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What is IS operation?

Total operation:

- O
- O| O
—_ | -

Let
h(x1, x2) = OR(9(x1), X2)
Partial operation:

OR(g(x1), 1) undefined if g(x1) is undefined

Incompletely specified operation:

OR(g(X1)> 1) = 1
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How to define it formaly?

Let A be afinite set and k £ A.
Partial operation:

f:A"— Au{k}, Kk —undefined
Incompletely specified operation:
f:A" - AU{k}, Kk — unspecified

14 - set of all IS operations on A
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New composition

Definition
Letf e Iﬁ‘”) andgi,...,gn € Iﬁ\m). The i-composition of f and g, . . .
is an m-ary IS operation defined by

f[g1a"'7gn](x17"')xm): H f(}/1a-~a}/n)

(}’1a---aYn)€An7
YiC gi(x1, ..., Xm)
1<i<n

>gn

where
N . ) x it xy=xe=...=X,
H{X’ 1<i<ht= { k , otherwise.

C={(x,x): xe AU{k}}U{(x,k): x € A}
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What is IS operation?

Example

A={0,1}

composition of partial operations
OR[0 1 (91| 9 | OR(g4, g2)
00 1 0|12 0 2
111 1 1100 1 0

OR(g1,92)(0) = 0R(91(0), g2(0)) =2

i-composition of IS operations

OR | 0 \g1 9 | OR[g1, ge]
00 1 12 0 1
11 1 0|0 1 0

OR[91, g2](0) = 0R(g1(0), 92(0)) = OR(1,0) MOR(1,1) = 1711 =1
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IS clone

Definition

A set C C I is called a clone of incompletely specified operations (or
IS clone) if

@ C contains all projections and
@ C is closed with respect to i-composition.
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IS clone

o forfel(Nletcf=rf=Af=f,

o forfel) n>2let¢f,rf e ) and Af € I""") be defined as
o (CH(X1,X2,.. . Xn) = F(X, ..., Xn, X1)
o (7)(X1, X2, X3,...,Xn) = f(Xo, X1, X3, ..., Xn)
o (Af)(X1, X2, ..., Xn—1) = F(X1, X1, X2 .., Xn—1)

o forfel"andge (™ letfoge """ be defined as
(fog)(x1a---7xm+nf1): H f(y7Xm+17-~-aXm+n—1)
yeA

yEgx, ..., Xm)

Jelena Coli¢ (University of Novi Sad) On the Lattice of IS Clones Szeged 2012 8/29



What is IS operation?

Example
A:{071}
OR [0 1 |l g
00 1 0|0
171 1 112
Let h(x1, x2) = OR(g(X1), X2)-
For partial operations:
h|0
0|0 1
112 2
h(1,1) = or(g(1),1) = 2
For IS operations:
h|0 1
0|0 1
112 1

h(1,1) = or(g(1),1) = or(0,1)Mor(1,1) =111 =1
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IS clone

Za= (Ip;0, ¢, 1, A, e12’A) full algebra of IS operations

Theorem

C C Ipis an IS clone if and only if C is a subuniverse of the full algebra
of IS operations.
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Some properties

Ly = (L, <), L, -setofalllS clones on A.

@ Jj, is the least IS clone.
@ /4 is the greatest IS clone.
@ Intersection of IS clones is an IS clone.

@ (F)i=n{C:CisanlScloneand F C C}
= ( )i: P(la) = P(l4) is an algebraic closure operator.

e L) is an algebraic lattice.
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A maximal IS clone
A maximal IS clone

Theorem (Haddad, Rosenberg, Schweigert 1990)

Oa U ({ck})p is @ maximal partial clone on A. J
Theorem

O, is a maximal IS clone. J
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Cardinality of the lattice on A= {0, 1}

Lattice of IS clones is isomorphic to the lattice of hyperclones on
A={0,1}.

HA—>/A:fi—>fis

’ 0 ,f(x1,...,xn) =10}
f’s(x1,...,xn){ 1 f(xq,...,xp) = {1}
2 f(xq,...,xp) ={0,1}

Theorem (Machida 2002)
There are continuum many IS clones on A= {0,1}. J
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Minimal IS clones on A= {0,1}

Theorem (Post 1941)
There are 7 minimal clones on A = {0, 1}.

Theorem (Bérner, Haddad, Pdschel 1991)
There are 11 minimal partial clones on A = {0,1}.

Theorem (Pantovi¢, Vojvodi¢ 2004)
There are 13 minimal IS clones on A = {0,1}.

m12\0 1 m13\0 1
0 2 00
1 (1 1 1 12 1
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Maximal IS clones on A= {0,1}

Theorem (Post 1941)
There are 5 maximal clones on A= {0,1}.

Theorem (Freivald 1966)
There are 8 maximal partial clones on A = {0,1}.

Theorem (Tarasov 1974)
There are 9 maximal IS clones on A= {0,1}.

M, = iPol(0 1)
M = iPol ({0,1,2}°\{(0,1,1),(1,0,0)})
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Weak extension of p

Let p C A™. The weak extension of p is the relation p,, defined by

ow = {(ai,...,am) € (AU{k})" :thereis (b, ..., bm) such that
(bi,....bm) € pand (by,...,bm) C (a1,...,am)}.

Definition
f e I\ u-preserves p iff forall Ay, ..., Ap € A
Aq f(A1)
: Cp= : € pw
Am f(Am)
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Example (weak extension)

A=1{0,1}
(00
= o 1
/000222
Pw = Lo 12012
, (0002122
P = \o120212

(0" is not the weak extension of p)
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Weak extension of p

Theorem
Letm>1 andp C A™. Then uPolp is an IS clone. J
Theorem
If g u-preserves p and g C f then f u-preserves p. J
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One-point extension

Let us define the mapping Is — Oauxy : f— T, as follows:

fH(xq,...,xp) = H f(vi,--..¥n)

(Y1, -, ¥n) € A,
V1,5 ¥n) E (X4, -0y Xm)
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= e i spaiian:
Example (one-point extension)

A= {07 1}
Partial operation:
ORT [0 1 2
0 |0 1 2
1 111 2
2 |2 2 2
ORT(2,1) =2
Incompletely specified operation:
ORT[0 1 2
0 |0 1 2
1 /1 11
2 |2 1 2

OR™(2,1) =0r(0,1) M OR(1,1)=1N1=1
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Some denotations

F+:{f+:f€F}gOAU{k} for F C I,.

F+ is the extension of F
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Algebra of extended IS operations
Algebra of extended IS operations

Full algebra of operations on AU {k}:

AU{k
Onviky = (Oavgkyi 0, G, 7, A, €791

I is closed w.rt. ¢, and &1 .
o 2AUK) _ (2A)F
@ ((f)= ()"
o 7(f)=(=(F )"
I} is not closed w.r.t. A and o :
o A(f) # (A(F))*
0 fog#((f)e(g))”
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IS operations via a one-point extension Algebra of extended IS operations

flo 12 | Af
0/{0 OO 0| 0
112 0 2 110
2|12 0 2 2| 2

)+
o1 |ar 80D
000 0] O 1 0
112 0 11 0 > 0
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Algebra of extended IS operations
@ A={0,1} = fog=((f")o(g7)"
° |[Al=3="fog#((f7)e(g )"

flo123 g fog|o 1 2 3

0 1 00 0 1

1 1 110 = 1 1

2 2 21 2 1

3 3 33 3 3
(fog)(3.2) =1(g9(3),2) =3

10 1 2 s (f 009’)\ 1 $3
0 T 0] 0 _ 1 1

1 1 1] 0 > 1
2 o 2|1 2 1

(f7097)"(3,2)

(9(0),2) M f(g(1),2) 1 f(g9(2),2)
£(0,2) M £(0,2) M £(1,2) = 1
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Algebra of extended IS operations
Algebra of extended IS operations

Full algebra of extended IS operations:

T = (IF01, ¢ A, €27291)

where
A(f) = (A(F)"

foig=((f)o(g )"
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Extended IS clone

i = (504, ¢, 7, A, €3)

Theorem
C C I; is extended from an IS clone
iff
C is a subuniverse of the full algebra I, of extended IS operations.
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Composition closed set of extended IS operations
Extended IS clone

i-composition of extended IS operations:
Fe (N g1 gn e (1) flgr,....gn] € (I3)™)

f[g17...7gn]:(f*[gr,”.’g;])Jr

Theorem

C C I} is an extended clone of IS operations if and only if
@ C contains all projections
@ C is closed with respect to i-composition.
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Extended IS operations preserving relations
Extended IS operations preserving relations

c{0,1,2}™ fe ()"

5(F) = {(a(F)Na:{1,...,ny = {1,...}1<I<n

where
Sa(F)(X1, - X)) = T (Xa(1)s -+ s Xa(m)
Definition
f i-preserves p if and only if 5(f) C Polp. J

iPolp = {f € I} : fi-preserves p}

Theorem (Tarasov 1974)
Let A={0,1}. If Ct = iPolp, then C is an IS clone. J

Jelena Coli¢ (University of Novi Sad) On the Lattice of IS Clones Szeged 2012 28/29



IS operations via a one-point extension Extended IS operations preserving relations

Thank you for your attention!
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