/(\/Vn);

1 o2/ VTarla) o

01 IX| Z \V Z/VM

By an elementary computation, we have

[Veall3 = [, IVeonlPax =1, 62)

and

feoald = [l = 32, 63)
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where
1 1 1

4logn  4n’logn 2n?

Lemma 3.1. Assume that (V), (F1), (F2), and (F5) hold. Furthermore, suppose that F;(x,t) > 0 for
all t € R. Then there exists i € IN such that

n =

> 0. (3.4)

4
c* < max P (twy, twy) < —n. (3.5)
>0 Xo

Proof. By (F5), we can choose ¢ > 0 and f; > 0 such that

VM(l —+ (—,‘)2
log < —€ (3.6)
(2—€)(x —e€)a3
and
tzFi(x,t) > (k — e)e"‘otz, Vx € R?, |t >te, i=1,2. (3.7)

From (1.7), (3.2) and (3.3), we have
12
2
— /11{2 A(x)whdx — /]RZ [F1(x, twy) + B (x, twy,) ]dx

< 2(1+425,) — /R [F(x, twy) + Ba(x, toy)ld. (3.8)

D (twy, twy,) = [\an\z + [ Vw, |* + Vi (x)w? 4 Va(x)w?]dx

There are four cases to distinguish. In the sequel, we agree that all inequalities hold for large
n € IN without mentioning.

Casei). te [0,/ i—’;] Then it follows from (3.8) that

O (twy, twy,) < t2(1+25,) — /Z[Fl(x, twy) + F(x, twy,)]dx
R

1 1
< 2
=1 (1 + 210gn> +O(nlogn)

<2 0( 0 ) 39
Wi nlogn

Clearly, there exists 77 € IN such that (3.5) hold.

Case ii). + € [/25,/4E]. Then tw,(x) > te for x € B 277y and for large n € N, it
follows (3.1) and (3.7) that

/ Fi(x, twy,)dx > / (x, twy, )dx
R2 B /7]
ezxot w
/B t2w2 ~——dx
2/ VMn
(k —€)ap
> / elXot w"dx
2logn JB T
_ 7t(x —€)apg

|:€(27r)11x0t2 logn + 2122 logn /1 ;,1(27'[)*1040t2 ZfZSdS
1

- V]\/ﬂ/l2 log n /2
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> 7'[(1(—6)&0 e(Zn)*laotzlogn +2n210gn/1 n(27‘[)’1a0t25—2ds
— Vun?logn 1/2

_ 7t (x — €)ag [e(2n)1a0t2 logn 4i (n(er)’lzxotz _ n(4n)1aotz):|

Vun?logn xot?
> 27-[(7{ — e)“oe(Zn)_lzxotz logn _ 1 ) (3.10)
Vmn?logn nlogn
Similarly, we have
/ By(x, toy)dx > 2= €80 ) taprttogn _ o L. (3.11)
R2 Vmn?logn nlogn

It follows from (3.8), (3.10) and (3.11) that

@(twn,twn)§t2<1+ . )—4”("_6)“%(2”)1“ot21°g”+zo< ! )

2logn Vpn?logn nlogn
1
=: t)+2 . 12
ou()+20 (1) 1)
Let t, > 0 such that ¢/, (t,) = 0. Then
1 _ Z(K _ €)lx(z) (271) gt logn
1+ Zlogn V2 e . (3.13)
It follows that 4
. 2 j
lim 17 = . (3.14)

From (3.13) and (3.14), we have

p_ 4 [l N log (Vm + 721?;71) —log(2(x — €)a3)
" g 2logn
47 27 Vm(l+e)
< — . 3.15
~ g aplogn 8 2(x — €)ad (.15
and . ) .
< = £ __T . .
Pult) < oultn) t”<l+2logn) zxologn<1+210gn> (3.16)
From (3.14), (3.15) and (3.16), we have
1 21 1
L) <21 — 1
Pult) < ”< +210gn> ocologn( +210gn>
4 27 Vm(1+e) 1 21 1
< |— —
- [(xo * nglogn logz(K — e)zx(zj (1 * 210gn> ap logn <1 + Zlogn)
SR ECIN, SN/ VIC o (VRN B WS, S
~ lao  wologn O 2(k —e€)ad 2logn) waglogn
4 2 Vm(1
<y 1” [10 M(_+€Z+e}+o< . > (3.17)
ag  wologn 2(k —€)ag log“ n

Hence, combining (3.12) with (3.17), one has

4 27 Vm(1l+€) ] ( 1 )
O(tw,, tw,) < — lo +e|+0 . 3.18
( n 71) |: g2<K_€)w% logzn ( )

~ ap  wplogn
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Obviously, (3.6) and (3.18) imply that there exists 77 € IN such that (3.5) hold.

Case iii). t € | %, %(1 +¢€)]. Then tw,(x) > t. for x € B and for large n € NN,

2/(VMY!)
it follows (3.7) that
/]R Fi(x, twy,)dx > Fi(x, tw,)dx
B a7
(K _ e)eaotzwﬁ
> /B T Rw dx
V2/ V)
> (K 6)060 / ezxgtzw,zzdx
2(1+¢€)logn YT
o 7-[(1( - 6)050 I 2 -1 t21 2 1 2 -1 tZ 2_2
_(1 +€)VMn210gn 6( ) tagt* logn +2n logn/l/zn( )~ 5ds
_ [ _ 1 B
_ (K — €)ag -e(2n)’1aotzlogn + 1 e[(l—e)(Zn)’laotz—&-Ze] logn
M
(1+e€)Vyn2logn | 1+e€
o)
n2€ logn
27 (x — €)ag (2—€)(4r) lagt? logn 1
-0 —=—- 3.19
T (1+€)3/2Vymn2—e logne n2¢* logn (3.19)

Similarly, we have

27t(x — €)ap
1+ €)3/2Vyn2—<€logn
( g

/2 F(x, twy,)dx > e(2-€)(4m) o logn _ ) (1) (3.20)
R

n2logn

It follows from (3.6) , (3.19) and (3.20) that

47t(x — €)wg (2—€)(47) agt logn 1
B 20(
Zlogn> (1+€)3/2Vyn2—¢ logne *

O (twy, twy,) < 12 (1 +

n2¢ logn
n*" logn
Let £, > 0 such that ¢/, (f,) = 0. Then
1 1 _ (x—e)(2— G)IX% 6(2—6)(471)‘1040?% logn (3.22)
2logn (14 €)3/2Vymn2—<
It follows that 4
n _4n
r}grolo f2 = ™= (3.23)
From (3.22) and (3.23), we have
o Am (1+€)°2Vi (14 g555) — log((2 — €) (x — €)ag)
2=="14
ap (2—e€)logn
2
o4 4 Vm(1+e) (3.24)

1 .
~ +zxo(Z—e)logn 8 (2—€)(x—€)a?
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It follows from (3.21), (3.23) and (3.24), we have

" o 1
< = 12 -
Pn(t) < gulln) = &, (1+ Zlogn) (2—¢€ DC()]Ong (1+ 210gn>
4 4r VM 1+e 47(1 —¢€)

< | —
- [(xo +ocg(2—as)lognlog (2 — ] (1+210g ) 2—¢)aglogn

4n 4n Vm(1+e€) 1

ki @) . 3.25
~ + (2—e€)aglogn [€+ 8 (2—6)(K—€)0¢%:| (log2n> 629

Hence, combining (3.21) with (3.25), one has

4 4
D (twy, twy,) < L i

VM(1 + 6)2
g (2—e€)aplogn

1
—€)(k —€)aj © <log2 n> . (3.26)

Clearly, (3.6) and (3.26) imply that there exists 77 € IN such that (3.5) hold.

[e + log 2

Caseiv). te (,/%(1 + e),-l—oo). Then tw,(x) > t. for x € Bﬁ/(\/Wn) and for large n € N,
it follows (3.1) and (3.8) that

1
210gn> —/Rz[Fl(x,twn) + Fy(x, twy,)]dx

2
< t2 <1 + 1 > . 87 (K—G) e(Zn)’lagtzlogn +ZO< 1 )

2logn Vmn?t2logn nlogn
< 4t(1+e) 14 1 _ 2x7t(k —€) 2elogn | 50 1
a 2logn Vm(1+€)logn nlogn
<
&

O (tw,, tw,) < t* (1 +

(3.27)

which implies that there exists 7 € IN such that (3.5) hold. In the above derivation process,
we use the fact that the function

1 872 (x — €) g2 1
2 _ (2mt)tapt* log n
! (1 * Zlogn) Vpn?t? logne +O(nlogn) (3.28)

is decreasing on t € ( %(1 + €), +00), since its stagnation tend to /%% 4” as n — oo. O

From Lemma 2.5 and 3.1, we have the following corollary immediately.
Corollary 3.2. Assume that (V), (F1), (F2), (F4) and (F5) hold. Then

4
bi=infd < -2, (3.29)
N X0

4 Proofs of the main results

Lemma 4.1. The weak solution (ii,9) is nontrival.

Proof. By Lemmas 2.1 and 2.7, there exist a subsequence {u,,v,} C E satisfying (2.7) and
| (n, vn)|| + ||ttn]l2 + ||on]|2 < C for some constant C4 > 0, it follows from (2.5) and (2.7) that

/]Rz f1(x, uy)up,dx < Cs, /1112 fa(x,vn)vdx < Cs. 4.1)
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We may assume, passing to a subsequence if necessary, that (u,,v,) — (iI,7) in E,
(tn, vn) — (7,0) in L§ (R?) for s € [1,+00) and (uy, v,) — (i1,7) a.e. on R2.
If
0 := limsup sup (Jun|? + |va]?)dx = 0,
n—oo  yeR?2 By (y
then by Lions’s concentration compactness principle, (u,,v,) — (0,0) in L*(R?) for2 < s < oo.
For any given £ > 0, we choose M, > MCs/¢, then it follows from (F3) and (4.1) that

/ Fi(x,u,)dx < MO/ Lf1(x, upy)|dx < MO/ f1(x, uy)up,dx < e 4.2)
|M71|ZM£ |un‘2M£ M€ |un|ZM£

M
/ B (x,v,)dx < Mo/ |fa(x,0,)|dx < —O/ fa(x,vy)vpdx < e 4.3)
|ou|>Me |ou|>Me Me Jjv,|>M,
By (F2), we can choose N, € (0,1) such that
€
/ Fi(x,uy)dx < / f1(x, uy)updx < —2Hun||% < e (4.4)
[ty | <N [t | <N C4
I3
/ B (x,v,)dx < / fa(x,vp)v,dx < —2||vn||% < e 4.5)
|Un‘§N€ ‘vn|SNe C4
By (F1), we have
/ Fi(x, tn)dx < Collunl3 = 0(1), / Ey(x,00)dx < Cellon|} = 0(1), (4.6)
. NQS‘MnlgMg ng‘vn‘SMf
/ £, 1) tndx < Crllun|l2 = 0(1), / F(x,00)0ndx < Crllon|} = 0(1). (47)
N£§|un|§1 Ne§‘0n|§1

Due to the arbitrariness of € > 0, from (4.2), (4.4), (4.6), we obtain
/ Fi(x,uy)dx = o(1), / Fy(x,v,)dx = 0(1). (4.8)
IR? RR2
Hence, it follows from (V), (1.7), (2.7) and (4.8) that
1 1
SVl + 190413 < Sl 0) I = [ AGx)nonds
R2

— &y /]R [Fy (%, 10n) + Fx(x,00)]dx + 0(1)
=c"+o(1).

Which, together with (3.5), implies that limsup,, . ||Vu,|3 + [|[Voa|3 < %. Hence, there
exist £ > 0 and ny € IN such that

8 ~
[Vuall3 + V0l < (1 -38), > mo

Let us choose g € (1,2) such that

<1 (4.9)

By (F1), there exists Cg > 0 such that

filx, )T < CgewF 9 1], | >1, i=1,2 (4.10)



Positive ground state of coupled planar systems 17

It follows from (4.9), (4.10) and Lemma 1.1 ii) that

uy|>1

R?
— Gy /]R ettt/ _ 1] 4
<G (4.11)
Let ¢’ = g/(g —1). Then we have
1
/|unZlfi(x,un)undx < [/wnm \fi(x,un)\ﬂdx] eally = 0(1). (4.12)

Now we derive

c* +0(1) = ®(uy,0,) — % (D (1tn, vn), (Un, 0n))

= | [;fl(x,un) — Fi(x, uy, ]dJH-/ { f2(x,0n)vn — Fa(x,00) | dx
< e+o(1). (4.13)

This contradiction shows that § > 0.
Going if necessary to a subsequence, we may assume that there exists {/,} C Z? such that
I3 |(|un|? + |oa|?)dx > 3. Let us define ily(x) = un(x +1,) and 3, (x) = vu(x + I4) so

1vall
that 5
/ (1n? + 5 |*)dx > 5. (4.14)
By, (0
Since A(x) and f;(x,u) are 1-periodic on x , we have ||ii,||v, = ||uxllv;, |Fnllvy = ||on||v, and
D (i1, Ty) — ¥, D' (i, Tn) | (1 + || (114, 50 ||) — O. (4.15)

Passing to a subsequence, we have (il,, 0,) — (i1,9) in E, (il,, 3,) — (4,0) in L, (R?),2 <s <
oo and (i, 0,) — (i1,7) a.e. on R2. Thus (4.14) implies that (i1,3) # (0,0).

For any ¢, € CP(R?), let {e,}*°_; be the complete standard orthogonal basis of C3°(IR?),
we have

= §<¢,e]>e], 9l = Ji (9¢)? @16
and . .

Yy = ; pee,  lylP = ; |(,e) . (4.17)
Let ] ]

Pn = ji(s”/ ejlej,  u= ]'_1;1(4)’ ej)ej (4.18)
and . N

Yn = ,Z("’ e)e, - ?;H(zp, ej)ej. (4.19)

For any given & > 0, there holds

Xt ) fu|dx < / (%, i) fpdx < €. (4.20)
/|L7,1|2C10|4>|OOE 1 |f( n)(Pn| ClO |ﬁn‘2C10||¢H00571f( n) n
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On the other hand, it follows from (F1) and (F2) that
X, il ) dxg/ Uy dy|dx 4+ C / e — 1) |, |dx
/an<cm||¢oosl 15 n )l T L )16
_ 1 1
> 2 2 ~ 2
< {HunHz + C11 _/]Rz (e”‘”n _ 1) dx] } (/]RZ (,l)%dX)
1
r 2
< Ll + | [ (@~ vts] " Fiue

1
[ 201 (12( )2 2) .
< {lhnll+cn] [, (&8 1) ax] gl

< Collgull = 0(1). (4.21)

Similarly, we have

/ o (x, 00) Fuldx = 0(1). 4.22)
[ <Cao|9]lcoe ™
From (4.20), (4.21) and (4.22), one has

r}l_rgo ” fi(x,d,)Padx =0, nh_r}go - f2(x,3n)Ppdx = 0. (4.23)

Due to the arbitrariness of ¢ > 0. Therefore, (2.4), (4.15) and (4.23) yield

(@(8,9), (4 9) = [ (VaVe+Vi(x)ig)dx+ [ (VoVY+Va(x)oy) dx
— [ MA@ @+ ag)dr— [ (Al D¢+ fax,0)p) dx

— lim [/Rz (Vita Ve + Vi (x) i) dx + /Rz (V. Vp + Va(x)0,9p) dx

~ J Ay +0.0)dx = [ (A m )+ far00)9) ]
= )}Ego<®/(ﬁn, 511)/ (4’/ ¢)>

= Jim [(@/ (0, 30) (B, 1)) + (@' (T, 00) (G )
= UHm (' (i, ) (P, Pn))

= tim { [ (V096 + VE,95,) + i ()t + Valx)odr)

= lim [ A+ Bufi)dx — im [ AG T+ folx 8 alds
= — ]}gl;lo - [fl (x, ﬁn)(i)n + fz(x, 5n)’«pn]dx
=0.

It is easy to show that ®'(if,5) = 0. Since A # 0, then from (1.1) we know that (i,7) is a
nontrivial solution. O

Lemma 4.2. The weak solution (ii,¥) is a ground state solution.
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Proof. Since that (i1,9) # (0,0) and ®'(i1,7) = 0, we have (i1,5) € N. Therefore b < ®(i, 7).
On the other hand, it follows from (2.20) and Fatou’s lemma that

b >t o0(1) = D(iiy, 5) — % (@ (i, 50), (i, )

_ Bfl(x,ﬁn)ﬁn —Fl(x,ﬁn)}dxqt/mz [;fz(x,ﬁn)ﬁn - Fz(x,z")‘n)]dx

R2
> [ Bfl(x,ma—pl(x,a)]dH " [;fz(x,ﬁ)ﬁ—Fz(x,ﬁ)]dx+on(1)
= ®(i1,9) — % (®'(1,0), (1,0)) + 0,(1)
= ®&(il,0) + 0(1). (4.24)

Therefore ®(ii, 7) = .
We have proved that (il,7) is a ground state solution for system (1.1). In order to seek a
positive ground state, we note by assumptions (F1) and (F2) that

Fi(x,s) < Fi(x,[s]), V(x,s) ERZx R, i=1,2.

Thus, we can deduce that ®(|i, |7]) < (i, 7). O

5 The regularity and asymptotic behavior

In this section, we use strong maximum principle to get a unique positive ground state
solution, we will introduce methods to show that a weak solution of (1.1) is in fact smooth.
Moreover, we establish a priori estimate in W2P for the solution of system (1.1), we show that

(R2), then (1,v) € W>¥(R?) is a strong solution

if the functions f1(x, u) and f»(x,v) are in L’ o

loc

of (1.1), that is, there exists a constant C such that

lllwar sy < CUMlLrBor) + NP1 r(Bar)) N0llwae(se) < CUIOILe(Bo) + [1P2(X) L (Bor) )

where p;(x) can be defined as (5.3). We will establish this for a Newtonian potential, finally,
we use a bootstrap regularity lifting methods to boost the regularity of solution. The boot-
strap method can be found in [6, Subsection 3.3.1], which uses a lot of Sobolev imbedding to
enhance the regularity of the weak solution repeatedly, finally, Schauder’s estimate will lift
the solution to be a classical solution.

Lemma 5.1. There exists a positive ground state solution (ii,7) € Cllof (R?) x Cllof (R?) for some
B € (0,1) with the following asymptotic behavior

lallcrpmgy — 0 and [[0]|cip g — 0, as |x| = oo (5.1)

Proof. Let (i1,7) € E be the ground state obtained in Lemma 4.2 It follows from Lemma 2.4
that there exists a unique #y > 0 such that (ti|, to|5]) € N. Moreover, since (i,7) € N, we
point out that max D(til, t9) = ® (i1, 7). Thus we have that

@(to’ﬁ‘,to‘ﬁ’) < @(toﬁ, toﬁ) < r?>aoxd>(tu~, tﬁ) = (13(11, 5) =b.

Therefore, (to|ii], to|0|) € N is a nonnegative ground state solution for (1.1). Next, we denote
(1,0) = (toli|, to|d]). In order to use the strong maximum principle, we note that —i €
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Hy, (R?)\ {0} and take (¢,0) as a test function. Here, ¢ € C¥(RR?), ¢ > 0. Then we have

- [ VnvVedx— [ Vi) (-mgdx = [ flxmedr+ [ Ax)ipdc>0.  (52)

Moreover, since Vi (x) > 0, it follows that
- /2 Vi(x)pdx <0, Vo >0, ¢ € CHR).
R

Now suppose by contradiction that there exists xp € R? such that ii(xp) = 0. Thus, since
—i1 < 0in RR?, for any R > 0 we have that

0= sup (—i) = sup(—i1)
BR(X()) ]R2

By the strong maximum principle we conclude that —ii = 0 in IR?, which is a contradiction.
Therefore i > 0 in IR?. Similarly, we can prove that 7 > 0 in R?. Therefore, (i, 0) is positive.

In order to obtain the regularity, we use a bootstrap method. The ground state solution
(11,7) is a weak solution of the restricted problem

{_Aa = filx, @) + A(x)5 — Vi(x)it = p1(x), Bor, (5.3)

—AT = fz(x, 17) —+ /\(x)ﬁ — Vz(x)ﬁ = pz(x), Bog,

where and in the continuation Byg = Bar(x) C R? denote the ball centered in a fixed point
x € R2. Since V;(x) € C(IR?), then V;(x),A(x) € L.(R?). For #1,5 € LP(IR?), p > 2, we have

loc

that A(x)9, Vi(x)i € LP(Byr) for all p > 2. By (F1) and (F2), for ¢ > 0,p,q > 2,7 > p and
« > 1, we have that

[ WA lrdc< [ et e - Dl pax
B Bor

2R

< C13/B Sp\ﬁ!de—FCB/B cl(e wit? —1)P|a|PVdx
2R

<c13sr’uuy| +c13/8 Cl(e rai? — 1)]a|P9D-1]i|dx. (5.4)
2R

By using Holder’s inequality, it follows from Lemma 1.1 that

1

2
[ cre e aldy < ([ 2R Vs ) g,
Byr Byr

< Cuallit]| 2 (5.5)

(B2r)*
Thus, we have

VG m) P < Cuall ] g+ Coaltl 2 (5.6)
2R

Since the right-hand side is finite for all p > 2, we have that f;(x, i) € LP(Byg) for all p > 2,
together with A(x)d, Vi (x)@i € L¥(Byr) , we have that p;(x) € LF(Bog) for all p > 2. Let f,, be
the Newtonian potential of p;(x). In light of LP-regularity theory [6, Theorem 3.1.1],

Afp, = p1(x), x € By, (5.7)
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and fp, € W2P(ByR), for all p > 2. Combining (5.3) and (5.7) we deduce that
| V= f)edx =0, ¥ e CF(Bar).
2R

which implies that i — f; is a weak solution of —Az = 0 in Byr. Since i1 — f,, € W?(Byg).
It follows from Weyl’s Lemma [13, Corollary 1.2.1] that 7 — f, € C®(Byr). Therefore, @ €
W2P(Byr),Vp > 2. Noticing that 2/p < 2, as p > 2. Thus, by Sobolev imbedding we
obtain that # € C#(B,g), for some B € (0,1). The same argument can be used to prove that
o € CY8(ByR). By interior LP-estimates [6, Theorem 3.1.2], we have that

1 lwar gy < Crs(l Lo (Byg) + 1P1 1L (Bor))- (5.8)
On the other hand, by the Sobolev’s imbedding theorem, there exists Ci > 0 such that
@l crezr) < Cuollillwr (sy)- (5.9)
Therefore, it follows from (5.8) and (5.9), we deduce that
il crezry < Crz(ll| L (Bye) + N7l 2(Byg) )-

Now we show that lim|,|_,,, # = 0. Suppose on the contrary that there exists {x;} C R? with
|x;| — o0 as j — oo and liminf;_,., (x;) > 0. Letting w;(x) = @(x + x;), then

— Awj+ Vi(x + xj)wj = fi(x + xj,wj) + Ax + x))o(x + x;), w; € H'(R?). (5.10)

Assume that w; — w weakly in H 1(R?). Then, by elliptic estimates we have w # 0. However,
for fixed R > 0,

/ #dx > liminf ( / #2dx + idx)
R2 j—roo Bg(0) Br(xj)

= 7°dx + lim inf wjzdx
Br(0) j=co  JBR(0)
= a2dx + w?dx

Br(0) Br(0)
—>/ L_lzdx—i—/ w?dx, as R — oo.
R2 R

Which is a contradiction. Thus, letting |x| — oo, we get @ — 0, therefore, ||| 15 Br) 0 as

|x| — oo. Similarly, we can prove that |[9[|c1z;) — 0 as [x| — oo. O
Proof of Theorem 1.2. It follows from Lemmas 4.1, 4.2 and 5.1. O
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