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Monoid acts

Right acts

A is a left S-act if there exists a map · : S × A→ A such that for

every s, t ∈ S and a ∈ A,

st · a = s · (t · a) and 1 · a = a.

That is, a left S-act is just a monoid homomorphism from S to the

full transformation monoid of A.

S-morphisms

Let A,B be left S-acts. The map ϕ : A→ B is an S-morphism if

(s · a)ϕ = s · aϕ

for all a ∈ A and s ∈ S .
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Some classes of acts

Free acts

A left S-act F is free over a set X if there exists a map ι : X → F

such that for every map ϕ : X → A into a left S-act A, there exists

a unique S-morphism ψ : F → A satisfying ιψ = ϕ.

Projective acts

A left S-act P is projective if, for every S-morphism ϕ : P → B and

surjective S-morphism ψ : A→ B , there exists an S-morphism

χ : P → A such that ϕ = χψ.
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Strongly �at acts

De�nition

A left S-act A is strongly �at if the tensor-product functor −⊗ A

from the category of right S-acts to the category of sets preserves

pullbacks and equalisers.

B. Stenström, 1970

The following are equivalent for a left S-act A:

A is strongly �at,

A is a direct limit of �nitely generated free left S-acts,

A satis�es the following conditions.

(P) For all a, a′ ∈ A and s, s ′ ∈ S if sa = s ′a′ then there exist
a′′ ∈ A and u, u′ ∈ S such that a = ua′′, a′ = u′a′′ and
su = s ′u′.

(E) For all a ∈ A and s, s ′ ∈ S if sa = s ′a then there exists a′′ ∈ A

and u ∈ S such that a = ua′′ and su = s ′u.
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Axiomatisability

Question

Given a monoid S , is the class of all strongly �at left S-acts

�rst-order axiomatisable?

The �rst-order language contains the one-variable function symbols

{λs : s ∈ S}, and the equality relation.
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Axiomatisability

Answer, Gould, 1987

The class of strongly �at left S-acts is axiomatisable if and only if

the following two conditions hold:

(R) For every s, t ∈ S , the subact

R(s, t) = {(u, v) : su = tv} ⊆ S × S

is �nitely generated, that is, there exists a �nite set

X ⊆ R(s, t) such that R(s, t) = X · S .
(r) For every s, t ∈ S , the right ideal

r(s, t) = {u : su = tu} ⊆ S

is �nitely generated.
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Axiomatisability and constructions

Direct product

If S ,T are monoids satisfying (R) (respectively, (r)) then S × T

satis�es (R)) (respectively, (r).

Retract

If S is a monoid, T is a retract of S , and S satis�es (R)
(respectively, (r)) then T satis�es (R) (respectively, (r)).

Submonoid, homomorphic image

The class of monoids satisfying (R) is not closed under taking

homomorphic images or submonoids.

The class of monoids satisfying (r) is not closed under taking

homomorphic images or submonoids.
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Semilattices

(R) implies (r)

If Y is a semilattice, and it satis�es (R), then it satis�es (r).
The converse is not true.

Proof:

If R(α, β) = X · Y , then

r(α, β) = {µν : (µ, ν) ∈ X} · Y .

Take the in�nite ascending chain with in�nity.

(R) implies �nite above

If Y is a semilattice, and it satis�es (R), then it is �nite above:

every principal �lter is �nite.

If Y is a semilattice that satis�es (R), then it is a lattice.
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Lattices

Distributive lattices

If Y is a distributive lattice which is �nite above, then it satis�es

(R).

Proof:

R(α, β) = {(µ, ν) : µ, ν ≥ α ∧ β, α ∧ µ = β ∧ ν}.

(R) and noetherian properties

There exists a semilattice which is �nite above, it has width 3, but

it does not satisfy (R). All of its ideals are �nitely generated.
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An example
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Distributive lattices and (r)

A reformulation

A distributive lattice Y satis�es (r) if and only if it has a

`generalised dual symmetric di�erence', that is, for every α, β ∈ Y ,

the set

{γ : α ∧ γ = β ∧ γ}

has a greatest element.

Both Boolean lattices and completely distributive lattices satisfy (r).
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Example

Let Y be the sublattice (not complete sublattice) of P(N)
generated by the following sets, together with N:

A = {n : n ≡ 1 (mod 3)}
B = {n : n ≡ 2 (mod 3)}

Ci = {n : 3 | n, n ≤ 3i} for all i ≥ 1

Then the lattice Y is a distributive lattice such that (Y ,∩) does

not satisfy (r).

Because r(A,B) = {Ci : i = 1, 2, . . .}, which is not �nitely

generated.
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Cli�ord monoids

De�nition

Let Y be a semilattice, and for every α ∈ Y , let Gα be a group

with identity eα. Furthermore, for every α ≥ β, let ϕα,β : Gα → Gβ
be a homomorphism such that ϕα,βϕβ,γ = ϕα,γ for every

α ≥ β ≥ γ. Let S = ∪α∈YGα, and de�ne a multiplication on S by

s · t = sϕα,αβ · tϕβ,αβ ,

where s ∈ Gα and t ∈ Gβ .

S is an inverse semigroup with semilattice of idempotents

E (S) = {eα : α ∈ Y } isomorphic to Y . E (S) is a retract of S . S is

a monoid if and only if Y is a monoid.
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Cli�ord monoids with �nite semilattice of idempotents

(r)

If Y is �nite, then S satis�es (r).

Proof:

In this case every right ideal is �nitely generated.

(R)

If Y is �nite, then S satis�es (R) if and only if for every α, β, γ ∈ Y

satisfying γ ≤ α ∧ β, we have that [H : K ] is �nite where

H = {(u, v) : uϕα,γ = vϕβ,γ} ≤ Gα × Gβ
K = {(gϕα∨β,α, gϕα∨β,β} ≤ Gα × Gβ.
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Cli�ord monoids with in�nite semilattice of idempotents and

trivial structure homomorphisms

De�nition

R(s, t)J = {(uJ , vJ ) : su = tv}.

Theorem

S satis�es (R) if and only if the following are true

1 Y is �nite above,

2 for every 0 6= α ∈ Y , Gα is �nite,

3 for every α ∈ Y , the set {β : β ⊥ α, |Gβ| > 1} is �nite,
4 for every s ∈ Gα and t ∈ Gβ , R(s, t)J is �nitely generated.
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