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Eﬁi K<R™ convex Gody: compac(:,

convex, intK+@.
Nef, V( K) : volume of K.
Not. 0€ int K - Pceﬂ.'ar body K*:=
{xeR™ l VkeK x k><1}.
Also convex body, with O€intK™
K*)*= K.
K O'Symnc(:r:c DK is urit ball of
an n-dimensional Banach space X,
then K* is unit ball of dual space X'
(X, X' identified via scalar procud

<, 0))



3

Det. Volume precluct: VIKIV(KY)
1€ is invariant under non-gingu las
linear transformetions.
Orig inater from Blaschke, Mahler.
Turned out to be very imporbent
in the local H‘beory of Banach spaces
(asymptotic study of ho'g'w finite
dimensional Banach cpaces), where
it har relations to a number of
other c‘soracl:éra°sfotl of there Banach

SPpoces.
“.‘ emergc,r in at l«l" € different

mathematical lll.l'cip lines.




Qg* M"'“.m“'ﬂo maximoem of volume

procduct=?
Ex.s. 1) K= Euclidean unit ball, with

volume =i, ® V(KYV (K *)=K,?;
= (2eT+ a-(ﬁ)w .

2) K= cube =1, 1%, or regulor
cross-polybope convite]} =
VIKIV(K ¥)- -f"-:-;”-a-
n " (be t o)™




x€intk=> V((K-x)*)= ¥

,{I (‘ﬁk(«.)-(x.«.) " d,

gn-1

where AK (w)= support function

of K := mar{ Lk,«>| kek],
sn-1,

for we
3rao¢ X V((k-x)*)-'-‘

_( “w (’tk(d-Ox.«.s-“-' Jau-,
Sn-‘l T

s Qtah?cs‘o"“ucnﬁ ial of V((K -xw

If a Patii‘a've definite quadratre
form %
Cor. I xeintK V((K-0") is

minimal

dist (x. bd K) 0 = V((K-")20



Def, This unique x is:
Santald point of K :=a(kK).
K 0°symm¢(m‘¢~) a(K)=0.

In geometry it it unnaturel
to restrict bo O- :ymmdm‘c bodres,
which is natural in the lceal
theory of Banach spoces.
|mporl‘ance of Santald point
s‘wouu up only " q:ymmdn’c cage,
and alro leads to proofs, ungue

e o-.rymmeen'c cale on'y. |



G¢adh_gﬁg«:}? minimam, meximum of ¢

V)V[(k- s04)*]=2

(a minimum, and a minimeax

Pro‘lon).
Thes quaneiey ot inverient

uneder allinities.




UPPER BOUND )
Th.A. (Blaschke, Santald, Saint Raymend,
Petty, Meyer- Pajor)
V(K) V[( 4 ‘S(K))*] < .‘3: |

with cquah't, exactly ——

cl?lip:oid
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Tl\ﬂ‘; (Ball, Meojer-Paioc.
A rfS{e;n-AviJan-K P rfaj- Milman,
M e yer- Rei.me t)

Steiner Sy mmetrization

proves this, Namdy, Steiner

symmetrization does not

decrease V(K) V[( K-a( K))*] \

and sh:clloj increases it, unless

K is an ellipsoid.

T his is simplest preof, comparable
 to that of the isoperimetric

inequality by Steiner

symmchizchon.



i2ation

Steiner symmetr




LOWER BOUNDS
ﬁ (Mahler-6uggenheimer)
K O-symmetric =
V) V[ (K- s(k)*]= VK V(K™
.}.&:=u *(Ye +tl1))
\m‘ﬂ\ equam:g exactly for unit
balls of "Hansen-Lima Banech
spaces, i.e, Banach spacer
inductively defined from

Banach speces of lower
dimensions, hkin’ (Minkewski
sumys, or convexr hulls of unit

La “l‘.

9




i.e., e® or¢ A sums,

besinn-'ng with a=1.

0




&’_':1 (Mahler)
VKIV[(K-s0) "] 2

<+9
% = " (o)™,
with qual 0&, zxacfl, for

a .n‘mplcx.



Ge.nem' Lt

Th.2A.( Bourgcurs- Mi G upu&e r9)
K 0-symmetric =bz
wk)V(K*) > 2=

"™ (M +oa)™

Th.2R (Bou rqain- Milmen, G. Kuperberq)

m

V(K) V[(k-s(k))*] >
conston T (We/D™

L ower Bounels



Bedres wl“z }n?ln ;gnmcﬂ‘tg
Th.3A (Saint Qo.ymonol. Meyer, Reitner)

K is .rymncklo’e w.eld, all
coordinate h y’copld nes

(thus is O- symmetore),

alfo called unconditienal bedy
(corresponeling te an
uneendibtienal nerm) =
VIOVK*) 3 2,

with equelil" exacély fer

the conjectured cases, ie,



K has all .rymmcérte.l of a

re,u'ar .n‘mplcx% ate

20
with qualc’l‘, e.9. for a

Simplex.




Zonoids

Th.b. (Reisner)
K is Ov.rynmcho‘e, zoncid,
i.e, a limit in the Hawsdeorff
meteie of Einite sums of
A s S
Scsmcnl's = VIKYV(K™)2 )
n!
wilh qual*’ ex«:“, for q
para | |¢.|0(‘¢'¢.'
(The other conjecturedl
qu.b’l-, cases are not zonco'lt.)
(_:9_! (Mahler- Reisne r)
ﬂ.=2, Kis O-J’Mmcﬁn‘c =»
VK V(K *) 23,
Vt}t ﬁ?““‘}? aec“' | Q
pural'ldo’ram;



9 { e Nner cese

ThS. (Mahler- Meyer)
ne2 D VK V[(K-s00)"] 37,
with equa'i&y exactly for a

fﬂ'an,'g X




"

Th.CA. (Na2arev-Petscov- Rjabeqgin-

Zve w"é’
AMM’ 0-:3Mm¢6n’c K ':.
parallelobope has a strictly

locall y mi nimmal volume

product.
Th.CB. (Kim-Reisner)
§ c'mplcx has a sbrictly lecally

minimal yolume p'@i@f.



Pelyheelra _with_a smoll number of **

verbices ot

Th.7A. (Lopea-Reisner)
n s p K is O-J’mnd:n’c polgl‘o
with at mast at1 opporite
peirs of vertices, or (n- 1)-faces
2 VKV(K¥) z-:-"-:;- , with
equality exactly for conjectu
g,...l.-c-, cases, i.e, Hangen-Lima
spaces.

TLFR (Meyer-Reisner)

K is q polytope. with ot mostn+3

vertices or (n-1)-faces = "y

¥ (nsd)
VIK) v[( K-s(Kk)¥] 2 -‘L&——,




STABILITY VARIA

L:TS 193

Several of Hhe above. U\canm:

de not only debermine the equality
cases, but alro, if we have a body
with velume procluct g-close to
the extremal value, then the body
o f(&)- close to an extremea| body,

where (&) is typically o power of
E. '




qe neral case




Def. K.LSR™ convex bodlies:
SBM(koL)z

BQIOQC,‘N M aQur Ji.lﬁ‘«me

of K and L :=

ma‘n{ XZIA,' ‘ )i>0,

dA affinity, ax.v‘,ékﬁ.
AMKtxcALc ) Kty
For K,L O-symmeteric this
is Banach-Mazur distance

of Banac‘i spaces with uni

balls K, L.



a1
We have :(‘ablln‘b, of the upper

bound result, for n23
— where probably the order of
f(c) is net oph’mql.

We have J(‘a‘ilﬂ',. among the |
lower bound results, for zonocids,
for the planas case. andl for the
lecal minime

~ for each of which the order
of f(e) is optimal.



IONAL VARIANTS =

—-ﬁﬂwﬁsmmw . ?@ mm Z 4

One can ceonsider, rather than convey
bodies, l0g-concave funetiens

{: R™-R,ic, {20, and logf

i concave .

A convex body K, wa('k Oeintk is
mapped to f(x)

Awhere U-lly isthe a:,nme&h’c
nerm with unit ball K).




a3

Thea volume qoes over [

const,, [ {6 dx.
Po'onb, K‘-’K qoes over bo

—{o:{ . ‘lo’f * beu\, Lcye.ml'e.
transforms of each other.
Def. l,ege.nalfe: trensform of ?:R“"R:
Lep, defined boj
(L $)():= Sup {¢x, g)-?lo‘), QGR“}.
Unforfunqteh,, to translations of
K (preserving Oﬂ'n“() there are
no corresponding qood Eranstormaliong
o upper estimates Follow only in
O-SQMAMEIR case ( f even), when the |
funclion corresponding o Hhe

Euclidean unit ball qives the meximen



(thes im'lo‘u' Blaschke-Santale 2

c‘nequa“l’g, 0- symmetric case).

For lower estimate no Ervanslations
are needed (that is question o
min{ VIKIV(K™) | 0 € int k).

Then the functiconal inequality
corrupond.’n, to the a'ﬂeque,o‘tg
VIKIV(K®) 2 n™™ . const™ holds
(thus implies inverse Blaschke-

Santalé incquqli('y\.




