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Introduction

Introduction

Derived weak congruence representability is a brand new direction
in the investigation of the weak congruence representability, where
the representability of a lattice is derived from the representability
of another lattice, or some set of lattices. We show that in certain
cases an interval sublatice or another sublattice or a suborder of a
representable lattice is representable. Starting from a
representation of the lattice we build a representation of the
mentioned related lattice. In a similar way, two cases when the
representability of some set of lattices implies the representability
of another lattice are given.
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Introduction
Weak congruence is, by definition, a symmetric and transitive

relation on the support of an algebra, compatible with all its
operations, i.e. p is a weak congruence of an algebra A = (A, F) if

the following holds:
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relation on the support of an algebra, compatible with all its
operations, i.e. p is a weak congruence of an algebra A = (A, F) if
the following holds:

(i) xpy = ypx (symmetry)
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Weak congruence is, by definition, a symmetric and transitive
relation on the support of an algebra, compatible with all its
operations, i.e. p is a weak congruence of an algebra A = (A, F) if
the following holds:

(i) xpy = ypx (symmetry)

(ii) xpy A ypz = xpz (transitivity)
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Introduction

Weak congruence is, by definition, a symmetric and transitive
relation on the support of an algebra, compatible with all its
operations, i.e. p is a weak congruence of an algebra A = (A, F) if
the following holds:

(i) xpy = ypx (symmetry)

(ii) xpy A ypz = xpz (transitivity)

(iii) if £ € F is an operation of algebra A of arity n € Ny and a;pb;
for i € {1,...,n}, then f(a1,...,an)pf (b1, ..., by) (compatibility)
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Introduction

Weak congruence is, by definition, a symmetric and transitive
relation on the support of an algebra, compatible with all its
operations, i.e. p is a weak congruence of an algebra A = (A, F) if
the following holds:

(i) xpy = ypx (symmetry)

(ii) xpy A ypz = xpz (transitivity)

(iii) if £ € F is an operation of algebra A of arity n € Ny and a;pb;
for i € {1,...,n}, then f(a1,...,an)pf (b1, ..., by) (compatibility)

All the weak congruences of an algebra form a lattice under
inclusion, which is called the weak congruence lattice. This is an
algebraic lattice.
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The problem of weak congruence representation is the following:

given an algebraic lattice L, and an element a of the lattice, is
there an algebra whose weak congruence lattice is isomorphic to
the given lattice, in an isomorphism mapping the diagonal relation
on the support of that algebra to a.
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The problem of weak congruence representation is the following:
given an algebraic lattice L, and an element a of the lattice, is
there an algebra whose weak congruence lattice is isomorphic to
the given lattice, in an isomorphism mapping the diagonal relation
on the support of that algebra to a.

If that is the case, we shall say that lattice L, together with a is
representable.
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The problem of weak congruence representation is the following:
given an algebraic lattice L, and an element a of the lattice, is
there an algebra whose weak congruence lattice is isomorphic to
the given lattice, in an isomorphism mapping the diagonal relation
on the support of that algebra to a.

If that is the case, we shall say that lattice L, together with a is
representable.

We shall also say that a is A-suitable in L.
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Introduction

The problem of weak congruence representation is the following:
given an algebraic lattice L, and an element a of the lattice, is
there an algebra whose weak congruence lattice is isomorphic to
the given lattice, in an isomorphism mapping the diagonal relation
on the support of that algebra to a.

If that is the case, we shall say that lattice L, together with a is
representable.

We shall also say that a is A-suitable in L.

An element a has to be codistributive to be A-suitable.
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If ais a codistributive element of L, the following relation is an
equivalence:

V. Stepanovi¢, A. Tepavtevi¢ and B. Se3elja On derived weak congruence representability



If ais a codistributive element of L, the following relation is an
equivalence:
X~y xNa=yAa
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If ais a codistributive element of L, the following relation is an
equivalence:
X~y xNa=yAa
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If a lattice L is weak congruence representable and a € L
corresponds to the diagonal relation of the representing algebra,
then also the interval sublattice |y, x| of L is representable,
element aAX for all x,y € L, y < x < a.
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If a lattice L is weak congruence representable and a € L
corresponds to the diagonal relation of the representing algebra,
then also the interval sublattice |y, x| of L is representable,
element aAX for all x,y € L, y < x < a.
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Derived representability

Starting from the representation of a representable lattice, we may
get a representation of another lattice, that is a suborder of the
initial lattice.
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Derived representability

Starting from the representation of a representable lattice, we may
get a representation of another lattice, that is a suborder of the
initial lattice.

If a is a A-suitable element of a lattice L and b a compact element
of la and d € [b, b], then a is a A-suitable element of the lattice
L'=L\U{(c,e)\[dV c,c]|c € [b,a]}, which has the same order
as that of L (L' is a subposet of L).
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Derived representability

Starting from the representation of a representable lattice, we may
get a representation of another lattice, that is a suborder of the
initial lattice.

If a is a A-suitable element of a lattice L and b a compact element
of la and d € [b, b], then a is a A-suitable element of the lattice
L'=L\U{(c,e)\[dV c,c]|c € [b,a]}, which has the same order
as that of L (L' is a subposet of L).

This may not be a sublattice of the initial lattice, except under
some conditions.
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The next theorem describes another case when the representability
of a suborder of a lattice is deduced from the representability of
that lattice.
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The next theorem describes another case when the representability
of a suborder of a lattice is deduced from the representability of
that lattice.

Ifais A-suitable element of a lattice L and d €ta. Set
L' =ldU{b| b < a} is a lattice under the order in L, element a
being a A-suitable in the lattice.
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Derived representability

Another example of the derived representability is the
representability of the direct product of representable lattices,
slightly extended.
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Derived representability

Another example of the derived representability is the
representability of the direct product of representable lattices,
slightly extended.

Let A= {(Lj,a;) | i € I} be a family of pars such that L; is a lattice
and a; its A-suitable element, for all i € /. Let L’ be the lattice
derived from the direct product L = l1L; in the following way:

V. Stepanovi¢, A. Tepavtevi¢ and B. Se3elja On derived weak congruence representability



Derived representability

Another example of the derived representability is the
representability of the direct product of representable lattices,
slightly extended.

Let A= {(Lj,a;) | i € I} be a family of pars such that L; is a lattice
and a; its A-suitable element, for all i € /. Let L’ be the lattice
derived from the direct product L = l1L; in the following way:

(i) If there are at least two lattices L;, Lj(i,j € I,i # j) that are,
together with their elements aj, a;, represented by the weak
congruence lattices of algebras, each having at least one constant,
then for every b € L, b < a = (a;);je; we add another element b/,
such that b’ A a = b and b’ is greater from all elements of the set
{x € L| x A a= b}, and the following inequalities hold:
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Derived representability

Another example of the derived representability is the
representability of the direct product of representable lattices,
slightly extended.

Let A= {(Lj,a;) | i € I} be a family of pars such that L; is a lattice
and a; its A-suitable element, for all i € /. Let L’ be the lattice
derived from the direct product L = l1L; in the following way:

(i) If there are at least two lattices L;, Lj(i,j € I,i # j) that are,
together with their elements aj, a;, represented by the weak
congruence lattices of algebras, each having at least one constant,
then for every b € L, b < a = (a;);je; we add another element b/,
such that b’ A a = b and b’ is greater from all elements of the set
{x € L| x A a= b}, and the following inequalities hold:
x<bexNagsh;

b<x&(x=cdAc>b).
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Derived representability

(ii) If there exists only one lattice L; in the set of lattices

{L; | i € I} that can be represented, together with element a;, by
the week congruence lattice of an algebra with at least one
constant, then we take lattice L” as in case (i), without elements of
the form /', where | = (/;)ics, l; < aj and /; = 0 whenever i # ;.
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Derived representability

(ii) If there exists only one lattice L; in the set of lattices

{L; | i € I} that can be represented, together with element a;, by
the week congruence lattice of an algebra with at least one
constant, then we take lattice L” as in case (i), without elements of
the form /', where | = (/;)ics, l; < aj and /; = 0 whenever i # ;.
(iii) It there is no lattice L; which is, together with its element a;,
representable by the weak congruence lattice of an algebra with at
least one constant, then we take L’ as in case (i) together with its
element /", where | = (/;)je;, | < (aj)ie; and there exists j € | such
that /; = 0 whenever i # j.
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(ii) If there exists only one lattice L; in the set of lattices

{L; | i € I} that can be represented, together with element a;, by
the week congruence lattice of an algebra with at least one
constant, then we take lattice L” as in case (i), without elements of
the form /', where | = (/;)ics, l; < aj and /; = 0 whenever i # ;.
(iii) It there is no lattice L; which is, together with its element a;,
representable by the weak congruence lattice of an algebra with at
least one constant, then we take L’ as in case (i) together with its
element /", where | = (/;)je;, | < (aj)ie; and there exists j € | such
that /; = 0 whenever i # j.

We call L’ the extended direct product of family A.
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(ii) If there exists only one lattice L; in the set of lattices

{L; | i € I} that can be represented, together with element a;, by
the week congruence lattice of an algebra with at least one
constant, then we take lattice L” as in case (i), without elements of
the form /', where | = (/;)ics, l; < aj and /; = 0 whenever i # ;.
(iii) It there is no lattice L; which is, together with its element a;,
representable by the weak congruence lattice of an algebra with at
least one constant, then we take L’ as in case (i) together with its
element /", where | = (/;)je;, | < (aj)ie; and there exists j € | such
that /; = 0 whenever i # j.

We call L’ the extended direct product of family A.

If a; is a A-suitable element of a lattice L;, for all i € I, then
a = (aj)jes is A-suitable in the extended direct product of the
fam//y {(L,-,a,-) | i € /}
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Derived representability

Another example of the derived representability is the
representability of a representable lattice, sligthly extended, and
multiplied by another algebraic lattice, that needn't be
representable at all.
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Derived representability

Another example of the derived representability is the
representability of a representable lattice, sligthly extended, and
multiplied by another algebraic lattice, that needn't be
representable at all.

If a is a codistributive element of a lattice, we define an extension
of a lattice:
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Derived representability

Another example of the derived representability is the
representability of a representable lattice, sligthly extended, and
multiplied by another algebraic lattice, that needn't be
representable at all.

If a is a codistributive element of a lattice, we define an extension
of a lattice:

L'=LUS, where SNL=0,S={sp| beL,b< a}. Now we
define an order <’ on L’ as follows:

If x,y € L, then x <" y if and only if x < y.

If x,y €S, and x =sp, y = sc, b,c € L, then x <' y if and only if
b<ec.

Ifxel,yeS, and y =sp, then y £ x, and x <" y if and only if
xNa<bhb.
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Derived representability

Another example of the derived representability is the
representability of a representable lattice, sligthly extended, and
multiplied by another algebraic lattice, that needn't be
representable at all.

If a is a codistributive element of a lattice, we define an extension
of a lattice:

L'=LUS, where SNL=0,S={sp| beL,b< a}. Now we
define an order <’ on L’ as follows:

If x,y € L, then x <" y if and only if x < y.

If x,y €S, and x =sp, y = sc, b,c € L, then x <' y if and only if
b<ec.

Ifxel,yeS, and y =sp, then y £ x, and x <" y if and only if
xNa<bhb.

We call this extension | a-extension of the initial lattice.
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Derived representability

Ja-extension of a representable lattice is also representable, since
its representation may be derived from any representation of the
initial lattice. What's more, we may get a representation of the
direct product of |a-extension of a representable lattice and any
algebraic lattice:
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Derived representability

Ja-extension of a representable lattice is also representable, since
its representation may be derived from any representation of the
initial lattice. What's more, we may get a representation of the
direct product of |a-extension of a representable lattice and any
algebraic lattice:

Theorem

Let L be a weak congruence representable lattice and let a € L
corresponds to the diagonal of the algebra representing L. Let L’
be the |a-extension of L.

If M is any algebraic lattice, then L' x M is weak congruence
representable and the element corresponding to the diagonal of the
representing algebra is (a,1).

<
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Derived representability

0 € L is A-suitable: take an algebra A, such that ConA = L, and
add all its elements, as constant operations, to the set of its
operations. Thus we get A’, whose only subalgebra is A’ itself.
Since the weak congruences of an algebra are congruences on
subalgebras, we get CwA" = ConA’ = ConA = L. Applying the
previous theorem to L', the |0-extension of L, we get the following:
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Derived representability

0 € L is A-suitable: take an algebra A, such that ConA = L, and
add all its elements, as constant operations, to the set of its
operations. Thus we get A’, whose only subalgebra is A’ itself.
Since the weak congruences of an algebra are congruences on
subalgebras, we get CwA" = ConA’ = ConA = L. Applying the
previous theorem to L', the |0-extension of L, we get the following:

Let L, M be algebraic lattices, such that L =|bU {1}, for an
element b € L. Element (0,1) is A-suitable in lattice L x M.
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Derived representability

0 € L is A-suitable: take an algebra A, such that ConA = L, and
add all its elements, as constant operations, to the set of its
operations. Thus we get A’, whose only subalgebra is A’ itself.
Since the weak congruences of an algebra are congruences on
subalgebras, we get CwA" = ConA’ = ConA = L. Applying the
previous theorem to L', the |0-extension of L, we get the following:

Let L, M be algebraic lattices, such that L =|bU {1}, for an
element b € L. Element (0,1) is A-suitable in lattice L x M.

For a lattice L and its element a, L &]ax1a iff a is in the center of
L, we may reformulate the previous assertion:
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Derived representability

0 € L is A-suitable: take an algebra A, such that ConA = L, and
add all its elements, as constant operations, to the set of its
operations. Thus we get A’, whose only subalgebra is A’ itself.
Since the weak congruences of an algebra are congruences on
subalgebras, we get CwA" = ConA’ = ConA = L. Applying the
previous theorem to L', the |0-extension of L, we get the following:

Let L, M be algebraic lattices, such that L =|bU {1}, for an
element b € L. Element (0,1) is A-suitable in lattice L x M.

For a lattice L and its element a, L &]ax1a iff a is in the center of
L, we may reformulate the previous assertion:

(A. Tepavéevié) If L be an algebraic lattice and a € L an element
from the center of the lattice, such that Ta =|bU {1}, for some
be L, ais A-suitable.
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If a is a A-suitable element of a lattice L and b a compact element
of la and d € [b, b], then a is a A-suitable element of the lattice
L'"=L\U{(c,e)\[dV c,c]|c € [b,a]}, which has the same order
as that of L (L' is a subposet of L).
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Thank you for your attention!
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