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1. Requisites and motivation

@ The tolerances and the congruences of an algebra A form algebraic
lattices with respect to C denoted by Tol(A) and Con(A),
respectively.
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1. Requisites and motivation

@ The tolerances and the congruences of an algebra A form algebraic
lattices with respect to C denoted by Tol(A) and Con(A),
respectively.

@ Using a congruence 0 € Con(A) we can define a factor algebra A/6
having as elements the congruence classes [a]g, a € A. In case of a
tolerance T € Tol(A) this is in general not possible.
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1. Requisites and motivation

@ The tolerances and the congruences of an algebra A form algebraic
lattices with respect to C denoted by Tol(A) and Con(A),
respectively.

@ Using a congruence 0 € Con(A) we can define a factor algebra A/6
having as elements the congruence classes [a]g, a € A. In case of a
tolerance T € Tol(A) this is in general not possible.

@ In the case of lattices, Gabor Czédli ('82) proved that using a
tolerance T € Tol(L) we can define a factor lattice of L modulo T,
which elements are the the blocks of the tolerance T.
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1. Requisites and motivation

@ The tolerances and the congruences of an algebra A form algebraic
lattices with respect to C denoted by Tol(A) and Con(A),
respectively.

@ Using a congruence 0 € Con(A) we can define a factor algebra A/6
having as elements the congruence classes [a]g, a € A. In case of a
tolerance T € Tol(A) this is in general not possible.

@ In the case of lattices, Gabor Czédli ('82) proved that using a
tolerance T € Tol(L) we can define a factor lattice of L modulo T,
which elements are the the blocks of the tolerance T.

Although this construction generalize the factor lattice notion, its
properties are significantly different.
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There are some important properties, which are generally valid for the
congruence factors of any algebra, but they are not true in general for
tolerance factors of lattices:
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There are some important properties, which are generally valid for the
congruence factors of any algebra, but they are not true in general for
tolerance factors of lattices:

It is known that for any ¢ € Con(A), we have
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There are some important properties, which are generally valid for the
congruence factors of any algebra, but they are not true in general for
tolerance factors of lattices:

It is known that for any ¢ € Con(A), we have
Con(A/¢) = [¢) (homomorphism theorem)

- where [p) stands for the principal filter [p) of ¢ in Con(A);
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There are some important properties, which are generally valid for the
congruence factors of any algebra, but they are not true in general for
tolerance factors of lattices:

It is known that for any ¢ € Con(A), we have
Con(A/¢) = [¢) (homomorphism theorem)

- where [p) stands for the principal filter [p) of ¢ in Con(A);

Moreover, any ¢ € Con(A) with 1 > ¢ induces a congruence 1)/ on the
factor algebra A/, such that

(A/p)/ (/) =2 A1) (second isomorphism theorem).
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There are some important properties, which are generally valid for the
congruence factors of any algebra, but they are not true in general for
tolerance factors of lattices:

It is known that for any ¢ € Con(A), we have
Con(A/¢) = [¢) (homomorphism theorem)

- where [p) stands for the principal filter [p) of ¢ in Con(A);

Moreover, any ¢ € Con(A) with 1 > ¢ induces a congruence 1)/ on the
factor algebra A/, such that

(A/p)/ (/) =2 A1) (second isomorphism theorem).

In this talk we are going to formulate analogous results for tolerance
factors of lattices.
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The " fitting into” order
If ©, 0 are equivalence relations and ¢ < 6, then any equivalence class of

0 is a union of some equivalence classes of . The same is true for the
congruences of an algebra A = (A, F) (see the figure below).
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The " fitting into” order

If ©, 0 are equivalence relations and ¢ < 6, then any equivalence class of
0 is a union of some equivalence classes of . The same is true for the
congruences of an algebra A = (A, F) (see the figure below).
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The " fitting into” order

If ©, 0 are equivalence relations and ¢ < 6, then any equivalence class of
0 is a union of some equivalence classes of . The same is true for the
congruences of an algebra A = (A, F) (see the figure below).

-

Definition 1. Let 7,5 € Tol(L), T < S. We say that T fits into S and
we write T C S, if any block of S is the union of some blocks of T.
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The " fitting into” order

If ©, 0 are equivalence relations and ¢ < 6, then any equivalence class of
0 is a union of some equivalence classes of . The same is true for the
congruences of an algebra A = (A, F) (see the figure below).

-

Definition 1. Let 7,5 € Tol(L), T < S. We say that T fits into S and
we write T C S, if any block of S is the union of some blocks of T.

We already know that C is a partial order on Tol(L).
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2. Tolerances and polarities

Definition 2. Let L = (L, <) be a lattice. A pair of maps o, u: L — L,
is called a polarity on IL if for any x,y € L, o(x) < x and

o(x) <y <= x<pu(y)
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2. Tolerances and polarities

Definition 2. Let L = (L, <) be a lattice. A pair of maps o, u: L — L,
is called a polarity on IL if for any x,y € L, o(x) < x and
o(x) Sy = x < p(y)

This yields also x < p(x), for all x € L.
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2. Tolerances and polarities

Definition 2. Let L = (L, <) be a lattice. A pair of maps o, u: L — L,
is called a polarity on IL if for any x,y € L, o(x) < x and

o(x) <y <= x<pu(y)
This yields also x < u(x), for all x € L. If (o, ) is a polarity, then o is a

join-homomorphism and p is a meet-homomorphism of L, i.e. for all
X1,X € L

o(x1Vx) =0(x1)Vo(x), n(xa Ax) = ulx) A p(x).
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2. Tolerances and polarities

Definition 2. Let L = (L, <) be a lattice. A pair of maps o, u: L — L,
is called a polarity on IL if for any x,y € L, o(x) < x and

o(x) <y <= x<pu(y)
This yields also x < u(x), for all x € L. If (o, ) is a polarity, then o is a

join-homomorphism and p is a meet-homomorphism of L, i.e. for all
X1,X € L

o(x1Vx) =0(x1)Vo(x), n(xa Ax) = ulx) A p(x).

In the case of a finite lattice IL, there is a one-to-one correspondence
between its tolerances and polarities. The correpondence is given by
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Lemma 1. (D. Hobby, R. Mc Kenzie)
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Lemma 1. (D. Hobby, R. Mc Kenzie)

(i) If T is a tolerance on a finite lattice 1L, then the formulas

or(x) =My ell(xy)e T} pr(x)=V{yel|(xy)eT}

define a polarity on L such that T = {(x,y) | or(xVy) < xAy}.
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Lemma 1. (D. Hobby, R. Mc Kenzie)

(i) If T is a tolerance on a finite lattice 1L, then the formulas

or(x) =My ell(xy)e T} pr(x)=V{yel|(xy)eT}

define a polarity on L such that T = {(x,y) | or(xVy) < xAy}.

(ii) If (o, ) is any polarity of L, then there exists a unique tolerance T
such that o, and T are related as in (i).
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Lemma 1. (D. Hobby, R. Mc Kenzie)

(i) If T is a tolerance on a finite lattice 1L, then the formulas

or(x) =My ell(xy)e T} pr(x)=V{yel|(xy)eT}

define a polarity on L such that T = {(x,y) | or(xVy) < xAy}.

(ii) If (o, ) is any polarity of L, then there exists a unique tolerance T
such that o, and T are related as in (i).

Proposition 1.

Let L be a finite lattice and T,S € Tol(L). Then the following are
equivalent:

| A
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(i) If T is a tolerance on a finite lattice 1L, then the formulas

or(x) =My ell(xy)e T} pr(x)=V{yel|(xy)eT}

define a polarity on L such that T = {(x,y) | or(xVy) < xAy}.

(ii) If (o, ) is any polarity of L, then there exists a unique tolerance T
such that o, and T are related as in (i).

| A

Proposition 1.

Let L be a finite lattice and T,S € Tol(L). Then the following are

equivalent:
HTCS,
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Lemma 1. (D. Hobby, R. Mc Kenzie)

(i) If T is a tolerance on a finite lattice 1L, then the formulas

or(x) =My ell(xy)e T} pr(x)=V{yel|(xy)eT}

define a polarity on L such that T = {(x,y) | or(xVy) < xAy}.

(ii) If (o, ) is any polarity of L, then there exists a unique tolerance T
such that o, and T are related as in (i).

Proposition 1.

Let L be a finite lattice and T,S € Tol(L). Then the following are
equivalent:

() TCES,

(ii) Imos C Imot and Imus C Imur,

| A
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Lemma 1. (D. Hobby, R. Mc Kenzie)

(i) If T is a tolerance on a finite lattice L, then the formulas

or(x) =My ell(xy)e T} pr(x)=V{yel|(xy)eT}

define a polarity on L such that T = {(x,y) | or(xVy) < xAy}.

(ii) If (o, ) is any polarity of L, then there exists a unique tolerance T
such that o, and T are related as in (i).

Proposition 1.

Let L be a finite lattice and T,S € Tol(L). Then the following are
equivalent:

HTCS,

(ii) Imos C Imor and Imus C Imur,

(iii) There is a pair f,g: L — L of order-preserving mappings such that
os=foor and us =g o ur.

| A

Séndor Radeleczki, Math. Institute, Univ. of Miskolc (joint work with Joanna  Tolerance factors



3. Isomorphism theorems

=
Tolerance factors



3. Isomorphism theorems

Let [T)c :={S € Tol(L) | T C S}. In fact on the set [T)c we can
define two different posets: ([T)c, <) and (([T)c, ).
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3. Isomorphism theorems

Let [T)c :={S € Tol(L) | T C S}. In fact on the set [T)c we can
define two different posets: ([T)c, <) and (([T)c, ).

Theorem 1. (Homomorphism Thm.) For any T € Tol(L) we have:
(i) (Tol(L/T), <) = ([T)c, <)
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3. Isomorphism theorems

Let [T)c :={S € Tol(L) | T C S}. In fact on the set [T)c we can
define two different posets: ([T)c, <) and (([T)c, ).

Theorem 1. (Homomorphism Thm.) For any T € Tol(L) we have:
(i) (Tol(L/T), <) = ([T)c, <)
(i) (Tol(L/T),E) = ([T)c, ).
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3. Isomorphism theorems

Let [T)c :={S € Tol(L) | T C S}. In fact on the set [T)c we can
define two different posets: ([T)c, <) and (([T)c, ).

Theorem 1. (Homomorphism Thm.) For any T € Tol(L) we have:

(i) (Tol(L/T), <) = ([T)c, <);
(i) (Tol(L/T),C) = ([T)c,C).

Hence ([T)c, <) is a lattice and (Tol(L/T),C) is isomorphic to a
principal filter of (Tol(L), C).
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3. Isomorphism theorems

Let [T)c :={S € Tol(L) | T C S}. In fact on the set [T)c we can
define two different posets: ([T)c, <) and (([T)c, ).

Theorem 1. (Homomorphism Thm.) For any T € Tol(L) we have:
(i) (Tol(L/T), <) = ([T)c, <);
(ii) (Tol(L/T),C) = ([T)c, E).

Hence ([T)c, <) is a lattice and (Tol(L/T),C) is isomorphic to a
principal filter of (Tol(L), C).

Theorem 2. (Second isomorphism Thm.)
(i) Forany T,S € Tol(L) with T T S we have (L/T)/(S/T) = L/S.
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3. Isomorphism theorems

Let [T)c :={S € Tol(L) | T C S}. In fact on the set [T)c we can
define two different posets: ([T)c, <) and (([T)c, ).

Theorem 1. (Homomorphism Thm.) For any T € Tol(L) we have:

(i) (Tol(L/T), <) = ([T)c, <)
(it) (Tol(L/T),E) = ([T)c, ).

Hence ([T)c, <) is a lattice and (Tol(L/T),C) is isomorphic to a
principal filter of (Tol(L), C).

Theorem 2. (Second isomorphism Thm.)

(i) Forany T,S € Tol(L) with T T S we have (L/T)/(S/T) = L/S.
(i) For any @ € Tol(L/T) we have (L/T)/0 = L/TY.
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3. Isomorphism theorems

Let [T)c :={S € Tol(L) | T C S}. In fact on the set [T)c we can
define two different posets: ([T)c, <) and (([T)c, ).

Theorem 1. (Homomorphism Thm.) For any T € Tol(L) we have:
(i) (Tol(L/T), <) = ([T)c, <);
(ii) (Tol(L/T),C) = ([T)c, E).

Hence ([T)c, <) is a lattice and (Tol(L/T),C) is isomorphic to a
principal filter of (Tol(L), C).

Theorem 2. (Second isomorphism Thm.)
(i) Forany T,S € Tol(L) with T T S we have (L/T)/(S/T) = L/S.
(i) For any @ € Tol(L/T) we have (L/T)/0 = L/TY.

It was proved by I. Chajda, and J. Nieminen that for any finite direct
product L = []L; of lattices the isomorphism Tol(L) = [ Tol(L;) holds.
i=1 i=1

Moreover, we proved:
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n
Let L = T[L; be a finite lattice, and C; the "fitting into” relation on
i=1

Tol(L;).
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n
Let L = T[L; be a finite lattice, and C; the "fitting into” relation on

i=1
Tol(L;). Then (Tol(L),C) is isomorphic to the direct product of the
posets (Tol(L;), ;).
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n
Let L = T[L; be a finite lattice, and C; the "fitting into” relation on

i=1
Tol(L;). Then (Tol(L),C) is isomorphic to the direct product of the
posets (Tol(L;), ;).

4. The partialy ordered set (Tol(L), C)
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n
Let L = T[L; be a finite lattice, and C; the "fitting into” relation on

i=1
Tol(L;). Then (Tol(L),C) is isomorphic to the direct product of the
posets (Tol(L;), ;).

4. The partialy ordered set (Tol(L), C)

In this section we investigate some particular properties of the poset
(Tol(L), C). Of course, the partial orders < and C defined on Tol(L),
are in general different:
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n
Let L = T[L; be a finite lattice, and C; the "fitting into” relation on

i=1
Tol(L;). Then (Tol(L),C) is isomorphic to the direct product of the
posets (Tol(L;), ;).

4. The partialy ordered set (Tol(L), C)

In this section we investigate some particular properties of the poset
(Tol(L), C). Of course, the partial orders < and C defined on Tol(L),
are in general different:

Proposition 2.

Let L be a nontrivial finite distributive lattice. Then the partial orders C
and < coincide on Tol(L) if and only if L is a Boolean lattice.
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n
Let L = T[L; be a finite lattice, and C; the "fitting into” relation on

i=1
Tol(L;). Then (Tol(L),C) is isomorphic to the direct product of the
posets (Tol(L;), ;).

4. The partialy ordered set (Tol(L), C)

In this section we investigate some particular properties of the poset
(Tol(L), C). Of course, the partial orders < and C defined on Tol(L),
are in general different:

Proposition 2.

Let L be a nontrivial finite distributive lattice. Then the partial orders C
and < coincide on Tol(L) if and only if L is a Boolean lattice.

Remark. We note that the poset (Tol(L),C) is not a lattice in general!
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T1: {0,1,2,4}, {1,3,4,6}, {2,4,5,7}, {4,6,7,8}, {6,8,9};
To: {0,1,2,4}, {1,3,4,6}, {2,4,5,7}, {4,6,7,8}, {7.8.9};
Sy {0,1,2,4}, {1,3,4,6}, {2,4,5,7}, {4,6,7,8,9};

S»: {0,1,2,3,4,6}, {2,4,5,6,7,8}, {4,6,7,8,9}.
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Ti: {0,1,2,4}, {1,3,4,6}, {2,4,5,7}, {4,6,7,8}, {6,8,9};
T>s: {0,1,2,4}, {1,3,4,6}, {2,4,5,7}, {4,6,7,8}, {7,8,9};
Si: {0,1,2,4}, {1,3,4,6}, {2,4,5,7}, {4,6,7,8,9};

S,: {0,1,2,3,4,6}, {2,4,5,6,7,8}, {4,6,7,8,9}.

Clearly, T, T, C 51,5, and S; = T V Ts.
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Ti: {0,1,2,4}, {1,3,4,6}, {2,4,5,7}, {4,6,7,8}, {6,8,9}:

Tp: {0,1,2,4}, {1,3,4,6}, {2,4,5,7}, {4,6,7,8}, {7.8.0};

Si: {0,1,2,4}, {1,3,4,6}, {2,4,5,7}, {4,6,7,8,9};

S»: {0,1,2,3,4,6}, {2,4,5,6,7,8}, {4,6,7,8,9}.

Clearly, Tl, T2 ; 51, 52 and 51 = Tl \ Tg. If sup{ Tl, Tg} would exist in
(TO|(L), E), then S; =T, vV T, < SUp{Tl, T2} <5 NS =5 would
imply sup{T1, T2} = S1, which is a contradiction, because S is an
upperbound for { Ty, T2}, however S; C S, does not hold.
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Lemma 2. For any finite lattice L, T € Tol(L) and any system
S; € Tol(L), i €1, | # 0 of tolerances

TCS,iclimply TCN{Si|iell}.
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Lemma 2. For any finite lattice L, T € Tol(L) and any system
S; € Tol(L), i € 1, | # 0 of tolerances

TCS,ielimply TCO{Si|i€l}.

Elementary notions related with directoids
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Lemma 2. For any finite lattice L, T € Tol(L) and any system
S; € Tol(L), i € I, I # O of tolerances

TCS,ielimply TCO{Si|i€l}.

Elementary notions related with directoids

Definition 3.(J. JeZek, R. Quackenbush)

Séndor Radeleczki, Math. Institute, Univ. of Miskolc (joint work with Joanna  Tolerance factors



Lemma 2. For any finite lattice L, T € Tol(L) and any system
S; € Tol(L), i € I, I # O of tolerances

TCS,ielimply TCO{Si|i€l}.

Elementary notions related with directoids

Definition 3.(J. JeZek, R. Quackenbush)

(i) A join-directoid is an up-directed partially ordered set A = (A, <)
where to any ordered pair (x,y) € A? of elements a common upperbound
xVy is assigned such that

X <y<=y=xVy.
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Lemma 2. For any finite lattice L, T € Tol(L) and any system
S; € Tol(L), i € I, I # O of tolerances

TCS,ielimply TCO{Si|i€l}.

Elementary notions related with directoids

Definition 3.(J. JeZek, R. Quackenbush)

(i) A join-directoid is an up-directed partially ordered set A = (A, <)
where to any ordered pair (x,y) € A? of elements a common upperbound
xVy is assigned such that

x<y<=y=xVy.

(ii) The join-directoid A is called commutative if xVy = yVx.
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Lemma 2. For any finite lattice L, T € Tol(L) and any system
S; € Tol(L), i € I, I # O of tolerances

TCS,ielimply TCO{Si|i€l}.

Elementary notions related with directoids

Definition 3.(J. JeZek, R. Quackenbush)

(i) A join-directoid is an up-directed partially ordered set A = (A, <)
where to any ordered pair (x,y) € A? of elements a common upperbound
xVy is assigned such that

x<y<=y=xVy.

(ii) The join-directoid A is called commutative if xVy = yVx.

Remark. The choice of this common upperbound in general is not
unique (provided x and y are not comparable). Hence an up-directed
poset (A, <) may be converted into several different join-directoids.
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Equivalent definition. Any join-directoid can be defined equivalently as
a grupoid A = (A, V) satisfying the identities:
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Equivalent definition. Any join-directoid can be defined equivalently as
a grupoid A = (A, V) satisfying the identities:

D1) xvx = x,

D2) (xVy)Vx = xVy, yV(xVy)= xVy,

D3) xV((xVy)Vz) = (xVy)Vz.
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Equivalent definition. Any join-directoid can be defined equivalently as
a grupoid A = (A, V) satisfying the identities:

D1) xvx = x,

D2) (xVy)Vx = xVy, yV(xVy)= xVy,

D3) xV((xVy)Vz) = (xVy)Vz.

In this case, the definition x < y <= xVy = y determines an
up-directed poset (A, <).
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Equivalent definition. Any join-directoid can be defined equivalently as
a grupoid A = (A, V) satisfying the identities:

D1) xvx = x,

D2) (xVy)Vx = xVy, yV(xVy)= xVy,

D3) xV((xVy)Vz) = (xVy)Vz.

In this case, the definition x < y <= xVy = y determines an
up-directed poset (A, <).

Now, let us define

TWVT, = ﬂ{S € TO|(L) | T, T, C S}, for any T1, T, € ToI(L)
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D2) (xVy)Vx = xVy, yV(xVy)= xVy,

D3) xV((xVy)Vz) = (xVy)Vz.

In this case, the definition x < y <= xVy = y determines an
up-directed poset (A, <).

Now, let us define

TWVT, = ﬂ{S € TO|(L) | T, T, C S}, for any T1, T, € ToI(L)

Then we can formulate:
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Equivalent definition. Any join-directoid can be defined equivalently as
a grupoid A = (A, V) satisfying the identities:

D1) xvx = x,

D2) (xVy)Vx = xVy, yV(xVy)= xVy,

D3) xV((xVy)Vz) = (xVy)Vz.

In this case, the definition x < y <= xVy = y determines an
up-directed poset (A, <).

Now, let us define

TWVT, = ﬂ{S € TO|(L) | T, T, C S}, for any T1, T, € TO|(I_)

Then we can formulate:

Proposition 3.

(i) (Tol(L), V) is a commutative join-directoid corresponding to the
partially ordered set (Tol(L), C).
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Equivalent definition. Any join-directoid can be defined equivalently as
a grupoid A = (A, V) satisfying the identities:

D1) xvx = x,

D2) (xVy)Vx = xVy, yV(xVy)= xVy,

D3) xV((xVy)Vz) = (xVy)Vz.

In this case, the definition x < y <= xVy = y determines an
up-directed poset (A, <).

Now, let us define

TWVT, = ﬂ{S € TO|(L) | T, T, C S}, for any T1, T, € TO|(I_)

Then we can formulate:

Proposition 3.

(i) (Tol(L), V) is a commutative join-directoid corresponding to the
partially ordered set (Tol(L), C).

(i) If for some Ty, T € Tol(L), sup{ Ty, T2} there exists in (Tol(L),C),
then sup{ Ty, T} = T1V T5.
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5. Some properties of (Tol(L), V)
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5. Some properties of (Tol(L), V)

Let (A, V) be a join-directoid and B C A, B# 0. (B, V) is called a
subdirectoid of (A, V), whenever for any b, c € B, bvc € B holds.

Let L be a finite lattice. Then the following assertions are true:
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5. Some properties of (Tol(L), V)

Let (A, V) be a join-directoid and B C A, B# 0. (B, V) is called a
subdirectoid of (A, V), whenever for any b, c € B, bvc € B holds.

Theorem 4.
Let L be a finite lattice. Then the following assertions are true:

(i) (Con(L), V) is a subdirectoid of (Tol(L), V);
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5. Some properties of (Tol(L), V)

Let (A, V) be a join-directoid and B C A, B# 0. (B, V) is called a
subdirectoid of (A, V), whenever for any b, c € B, bvc € B holds.

Theorem 4.

Let L be a finite lattice. Then the following assertions are true:

(i) (Con(L), V) is a subdirectoid of (Tol(L), V);
(ii) For every T € Tol(L), ([T)c, V) is a subdirectoid of (Tol(L), V) and
([T, v) = (Tol(L/T), V)
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5. Some properties of (Tol(L), V)

Let (A, V) be a join-directoid and B C A, B# 0. (B, V) is called a
subdirectoid of (A, V), whenever for any b, c € B, bvc € B holds.

Theorem 4

Let L be a finite lattice. Then the following assertions are true:

(i) (Con(L), V) is a subdirectoid of (Tol(L), V);

(ii) For every T € Tol(L), ([T)c, V) is a subdirectoid of (Tol(L), V) and
(IT)e, v) = (Tol(L/T), V)

n
(i) Let L = [ L;, and denote by V; the grupoid operation corresponding
i=1

s

to the directoid (Tol(L;), ;). Then (Tol(L), V) =

i

(Tol(L), vi)
1
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