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Arcs in PG(r, q)

Let g = p" e a power of a prime intecer. An arc of
size k (Briefly a k-are) in PG(r,q) is a set K consisting
of k pointts No r + 1 of which are contained in a
hyperplane.

A k-arc is said to re complete if it is Nnot contained in
a (k+H-arc.



Mortivations

- k-res in projective spaces (and planes) are
Interesting ogjects In their own right.

- k-arecs and linear M D.S. codes are equivalent
oBjects; J. A- Thas, (I992).

- Many known "co0od" covering codes and saturating
sets arise $rom complete k-ares; M. Giulietti and
R.. Vincentti (201).

- k-ares in finite projective spaces can Be used in
cryptoaraphy in order to produce multilevel secret
sharina schemes; Q. J. Simmons (1989, 1990,

M. Giulietti and R.. Vincertti (2012), G. Korchmaros,
V. Lanzone and AS (20I2).



Arcs in PG(3, q)

A k-arc in PG(3,q) is a set K consistina of k points no
£four of which are coplanar.

- k<g+1

- & k=gqg+ 1, then the collineation aroup fixing K
contains PGL(2, g) and acts on its points as a
3—transitive permutation aroup.

- A k-arc whose collineation aroup G acts

transitively on its points is called a "G—transitive’
k-arc.



The prorlem

- Find a collineation aroup G acting faithfully on
PG(3,q).

- Give some subficient condition for the oreit P¢
of some point P € PG(3,q) to Be a k-arc.

- In other words: does a G—transitive k-arc exist in
PG(3, q) for a fixed k and infinitely many values of

q=p"?

- Investigate the completeness of such k-ares in
view of the lower round for the size of a
complete k-are in PG(3, q).



Backaround

Previuos work in the projective plane PG(2, q).

- Construction of a PSL(2,7)—transitive 24-arc in
PG(2,29); J. M. Chao and H. Kaneta (1996).

- An infinite family of PSL(2,7)—transitive 42-arcs in
PG(2,q) for any g = p" > 53 with p # 7 an odd prime,
g3 =1 (mod 7), apart £rom finitely many values of g;
L. Indaco and G. Korchméros (2012,

- An infinite family of Ag—transitive 90-ares in
either PG(2, q) or PG(2, ¢?), with g > 349 and q # 421,
which turn out to e complete for
q € {349,409,529,601,661}; M. Giuliet+i,

G. Korchméros, S. Marcuaini and F. Pamgianco
(online 201,



Backaround

So far very little is known aBout k-ares in PG(3, q).

- The maximum size for a k-are in PG(3,q) is g+ 1

» |# gis odd and g > 4 then any (g + 1)-arc is
Projectively equivalent to a normal rational curve:

{(P:t?:t:1)|teF,}u{(1:0:0:0)}.

> If g =2" with h>1then any (g +1)-arcis
projectively equivalent to a curve

{(t2n+1 . t2n2t11) | tqu}U{(l:OZO:O)}
with MCD(n, h) = 1.

- Larae k-ares lying on elliptic Quadriecs in PG(3, q); AS
(1995, 1999).



Choose the aroup

£ g=1 (mod 7), then the projective special linear aroup
PSL(2,7) can Be recarded as a distinguished susaroup
of PGL(4, q) cenerated By the projective collineations
with matrices:

IESRSGI B0 00
~lo~v 0 o0 BN 1 0
e 00+ 0} ™1looo0 1|
00 0 ~* 0100
Lo 1 1
2R TR RN T -

Q= 3 [ fRe 5 | >
2 T TR T T

LR e

with 14+74+v2+3+~4* +75 +40 = 0; see Blichfeldt (I905).



Choose the aroup

Let S, T, Q denote the collineations of PGL(4, q)
associated to the matrices S, T and Q. The map

S— S
V=< T—T
Q—Q

extends t0O an isomorphism from PSL(2,7) into
PGL(4, q). Further, the matrix M = Q'ST has projective
order 4 as

M =S



Choose the aroup

Let M dencte the collineation of PGL(4, q) associated
to the matrix M. Then, a representative system of the
42 right cosets of the cyalic suearoup (M) of order 4
in PSL(2,7) is the followina:

7 ={1,TQ, Q5% Q. TQS. QS™*, QSTS, QS, QT, TQS?,
QS?, S7!QS3, QS™IT, SQTS, QST, QSQ. QTS, QST %, QS~3,
TQS?’Q, QS3, S7'QST!S, TS!Q, S'QTS !, QTS QST1,
ST 1sSQS, T !S!QTS, QSQT, SQS™'TQ, TS'QTS, T 1SQST,
T-I1SQTS, T 1S !QTS %, S72QS?, S 1, QS’QS!, Qs?Qs'T,

ST!QSQs !, s’°Qs !, S°QS T, s?QSIT ),

where 1 denotes the identical collineation of PGL(4, q).



Preliminary resukts

Let M denote the collineation of PGL(4, q) associated
t0o the matrix M.

Proposition (AS, 2013)

The collineation group (M) generated by M admits four fixed
points in PG(3, ¢%).

The characteristic polynomial of M
Pn(X) = det(M — XI,) = X* + 7

yields four distinct eigenvalues in the Quadratic
extension . of I,



The 42-ares

I£ )\ is one of these eigenvalues, then £rom
(M —\4) =0 we et

( (343 — \)xo + 3437%x1 + 343yx2 + 3437%x3 = 0
686x0 + (3437 + 34373 — \)xg — (343 + 3437 + 34342
+3437* 4+ 3437°)x, + (343 + 3437)x3 = 0
686x0 + (343 4 343v%)x;
+(3437* 4+ 3437° — A)xo + (34373 + 343+%)x3 = 0
686x0 — (343 4 343 + 34372 + 34373 4 343~1%)xq
+(343 + 34372)xp — (343 + 3437y 4 3433
+343~* +3437° + A\)x3 = 0.




The 42-ares

For g=p", g>29and g=1 (mod 7), set
O:{U(P) ’ U Ey}:{Pl,...,P;]_z},
where P; = P(1:xi(7,A) : yi(7, A) - z1(7, A)) is one of the

four points of PG(3, g) arising from the eicenvectors
of M.

Each point of O can e written in terms of v and A as

P(1: xi(7, A) : yi(y, A) = zi(, A))

for 1< <42



The 42-ares

Let D), Be the determinant of the matrix whose
rows are the coordinate vectors of the points Py, P;,
P; and Py, with 1 < i< j < k <42 TThis can Be reaarded
as a polynomial in the indeterminates I and A, say
Djj«(T,A).

Hence a necessary condition for the points Py, P;, P;
and Py to produce a coplanar Quadruple in PG(3, ¢?) is
that the system of equations

Dijk(TsA) =0
MO+ +r*+mB+Mr2+r+1=0
AN +74=0

admits a solution (v, ) in some alaerraic extesion of
the field I,



Existence and completeness

Proposition (AS, 2013)

Let g=p", g >29 and g =1 (mod 7). Then the orbits of the
fixed points of the collineation M associated to the matrix M of
projective order 4 are 42-arcs in PG(3, g?) except for a finite
number of values of p.

Proposition (AS, 2013)
Let K be a complete k-arc in PG(3, g?). Then

(B



Existence and completeness

A necessary condition for a k-arc K to e complete in
PG(3,¢°) is

_ k(k—1)(k-2)

2
_
6 g

F(k,q)

Some values:
- g =29 implies F(k,29) >0 when k > 18,
- q =43 implies F(k,43) > 0 when k > 23,
- g =71 implies F(k,71) > 0 when k > 32
- g =113 implies F(k,113) > 0 when k > 43.



The case g = 29

We noted that No 42-arc can e complete in PG(3, ¢?)
unless q € {29,43,71}.

Under the action of PSL(2,7), the four fixed points of
the collineation M descrige two distincet 42-oreits
which are 42-arcs in PG(3,29?).

Proposition (AS, 2013)

The two PSL(2, 7)-transitive 42-arcs are both complete in
PG(3,29?).

42 is a relatively small value £or a complete are when
compared to |PG(3, %) = 29° + 29% + 292 + 1 = 595531444,



Applications in cryptoaraphy

In a8 2-level secret sharing scheme, a secret is shared
aMoNgG a certain Nnumpeer Of par-ticipants distrisuted in
two levels of privileae, with the reauirement that:

- just two pariticipants from the top level are
necessary and sufficient in order to reconstruct
the secret;

- n > 2 participants from the low level are necessary
and sufficient in order to reconstruct the secret;

- the secret can Be reconstructed By n—1
participants from the low level i$ and only i they
are joined By on partticipant from the top level.



Secret shares with n=3

Let the secret re defined at a point P in a plane
g = PG(2, q), with g = p" and p a prime.

Then, in a8 4-dimensional space PG(4,q) containing my:

- any pair of the private pieces of information
(points) held By the memrers of the upper level
define a line ¢ such that N7y = {P};

- any three of the points held By the memerers of the
lower level define a plane 7 such that TNy = {P}.



Secret shares with n=3

Representation of a two-level sharinGg scheme in a
containing H-dimensional space

Td



Further reauirements

A memper Of the upper level and any two of the lower
level should alsO re aRle tO access the secret.



Sharply focused ares

A set K consisting of k points in general position in
the finite projective plane m = PG(2, q) is said to re
sharply £ocused on a line 7 if the (’2‘) distinet lines
defined By pairs of points in L meet 7 in only k distinct
points (&G, J. Simmons, 1990).



One step Beyond: hyperfocused ares

A k-arc K in the plane m = PG(2, q) is said to re
hyperfocused on a line £ if the (5) distinet lines
throuah pairs of points in K meet £ in exactly kK — 1
distincet points.

Hyperfocused ares can exist only when g is even

Theorem (A. Bichara, G. Korchmaros, 1987)

Let K be a k-arc in PG(2, q) and Z a subset of a line ¢ such that
K N =0 and no secant of K has a point in Z. Then

- [KUZI|<q+2and
- ifICUZ| = q+2 and |[K| > 3 then q is even and |K| < 7.

In other words:

- i# K is hyperfocused on ¢ then |Z| =g+ 2 — k;
- hence |[KUZ| = g+ 2 and the previous result applies.



Additive ares

In PG(2,2") let Q Be the conic of equation
s =N
and /¢ its tangent line of equation Z = 0.
Consider the sugset K of Q aiven By
K={(tt31)|te A},

with A C GF(2").



Additive ares

The points on £ covered By the chords of K are those
with coordinates (1,s,0) with s ranaing over the set
of all nonzero elements of A

Theorem (W. E. Cherowitzo, L. D. Holder, 2005)

If A is a non-trivial subgroup of the additive group of GF(2") then
the k-arc KC is hyperfocused on ¢ and k = |A].

The hyperfocused ares ortained By the arove theorem
are called "additive” Similar constructions provide
‘multiplicative" hyperfocused ares as well.



Aras in translation ovals
In PG(2,2") set
D(F) = {(t,F(t),1) | t € GF(2") } U {(1,0,0)},

where F(t) € GF(2M)[t] is a permutation polynomial such
that

- deg F < 2,

- F(0)=0and F(1) =1,

- for each s € GF(2M),
{F(X+§2+F(s) if X #£0

Gs(X) = k
(%) 0] £ X=0

Is, In turn, a permutation polynomial.



Aras in translation ovals

Theorem (S. E. Payne, 1971 and J. W. P. Hirschfeld, 1975)
The set D(F) is a translation oval if and only if F(t) = t>" with
ged(m, h) = 1.

This terminoloay is motivated By the fact that D(F) is
preserved &y the elation defined, for c € GF(2"), By

pX'=X+cZ
pY' =Y +F(c)Z
pZ' =Z,

and in the affine plane whose ideal line has equation
Z = 0 this MmapPIiNG is a translation.



Aras in translation ovals

In other words, a (2" + 1)-are D(F) in PG(2,2") is a
translation oval when it has a tanaent, say /, called a
special tanaent, such that every point Q € ¢ other than
the tanaency point T is the centre of an involutory
elation ¢q preservina D(F)

Q

o

«pa(P)



Aras in translation ovals

Let / Be the infinite line Of an affine plane AG(2,2")
whose projective cosure is PG(2,2"). Then the
involutory elations are translations, and they are the
non—trivial elements of a translation aroup of order
2
- D(F) is a conic if and only if either m=1 or
m=h-—1
- D(F) is preserved By a linear collineation aroup G
fixing the point (0,1,0) and acting 2—transitively on
the affine points of D(F).
- The translation aroup of D(F) comprises all
translations (X,Y)— (X +a, Y +2a%").
- The stagiliser of the oriain 0(0,0) in G is a cyclic
aroup consisting of all affinities
(X,Y) = (cX,c?7Y).



A characterisation

Let Q = D(X?") ge a translation oval in PG(2,2") with
h >3

Theorem (G. Korchmaros, V. Lanzone, AS, 2012)

Let K be a k-arc contained in Q which is hyperfocused on a special
tangent of Q. Then K is additive. In particular, k = 29 with
2<d< h.



Extendarle ares

Let K Be a sharply focused are contained in a
translation oval Q, with £ocus set F convtained in a
special tanaent ¢ of Q.

- Since k = |F|, throuah every point of K there is a
1-secant to K (an F—tanaent) which meets £ at a
focus.

- K has exactly k such F—tangents.

- |# the F tangents are concurrent at a point U € Q,
then:
» the (k+1)-arc KU {U} is hyperfocused on ¢ with the

same focus set F;
» we call K an extendaile sharply focused arc.



Extendarle arcs
Let K e a k-arc contained in a translation oval Q, with
focus set F contained in a special tanaent ¢ of Q.

Theorem (G. Korchmaros, V. Lanzone, AS, 2012)
If K is sharply focused on ¢ then K is extendable.

Theorem (G. Korchmaros, V. Lanzone, AS, 2012)
If IC has as many as k + 1 focuses on { then K is 2-extendable.



A new description of the scheme

The secret is a point X contained in a line s in PG(4, q)
sO that planes and lines of a three-dimensional
suespace PG(3, g) not containing s can Be used to
descrige the scheme.

Let ¢ e a line of PG(3,q) throuah X. The set of
shadows (pieces of information aiven to the
participants) is:

- a surset Z of points on ¢ in case of participants of
the top level;

- a susset K of points in PG(3,q) in case of
participants of the lower level.



A new description of the scheme

Now K must e chosen in such a way that

- NO pointt of K lies on 4
- NO $four points in K are coplanar

- NO three points in K are coplanar with a point in
ZTU{X}.

N other words, K is a8 k-arc in PG(3, q) disjoint $rom /¢
such that No point from Z U {X} is cut out By the plane
determined By a trianale inscrired in K.



A new description of the scheme

Points on ¢ which are coplanar with triplets of points
on K are called focuses and the set F consisting of all
focuses is called the focus set.

The trivial lower Bound on F is
|F| > k—2,

and when the eauality holds K is called a spatial
hyperfocused arce.

N the next cases, if |F| = k — 1 then the arc K is called a
spatial sharply focused are, while i# |F| = k then it is
called a spatial equifocused arc



Classification and symmetry
Up to a projectivity, any (2" + 1) are I'in PG(3,2") is a

set of points with coordinates (X,Y,Z, T) defined as
follows:

[ ={(t, F(t), tF(t),1) | t € GF(2") } U{Z.},

with F(t) = t27, gcd(m, h) = 1, and Z,, the point with
projective coordinates (0,0, 1,0).

I is a twisted curic i and only if either m=1 or
m=h-—1

I is contained in the hypereolic Quadric Q of equation

XY +ZT =0.



Classification and symmetry

The projection of I from its point Z,, onto the plane
7T Of equation Z =0 is a translation oval 2 minus its
infinite point.

Let G Be the syvmetry aroup of I, that is, the linear
collineation aroup of PG(3,2") preservina T.

- G has order 2(22h — 1),

- G is isomorphic to the projective linear aroup
PGL(2,2h);

- G acts on T as PGL(2,2") on the projective line
PG(L,2M) in its natural sharply 3—transitive
permutation representation



The focus line

Let r e a real axis Of I, that is, r is the meet of two
tanaent planes of I. Then dual line r+ of ris a chord
of I.

-letInrt={P,Q}

- There exists g € G such that g(P) = 0(0,0,0,1) and
Pl (O) e 2 W (U0 e 1)

- Take (= g(r).

Hencetforth, the line ¢ will Be our choice for the focus
sets of k-arcs K contained T.



The £ocus set on /

Lemma (G. Korchmaros, V. Lanzone, AS, 2012)

For three pairwise distinct points in I with homogeneous
coordinates P,(u, u®", u®"t1,1), P,(v,v?",v¥"*1 1) and

P, (w, w?” w?"*1 1), the plane determined by them cuts out on ¢
the point with homogeneous coordinates

(uv)?" (u+v) + (uw)?" (u + w) + (vw)?" (v + w)
(17 uv(u+ v)2" + uw(u + w)2" + vw(v + w)2" 0, 0) .



The stariliser of a line

- The suraroup H of G which preserves /7 is a dihedral
aroup of order 2(2" —1).

- Ho,z., is a cyclic aroup of order 2" — 1 actina on
M\ {0, Zs} as a sharply transitive permutation
Group.

£ K is a k-arc contained in I such that 0,7, € K, then
up to a symmetry in H it contains the point P; with
homoaeneous coordinates (1,1,1,1).



Spatial hyperfocused ares

Lemma (G. Korchmaros, V. Lanzone, AS, 2012)

Let KC be a k-arc contained in T which is spatial hyperfocused on
the line {o, of equations Z = T = 0. Assume that O, P1, Z,, € K.
The projection of IC from Z., onto the plane of equation Z =0 is a
hyperfocused (k — 1)-arc K' on £+, which belongs to the family of
additive hyperfocused arcs as seen before.

Lemma (G. Korchmaros, V. Lanzone, AS, 2012)

Let IC be a k-arc as as in the previous theorem. Then some triangle
inscribed in IC with vertex Py determines a plane that passes
through the point X..; the same holds for Y.



Spatial hyperfocused ares

Theorem (G. Korchmaros, V. Lanzone, AS, 2012)

Let KC be a k-arc contained in T. Let £ be a real axis of I whose
dual line ¢+ contains two points of K. Then K is not a spatial
hyperfocused arc on £.

The existence of spatial hyperfocused arces in PG(3,2")
is yet an open proglem.



Spatial sharply focused ares

From the previous theorem the Question arises
whether such an arc K may at least Be spatial sharply
focused.

Lemma (G. Korchmaros, V. Lanzone, AS, 2012)

Let KC be a k-arc contained in I which is spatial sharply focused on
the line {, of equations X3 = X4 = 0. Assume that

0, P1,Zs € K. Then the projection of K from Z,, onto the plane
of equation X3 = 0 is either a hyperfocused (k — 1)-arc or it is
1-extendable to a hyperfocused arc on the line {, of equations

X3 = X4 = 0. Such hyperfocused arcs belong to the family of
additive arcs with A the additive group of a subfield of GF(2").



Spatial sharply focused ares

Lemma (G. Korchmaros, V. Lanzone, AS, 2012)

Let K be a k-arc contained in T which is spatial sharply focused on
the line l, of equations X3 = X4 = 0. Assume that

O, Py, Z,, € K. Then some triangle inscribed in IC determines a
plane that passes through the point X.,; the same holds for Y.

Theorem (G. Korchmaros, V. Lanzone, AS, 2012)

Let KC be a k-arc contained in I'. Let £ be a real axis of [ whose
dual line ¢+ contains two points of KC. Then K is not a spatial
sharply focused arc on £.

As for the spatial hyperfocused arces, the existence of
spatial sharply focused ares in PG(3,2") is yet an open
pProelem.



Spatial equifocused ares

Set K =T and let ¢ re a line whose dual line /* is a
chord of K. Then K itself is equifocused on / in the
following sense.

- Since K is complete, every point outside K (in
particular, each point on /) is coplanar to some
triplet of pairwise distincet points of K.

- Emped PG(3,2M) into PG(3,2™), with gecd(m, n) = L

- In PG(3,2") the set K is a (2" + 1)-arc contained in
a (2" + 1)-arc v

- [ viewed as a line of PG(3,2"") is a real axis of I".

- K emgedded in PG(3,2") is a spatial equifocused
(2" 4 1)-arc on /.

Spatial equifocused ares ortained that way are said to
BRe Of surfield type.



A classification theorem

Theorem (G. Korchmaros, V. Lanzone, AS, 2012)

Let K be a k-arc in PG(3,2") contained in a (2" + 1)-arc . Let ¢
be a real axis of I whose dual line /- contains two points of K. If
K is a spatial equifocused arc on ¢ then it is of subfield type.

Lemma (G. Korchmaros, V. Lanzone, AS, 2012)

For an additive subgroup A of GF(2") with h > 4 let B be a set of
non-zero elements b € A whose inverse b= is also in A. If

|B| > |A| — 2 then A= B U {0} and A is the additive group of a
subfield of GF(2").



A dynamic system

Recall that the syvmmetry aroup G of I adwits a
suearoup H which is is a dihecral aroup of order
2(2Ee=i)

£ g € H,the imace g(K) of K also satisfies the
followina conditions:

- nO point of g(K) lies on ¢

- NO four points in g(K) are coplanar;

- NO three points in g(K) are coplanar with a point
iNZ =/(\g(F), with g(F) the focus set of g(K) on ~.

In this version, Simmons’ model Becomes "dynamic” in
the sense that a random choice of the set of shares
distriruted to the participants enakles to increase the
security of the whole system.
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