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@ Single-type continuous state and continuous time branching
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e as scaling limits of Galton—Watson processes with immigration
@ parametrization
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@ subcritical, critical, supercritical
e asymptotics of single-type CBI processes
@ Multi-type CBI processes (MCBI processes)

@ parametrization
o classification

@ irreducible, reducible
@ subcritical, critical, supercritical

e asymptotics of MCBI processes
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Galton—Watson branching process with immigration

GWI process:

Ck—1
Ck=Z§k,j+€k, ke N:={1,2,...},
j=1
(&> ek + k,j € N} independent rv's with values in Z, := {0,1,2,.
(& k,j € N} identically distributed
{ek : k € N} identically distributed
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Possible scaling limits: CBI processes

(Kawazu & Watanabe, 1971; Li, 2006)

vneN, let (C,("));(GZ+ be a GWI process, and v, € Ry4 with v, 1 oo.

Under certain conditions, (”7142”)!@1& 2, (Xt)ter, as n — oo,
where (X;)icr, is a conservative time-homogeneous Markov process
with state space R, and with infinitesimal generator

(ANG) = (bx-+ B () + oxt"() + [ [fx+ 2) = 0] e2)
+ x/oo [f(x +2) — f(x) — F(x)(1 A 2)] u(dz)
0
for f € C3(R.,R) and x € R,, where bc R, 8,cc Ry, and v, s

are Borel measures on (0,00) with [;(1 A z)v(dz) < co and
Jo (2 A 2%) p(dz) < oo.

The Markov process (Xi)«cr, is called a CBI process with parameter
vector (b,c, u, B, v).
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SDE of a single-type CBI process (Dawson & Li, 2006)

If f1°° zv(dz) < oo then there is a pathwise unique non-negative
strong solution to SDE

t t
Xt:X0+/(bXs+,6)ds+/ 2¢cX; dWs
0 0

t 00 Xs— t 00
+/ / / zN(ds,dz,du)+/ / zM(ds,dz), teRy,
o Jo Jo 0o Jo

where
@ b:=b+ [["(z—1)p(dz),
@ (Wh)ier, is a standard Wiener process,

@ N and M are Poisson random measures on R3, and R2
with intensity measures dsp(dz)du and dsv(dz),

o N(ds,dz,du) := N(ds,dz,du) — ds p(dz) du,
@ (Wi)ter,, N and M are independent,
and the solution is a CBI process with parameter vector (b, c, i, 5, v).
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Expectation of a CBI(b, ¢, i1, 3,v) process if [*zv(dz) < oo

~ ot
E(Xt|X0:x):eb’x+ﬁ/ el du, xeRy, teRy,
0
with 3 := 3+ [~ zv(dz).

Interpretation of eb : branching mean

e =E(Y;| Yo =1),

where (Yi)icr, isa CBI(b,c,u,0,0) process, which can be
considered as a pure branching process (without immigration).

—b can also be considered as the death rate J

Interpretation of B immigration mean

B=E(Z|Z=0),

where (Z)ier, isa CBI(0,0,0,3,v) process, which can be
considered as a pure immigration process (without branching).
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Asymptotics of the expectation if [* zv(dz) < oo

o lim E(X;|Xo=x) = —2 if b<0 (subcritical case);
—00

o lim tE(X;| Xo=X) =3 if b=0 (critical case);
—00

° ,“m e bt E(Xt| Xo=x)=x+ % if b> 0 (supercritical case).
—00
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Asymptotics of a subcritical or critical single-type CBI process

(Li, 2011)

Let (Xt)icr, be a CBI(b,c, pu,B,v) process such that E(Xp) < oo,
b<0, [[°zv(dz) < oo and B>0. Then X; = as t — oo with
a probability distribution 7 if and only if

Xo )\
dxp € R++ with / M d\ < oo,
0

©(A)

where

©(A) :== cA2 — bA + /OO (e =1+ (1 A 2)) pu(dz),
0
v = Ba+ [ (1= ) u(an),
0

If this holds, then the Laplace transform of = is given by
0o B X )\)

e r(d\ :/ Kcu, xeR,.

fi e omton= 55 '
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Asymptotics of a critical single-type CBI process

(Huang, Ma & Zhu, 2011; Barczy, Déring, Li & P, 2013)

Let (Xi)ier, be a CBI(b,c, u, 5,v) process such that E(Xp) < co
b=0, [[°Z%pu(dz) < oo and [{°zv(dz) < co. Then

T _ D
(Xt( ))teR+ = (T Xrt)ter, — (X)ter,  @s T — oo,
where (Xt)icr, is the pathwise unique strong solution of the SDE
dX; = fdt+/cX;FdWy, teRy, Ay =0,

Gi=20+ [ 22 uaz) = Var(vi | Yo = 1),
0

where (Y;)ier, is a CBI(0,c,,0,0) (critical pure braching) process.

In fact, (X})icr, isa CBI(O,E,O,E, 0) process, called Feller diffusion.
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Asymptotics of a supercritical single-type CBI process

(Li 2011; Kyprianou, Palau & Ren 2018; Barczy, Palau & P 2018)

Let (Xt)icr, be a CBI(b,c, u,3,v) process such that E(Xp) < oo,
b>0 and [ zv(dz) < cc.

(i) Then there is a non-negative random variable wy, with
E(wy,) < oo such that

e PIX; X wy, as t— oo

(ii) If, in addition, [;° zlog(z)u(dz) < oo, then ebtX; s wy, as
t — o0, and wy, = 0 ifandonlyif X, =0 and =0
(equivalently, X; = 0 forall t e R,).

(iii) If, in addition, [{°zlog(z)u(dz) < oo and § =0, then

P(wy, = 0) = P(extinction time is finite).

(iv) If, in addition, [;™ zlog(z) ;(dz) = oo, then wy, = 0.
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Multi-type CBI process with parameter (d, B, ¢, u, 3, v)

Conservative time-homogeneous Markov process (X;)icr, Wwith state
space RY and with infinitesimal generator

(Af)(x) = (B + Bx, F(x)) + Zc,x, " (X) + / [f(x + z) — f(x)] v(dz)
Ug

+Zx,/ f(x +2) — f(x) — £ (x)(1 A 2)] pi(d2)

for f € C2(RY,R) and x € RY, where BeR?f)d, B,ceRY, v isa

Borel measure on Uy := RY \ {0} satisfying fud A2|) v(dz) < oo,

w=(p1,...,0q), Where, foreach i {1,...,d}, p; is aBorel
measure on Uy satisfying

I
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SDE of a MCBI process (Barczy, Li & P, 2015)
If fud |z|| »(dz) < oo then 37 non-negative strong solution to the SDE

t d t
Xt:X0+/(BXS+IB)dS+Zei/() \/QC/X;_,-dWSJ
+Z///l z Nj(ds,dz,du) + //szsdz) teRy,
Uy

where
® B:=(bij)ije(1,..ay € R?f)d' bjj = bij+ Jy, (21 = 0ij)" uj(d2),
@ (Wi)icr, is a d-dimensional standard Wiener process,
@ Ny, ..., Ny and M are Poisson random measures on
Ryt xUg x Ryy and R,y x Uy with intensity measures
ds pj(dz)du and dsv(dz),
o Nj(ds,dz,du) := Nj(ds,dz,du) — dsp(dz)du, je {1,...,d},
@ (Wi)icr,, N1, ..., Ny and M are independent,
and the solution is a CBI process with parameter (d, B, ¢, u, 3, v).
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Expectation of an MCBI(d, B, ¢, i, 3,) process

_ to_
E(Xt‘xozx)zetBX—i-/ e’88du, xcRY, teRy,
0

with 3:= 8+ fud zv(dz).

Interpretation of eB: branching mean matrix

cPe;=E(Y1|Yo=¢), je{l,....d},

where (Y)icr, isan MCBI(d, B, c, it,0,0) process, which can be
considered as a pure branching process (without immigration).

Interpretation of 3 : immigration mean vector

B=E(Zy|Z,=0),

where (Z¢)icr, isan MCBI(d,0,0,0,3,v) process, which can be
considered as a pure immigration process (without branching).
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Irreducibility of a matrix A € R9x9

A matrix A € R9%9 s called reducible if there exist a permutation
matrix P € R9%9 and an integer r with 1 <r < d —1 such that
A A

0 Asl’

where A; € R™*", Az e R(@-Nx(d-1) A, e RN and
0 € R(@-N*" s g null matrix. A matrix A € R9*9 is called irreducible if
it is not reducible. (Hence 1-by-1 matrices are irreducible.)

PTAP = [

v
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eB c R forall teR,. J

The following statements are equivalent:

@ 3ty e Ry :=(0,00) with 0B ¢ RIX;

o Vte Ry, wehave ef ¢ RIXY;

@ ¢B isirreducible;
@ B is irreducible.

v

Irreducibility

Let (Xt)ter, bean MCBI(d,B,c,u,3,v). Then (Xi)ier, is called
irreducible if B is irreducible.
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For a matrix A € R9<9 put

o(A) := set of the eigenvalues of A,

r(A) := max |\ (spectral radius of A),
Aeo(A)

s(A) ;== max Re(\) = log r(e?)

by spectral mapping theorem).
\max (by sp pping )

Asymptotics of the expectation
@ lim E(Xt|X0 =
t—o0

X)=-B 'B if s(B) <0 (subcritical case);
o lim t~'E(X;|Xo = x) = ng if s(B)=0 (critical case);
—00
o lim e=SBYE(X;|Xo=x)=Nx+-LN3 if s(B)>0
t—00 s(B)
(supercritical case),

with M:=tu’ € RY?, where & and u are the right and left Perron
eigenvectors of B, corresponding to the eigenvalue s(B)
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Asymptotics of a critical MCBI process (Barczy & P, 2014)
Let (X¢)tcr, be an irreducible and critical MCBI(d, B, ¢, i1, 3,v)
process such that E([|Xo||*) < oo, S04 . 1ZI1*1 (251} pe(d2) < o0
and [, [IF|*1gry>1y v(dr) < co. Then

(Xgn))teRJr = (07" X pt) e, 2 (Xt)ter, = (Xil)er,

as n— oo, where (AXi)icr, is the unique strong solution of the SDE

dX; = (u, B)dt + \/(Cu, u)X;" AWy, teR,, X =0,

where (Wi)ier, is a standard Wiener process and
d
C =3 (v t)(20i01e] + | 22" u(az)) = Var(Vi| Yo = B
=1 U
where (Y¢)wer, isan MCBI(d, B, c,,0,0) (pure branching) process.

In fact, (Xt)icr, is a CBI(O, <5u, u),0, (u, 3),0) process, which is a
Feller diffusion.
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Asymptotics of a supercritical MCBI process

(Kyprianou, Palau & Ren 2018; Barczy, Palau & P, 2018)

Let (X:)tcr, be an irreducible and supercritical MCBI(d, B, ¢, i, 3,v)
process such that E(||Xp]||) < co and fud 1P Lgpry=1y v(dF) < oo.

(i) Then there is a non-negative random variable wy x, with
E(wy.x,) < oo such that

—SBX 2 wyx, U as t— oo,

(i) If, in addition, Zf 1fud ||z||Iog(||z||)IL{||z||>1}W(dz) < o0, then
e sBry, L Wux, as t— oo, and Wy x, = 0 if and only if
Xo=0 and B =0 (equivalently, X;* 0 forall t<eR.,).

(iii) If, in addition, Ez:1 fbld 12| log(l|Z]]) L¢jz|>1} #e(dZ) = oo, then
Wu7X0 ag 0
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Asymptotics of projections of a supercritical MCBI process

(Barczy, Palau & P, 2018)

Let (Xt)tcr, be an irreducible and supercritical MCBI(d, B, ¢, i, 3,v)
process such that E(||Xp]||) < co and fud |"H]1{Hr||>1} v(dr) < oo. Let

A€ o—(B) andlet v € CY be a left eigenvector of B corresponding to
the eigenvalue .

(i) If Re()) € (3s(B),s(B)] and the moment condition

d
> [ ozt apony neez) < oo
(=1 " Ud

xlog(x) if Re(\) =s(B) (<= A = s(B)),

holds, then there exists a complex random variable wy x, with
E(|wy x,|) < oo such that

o) - {XRS‘;‘?) tRe) € (1(BLSB).  yepho)

e M(v,X;) = wyx, as t— oo in Ly and almost surely.
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(i) If Re(A) = %S(E) and the moment condition

d
/Hf|\21{||r||>1}1/(d2)+2/ 1211213 e(d2) < 00 (1)
Ug ¢=1/Ua

holds, then

= Re({v, X
t—1/2o—s(B)t/2 (Im((év X:>>))> N VWaxo Zv as t— oo,

where Z, is a 2-dimensional random vector with Z, 2 N2(0,Xy)
independent of wy x,, where

h -
1 _ Re(C Im(C
T, =< ) (e,U) (Cmglz + < (Cve) i )) H{Im(A)—O})

2~ Im(Cy) —Re(Cyy

with
Coei=2liv.edfe+ [ v.2)Pu(dz). e {t,....d),
Ug

Cocim2(vieiors [ (v.2Pudez), e (l,....d)

Uy
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(iii) If Re() € (—oo, %S(E)) and the moment condition (1) holds,
then

= Re((v,Xt))\ »
e <Im(<v,Xt>) — /Wux, Zv as t — oo,

where Z, is a 2-dimensional random vector with Z, 2 N2(0,Xy)
independent of wy x,, where

d ~
1 (ey, u) Cvy

>y = — al
" 24 5(B) - 2Re()) -

+ % i(ee, u) Re<5(§;j2k> i (s(g):i,\)
=1 Im(s(éﬁ&\) — Re(s(g)"’_ZQ
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Asymptotics of projections of a supercritical MCBI process with

random scalings (Barczy, Palau & P, 2018)

Suppose that the assumptions of the earlier Theorem hold and B £ 0.
(i) If Re()) € (3s(B),s(B)], then, as t — oo,

Lix,20} cos(Im(A)t)  sin(Im(\)f) Re((v, Xt))
(u, X;)Re()/s(B) \ —sin(Im(\)t) cos(Im(A)t) ) \ Im({v, X}))

a.s. 1 (Re(WV,Xo)>
H - = _ .
wfs/s(B) \ Im(wy.x,)
(i) If Re(\) = 1s(B), then, as t — oo,

L{w.x)>1} Re((v,X1)\ 1
V(u, Xi)log((u, X3)) <|m(<V7Xt>)> _>N2<07 S(§)2v>-

(iii) If Re(\) € (—o0, 1s(B)), then, as t — o,
]l{xﬂgo} Re(<V, Xt>)
(u, Xp) \ Im((v, X))

) 25 N2(0,X,).
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Relative frequencies of distinct types of individuals

Critical case (Barczy & P, 2016)

Let (Xt)tcr, be a critical and irreducible MCBI(d, B, ¢, i, 3, v)
process such that E(||Xg||*) < oo,
Jug 11 L g1y (dr) + 3204 foy, 1211 ()21 pe(dr) < oo and

B #0. Thenforeach i,je{1,...,d}, as n— oo, we have
(€, X\ nt)) p_(e,U) @, Xnt)  as. .~

Ts/e, — — 1 — = 5 (e

(X 20} (g X ) (e, )’ Xm0} (e, u)

d
kZ1 (ex, X nt))

Supercritical case (Barczy, Palau & P, 2018)

Let (X:)icr, be a supercritical and irreducible MCBI(d, B, ¢, i1, 3, v)
process such that E(|| Xp||) < oo, fud [ Lgpry=1y v(dF) < 0o and

B #0. Thenforeach i,je{1,...,d}, as t — oo, we have
e',X a.s. e',ﬁ e',X a.s.
Li(e;,x)#0} ge]', Xg — Ee', Tli’ IL{xﬁm}d('—t> — (e, U)
: > (ek, Xt)

k=1
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On the limit random variable w, x, (Barczy, Palau & P, 2018)

Let (Xi)tcr, be a supercritical and irreducible MCBI(d, B, ¢, i1, 3, v)
process such that E(||Xp]||) < co and fud [Pl Tgjry=1y v(dr) < co. Let
)\EU(E) be such that Re(\) € (3s(B), s(B)] and

Py i Ju, 90121) )L{jz)>1} 1e(d2) < o0, and let v € CY be a left
eigenvector of B corresponding to the eigenvalue .

(i) If

(@) B#0, ie, B#£0 or v #0,
v({r €Uy : (v,r) #0}) >0, or there exists ¢ < {1,...,d} such
that (v,e;)c, #0 or p,({zely:(v,z) #0}) >0,

then the law of wy x, does not have atoms, thus P(wy x,=0)=0.
(ii) If (b) does not hold, then P(wy x, = (v, Xo + >\_1ﬁ)) =1
(iii) If A =s(B), v=u and (a) holds, then P(w,x, = 0) = 0.

(iv) If A =s(B), v=u and the conditions (a) and (b) do not hold,
then P(wy x, = 0) = P(Xo = 0).
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Stochastic fixed point equation (Buraczewski, Damek & Mikosch)

Let (A, B) be arandom element in R9<9 x R, Assume that

(i) A is invertible almost surely,

(i) P(Ax + B=x) < 1 forevery x c RY,
(iiif) the d-dimensional fixed point equation X 2 AX + B, where

(A,B) and X are independent, has a solution X, which is
unique in distribution.

Then the distribution of X does not have atoms and is of pure type,
i.e., it is either absolutely continuous or singular with respect to the
Lebesgue measure in RY.

|

Corollary
Let Ac R with det(A) #0 and r(A) < 1. Let B bea
d-dimensional non-deterministic random vector with E(||B||) < occ.

Then the d-dimensional fixed point equation X 2 AX + B, where X
is independent of B, has a solution X which is unique in distribution,
the distribution of X does not have atoms and is of pure type.
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Deterministic projections of MCBI processes
(Barczy, Palau & P, 2018)

Let (Xt)ter, be an MCBI(d, B, ¢, u, 3, v) process such that

E(||Xo||) < co and fud [ Tgpry =1y v(dF) < oo. Let X € o(B), and let
v € CY be a left eigenvector of B corresponding to the eigenvalue A.
Then the following three assertions are equivalent:
(i) There exists t € R44+ suchthat (v, X;) is deterministic.
(i) One of the following two conditions holds:
(@) P(X;=0)=1 forall teR,.
(b) (v, Xo) is deterministic, (v,e;)c, =0 and
w({zeUy:(v,z) A£0}) =0 forevery € {1,...,d}, and
v({reUy: (v,ry#0})=0.
(i) Foreach te Ry, (v,X;) is deterministic.
If ((v,Xt))ier, is deterministic, then

t
(v.X0) = MV BXo) + (v.B) [ M, teRy.
0
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Variance matrix of the real and imaginary parts of the projection

of an MCBI process (Barczy, Palau & P, 2018)

If (Xt)ter, isa supercritical and irreducible MCBI(d, B, ¢, i1, 3, v)
process such that E(||Xo||?) < co and

Ju 1P ey v(dP) + 320 fo,, 1211212113 e(dr) < oo, then for
each left eigenvector v € cY of B corresponding to an arbitrary

eigenvalue \ € o(B) with Re(\) € (—o0, 35(B)] we have

Re((v,Xy))\ (Re((v.Xy)\' (u, B)
”(”E<(Im(<v,xf>>> (miiv.xi)) )% (18000 + (B) )=

as t — oo, where the scaling factor h: R, — R, is given by

eSBY if Re()\) € (oo, 35(B)),
h(t) = { t-'e=SB) if Re(\) =}
e—2ReNt  if Re()) € (gs(B) s(B)].
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A stable limit theorem for martingales
(Kuchler & Sagrensen, 1997; Crimaldi & Pratelli, 2005)

Let (Q,F,(Ft)wer.,P) be afiltered probability space satisfying the
usual conditions. Let (M;):cr, be a d-dimensional martingale with
respectto (Ft)ier, such that it has cadlag sample paths almost
surely. Suppose that there exists a function @ : R, — R9*? such that
lim:—~ Q(t) =0,

anm Q)T —n  as t— oo,
where n isa d x d random (necessarily positive semidefinite) matrix
and ([M]:)tcr, denotes the (matrix-valued) quadratic variation
process of (M;)icr,, and

E( sup [|Q(t) (M, — MU_)|]> -0 as t— oo.

ue(o,t]

Then, for each R¥*‘-valued random matrix A defined on (Q,F,P),
(Q(t)M;, A) 25 (n'/2Z,A)  as t— oo,

where Z isa d-dimensional random vector with Z 2 Ny(0, 14)
independent of (n, A).
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