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Let A be a finite non-empty set. By a class of operations on A we simply mean a subset
7 C UnzlAAn. The composition of two classes Z,J C UnzlAAn of operations on A, denoted Z.7,
is defined as the set

ZJ ={f(g1,---,9n) | n,m > 1, f n-aryinZ, g1,...,g, m-ary in J}.

A functional equation (for operations on A) is a formal expression

hi(£(g1(viy ooy vp))se oy E(gm(Vey ooy vp))) = ha(E(g" 1 (Viy oy vp))s oo (9 (V1o oy Vp)))
where m,t,p > 1, hy : A™ — A, ho : A* — A, each g; and g';is amap AP — A, the vi,..., v, are
p distinct vector variable symbols, and f is a function symbol. An n-ary operation f on A is said
to satisfy the above equation if, for all vy,...,v, € A", we have

hl(f(gl(vla'"avp))a'--af(gm(vla""vp))) = hQ(f(g/l(Ula'"’U;D))v'--vf(g/t(vlﬂ"'avp)))

The classes of operations definable by functional equations (equational classes) are known to be
exactly those classes 7 satisfying ZO4 = Z, where O4 denotes the class of all projections on A (for
|A| = 2 see [3, 4], and for |A| > 2 see [1]). In particular, clones of operations, i.e. classes containing
all projections and idempotent under class composition, are equational classes.

The set of all equational classes on A constitute a complete lattice under union and intersection.
Moreover, it is partially ordered monoid under class composition, with identity O 4, and whose non-
trivial idempotents are exactly the clones on A. But the classification of operations into equational
classes is much finer than the classification into clones: for |A| = 2, there are uncountably many
equational classes on A, but only countably many of them are clones. Also, the set of clones does
not constitute a monoid since it is not closed under class composition (see [2]).

The aim of this presentation is to investigate the lattice of equational classes of operations on a
finite set A. For |A| = 2, we classify all monoidal intervals [Cy, C2], for clones C; and Cs, in terms
of their size: we give complete descriptions of the countable intervals, and provide families of un-
countably many equational classes in the remaining intervals. In particular, from this classification
it will follow that an interval [Cq,C3] contains uncountably many equational classes if and only if
C2 \ C1 contains a “non-associative” Boolean function.
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