Continuous Reinhardt domains
from a Jordan view point

L.L. StacHO

ApsstracT. As a natural extension of bounded complete Reinhardt do-
mains in CN to spaces of continuous functions, continuous Reinhardt
domains (CRD) are bounded open connected solid sets in commutative
C*-algebras with respect to the natural ordering. We give a complete
parametric description for the structure of holomorphic isomorphisms be-
tween CRDs and characterize the partial Jordan triple structures which
can be associated with some CRD. On the basis of these results, we test
two conjectures concerning the Jordan structure of bounded circular do-
mains. It turns out that both the problems of the bidualization and the
unique extension of inner derivations have positive solution in the setting

of CRDs.
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1. Introduction.

A classical complete Reinhardt domain is an open connected subset in the
space C" of all complex n -tuples, being invariant under all coordinate multipli-
cations (21,...,2n)— (A121,..., Ap2n) with |A1],...,|A\n| <1. Regarding C" as
a the complex ordered space of the functions z : {1,...,n} — €, this property
can be stated as

(CR) feD and |g[<|fl= geD.

Postulating (CR) in terms of the order absolute value, we can speak of bounded
complete Reinhardt domains in complex Banach lattices in a natural manner.

In 1974 Sunada [18] has achieved a rather thorough description of classical
bounded Reinhardt domains containing the origin from the viewpoint of holomor-
phic equivalence. Later on several authors investigated holomorphic equivalence
of generalized Reinhardt domains in atomic Banach lattices [2,3,12]. Motivated by
an interesting work of Vigué [19] on the possible lack of symmetry of continuous
products of discs with different radius, in [16] we introduced the concept of con-
tinuous Reinhardt domains (CRD for short). By definition, a CRD is a bounded
complete Reinhardt domain in the C*-algebra of all bounded continuous functions
over some topological space or which is the same, in a commutative C*-algebra. In
[16] we have shown that a symmetric CRD is a continuous mixture of finite dimen-
sional Euclidean balls, essentially more involved than direct sums of topological
products of balls. In [7] we found matrix representations for linear isomorphisms
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between two symmetric CRDs. To achieve these results we intensively used the
Jordan theory of the bidual embedding of symmetric domains. However, the main
points of both Sunada’s and Vigué’s papers concern the non-symmetric case. Re-
cently, based upon the Lie theory of Hermitian operators in the dual space, in
[17] we managed to extend the matrix representations of [7] to a Banach-Stone
type theorem on the isomorphisms of general Banach lattice normed commuta-
tive C*-algebras. This result includes implicitly the description of all the possible
linear isomorphisms between CRSs because the convex hull of any CRD can be
regarded as the unit ball of some lattice norm in a commutative C*-algebra and
linear isomorphisms preserve convex hulls. The aim of this paper is a description
of all possible holomorphic equivalences of CRDs. According to a classical result of
[4], every bounded circular domain and hence even a non-symmetric CRD admits a
natural partial Jordan*-triple structure, a so-called partial JB*-triple, which gives
rise to the description of its complete holomorphic vector fields — a crucial piece
of information about its holomorphic geometry. In particular, every holomorphic
isomorphism between two bounded circular domains is the composition of a linear
isomorphism with the exponential of a suitable complete holomorphic vector field
over one of the two domains.

In Section 2 we review the basic material [4,13,14] concerning partial JB*-
triples. The bidual embedding arguments used in [16] to treat the Jordan structure
in the symmetric case are not available for general CRDs. Although Dineen [5] and
Barton—Timoney [1] established a satisfactory bidual Jordan theory for all bounded
convex circular domains already in 1986, it is still one of the fundamental open
questions in geometric Jordan theory without known interesting partial results as
far, if the canonical partial triple product associated with any non-convex bounded
circular domain extends in a weak*-continuous manner to the canonical partial
triple product of some bounded circular domain in the bidual. Instead, in Section 3
we develop an alternative approach for determining the partial JB*-triple product
associated with a CRD. The conclusion, Theorem 3.5 is an integral representation
of this triple product. In classical finite dimensional complex analysis, Reinhardt
domains are popular test objects for conjectures. In the second half of the paper
we use this integral representation as a starting point to solve the special case of
two open problems on bounded circular domains in the setting of CRDs.

The first problem we treat takes its origin in a work of Panou [10] where
it is shown that every inner derivation of the Jordan-triple associated with the
symmetric part of a finite-dimensional bounded circular domain admits a unique
extension to an inner derivation of the partial Jordan triple associated with the
whole domain. Though it is natural to expect that the analog holds in general
Banach spaces, the only known infinite-dimensional results concern domains with
nearly atomic symmetric part [15]. On the basis of Theorem 3.5 along with the
fine structure description of the Jordan triple product associated with a symmetric
CRD [7], in Section 4 we can establish immediately that the partial Jordan triple
of a CRD has the unique extension property of inner derivations.

The second question we solve for CRDs is the mentioned open problem of the
Jordan structure of second dual of a partial JB*-triple. First, in Section 5 we refine
Theorem 3.5 into a natural extension of the results for symmetric CRDs given in [7]
whose proofs there relied upon some bidual considerations in [16]. By proceeding
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the opposite way, in Section 6 we apply the fine structure description obtained
in Section 5 along with function representations of Cy(£2)” spaces to establish
that the Jordan triple product associated with a CRD admits a separately weak*-
continuous bidual extension which can be regarded as the canonical Jordan triple
of some not necessarily unique CRD.

In course of the investigations in Section 5 we applied a Riesz type represen-
tation theorem for positive multilinear functionals on products of Cy-spaces which
seems to be never stated explicitly in the literature. Actually the result we need is
contained implicitly in a recent work of Villanueva [20]. We close the paper with
an Appendix including a short direct proof.

2. Preliminaries on partial JB*-triples

Recall [14] that given a complex Banach space E (with norm ||.|| ), the tuple
(E, Ep,{...}) is called a partial Jordan*-triple if Eqy is a closed complex subspace
of E,and {...} is a continuous operation F x Fy x F — E with the following
properties:

(J1) {xay} is symmetric bilinear in the variables z,y(€ E), conjugate linear in
a(E Eo) and {EOEOEO} C Ey;

(J2) the Jordan identity holds, i.e. for all a,b,c € Ey and z,y € V
{ab{zcy} = {{abr}ey} — {z{bacty} + {wc{abz}}

(J3) we have the weak associativity
{{zax}br} = {xa{xbz}}, a,b€ Ey, z€E.

Notice that in the case of full Jordan*-triples i.e. if Ey = E, axiom (J3) is a
consequence of (J2) (see e.g. [6, Ch. 10]). The geometric importance of partial
Jordan*-triples relies upon the fact established first implicitly in [4,9,6] that given
any bounded circular domain D in a Banach space E , there is a necessarily unique
partial Jordan*-triple (F, Ep,{...}p) called the canonical partial Jordan*-triple
of D such that the figure DN Ep consists of the centers of holomorphic symme-
tries of D and lim; | St So(z) = a — {zaz}p for all a € Ep and z € Ey where
S. denotes the holomorphic symmetry of D with the center ¢ € D N Ep. We
say that (E, Ep,{...}) is a partial JB*-triple if it is a subtriple in some canoni-
cal partial Jordan*-triple (F, Ep,{...}p) . In other words this means that all the
vector fields [a—{zax}]0/0x, a € Ey are complete in a suitable bounded circular
domain D(C F). This terminology is in accordance with the customary use of the
term JB*-triple for full Jordan triples. Indeed, by Kaup’s Riemann mapping the-
orem [8], in the case E = Ep the domain D is necessarily convex and hence the
carrier space I/ can be renormed in a manner such that D becomes the unit ball
and the usual C*- and hermitian positivity axioms be satisfied. By the results of
[13,14], we have a complete axiomatic description of partial JB*-triples. A partial
Jordan*-triple (FE, Ey,{...}) is a partial JB*-triple if and only if

(J4) the operators L(a) : z — {aazx}, a € Ey have spectrum > 0 with
inf)q)=1 | L(a)al # 0;
(J5) L(a) € Her(B), a € Ey for some bounded circular domain B.
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It is well-known that the domain B in (J5) can be chosen to be convex and such
that his gauge function ||.||p should satisfy the C*-axiom

(J4') SpL(a) > 0 with ||L(a)al|s = |jal|% for all a € Ey .

Given any bounded circular domain B fulfilling (J5), there exists € > 0 such
that for any 0 € (0,¢), (E, Ep,{...}) is a subtriple of (E, Ep,,{...}p,) with the
bounded circular domain

(2.1) Ds := U [exp ((a — {zax})0/0z)](6B).

a€FEy

Our next aim will be to describe the canonical partial JB*-triples of CRDs. Recall
[4] that the group Aut(E,Eo,{...}) := {L € L(E) : LEy, C Ey, L{zay} =
{(Lz)(La)(Ly)} for a € Ey, z,y € E} of all automorphisms of the triple E =
(E,Ep,{...}) coincides with the set of all injective linear transformations L :
E — FE such that LD = D whenever E is the canonical JB*-triple of a bounded
circular domain D . In particular, if D C Cy(€2) is a CRD, all multiplications with
continuous functions of absolute value one belong to Aut(E, Ep,{...}p). So first
we consider the effect of linear automorphisms to the construction (2.1).

2.2 Lemma. Let (E, Ey,{...}) be a partial JB*-triple and ¥ a bounded subgroup
of Aut(E, Eo,{...}). Then there ezists a ¥ -invariant bounded circular domain
D C E such that (E, Ey,{...}) is a subtriple of (E,Ep,{...}p).

Proof. Choose a bounded circular domain B in E satisfying axiom (J5). De-
fine By = Uwe\lf YB . Since ® is a bounded group of linear mappings, B;
is a bounded W -invariant circular domain in FE. Given any a € FEy and
¢ € VU, since ¢ € Aut(E, Ep,{...}), we have L(¢p"la) = ¢p~!1L(a)y . Since
¢v~la € Ey, by axiom (J5) it follows exp (itL(¢y'a))¥B = ¢B, t € R.
Since ¢ "'a can be any element in Ej, we also get exp (itL(a))yB = ¢B
for all a € Ey, t € IR and ¢ € V. That is L(a) € Her(¢B), ¢ € ¥
and hence L(a) € Her(Ud)e\P ¢YB) = Her(B;) for all a € Ey. Thus the do-
main B; suits axiom (J5) and we can use it in the construction (2.1) instead
of B with some § > 0. Given any v € W, it only remains to prove that
Y Uacr, [exp ((a — {zax})0/0x)](0B;) = Uacz, [exp ((a — {zax})0/0x)] (6B1) .

However this is again a direct consequence of the facts (0B;) = éB; and

Yexp ((a— {zaz})0/0x) = [exp ((Ya — {z(va)z})d/dz)]v . Here the latter iden-
tity follows from the relation ¢ € Aut(E, Eop,{...}).

3. Integral formula of the canonical
partial triple product for a CRD

Let (E,Eo,{...}) denote a fixed partial JB*-triple over E := Cy(€2) with
a locally compact topological Hausdorff space (2. Throughout this section we
assume its Reinhardt property

(R) U C Aut(E, Ey,{...}) where W:={¢-: ¢ €C(Q), [¢|=1}



and 1 denotes the multiplication operator Co(€2) > f +— ¢f . As we mentioned,
the canonical partial JB*-triple (E, Ep,{...}p) of any CRD D has property (R).
Moreover, from Lemma 2.2 we know also that (E, Eg,{...}) can be regarded as
a subtriple in the canonical JB*-triple of some CRD in Cy(£2).

As a first consequence of (R), we have e!?FEy C Ey and

" {xay} = {("?x)(e"Pa)(e"?y)},  teR

for any bounded continuous function ¢ : Q@ — IR (with a € Ey, =,y € E). Hence
derivation with respect to the variable t yields

(3.1) VEy) C Eo,  {aay}={(¢z)ay} —{z(Ya)y}+{za(y)}

for all bounded continuous functions ¢ : © — C. In particular Ej is a closed
ideal in Cy(Q2) regarded as a commutative C* -algebra with the pointwise product
of functions. Therefore necessarily

EO = Co(Q()) = {f - Co(Q) . f(Q \ QD) = 0}
with the open set Qp:={w e Q: FJa€ Ey a(w)#0}.
3.2 Lemma. {zay}(w)=0 whenever z(w)=y(w)=0.

Proof. By the symmetry (J1), it suffices to see the statement for the case x =y .
Furthermore, by the continuity of the triple product and since continuous functions
vanishing at w(€ Q) can uniformly be approximated with continuous function
vanishing on some neighborhood of w, it suffices to see that {zaz}(w) = 0 if
z(U) =0 for some neighborhood U C §2 of the point w.

Assume w € U open C Q, =z € E, and z(U) = 0. Choose a compact
neighborhood V' of w within U and let ¢ : Q — [0, 1] be a continuous function
such that ¢(w) =1 and ¢(Q2\ V) = 0. Observe that if ¢ € Ey is a function with
c¢(V) =0 then ¢x = ¢c =0 and, by (5.1),

{zea}(w) = placri(w) = 2{(¢z)cr}(w) — {z(pc)x}(w) = 0.
Consider any a € Ej . Choose a continuous function v : Q@ — [0, 1] with (V) =0

and ¥(Q\ U) = 1. Since @z = z, by the aid of the function ¢ := 9a vanishing
on V we get

0 = {rar}(w) = 2{(Yr)ar}(w) — {z(Ya)z}H(w) =
= 2{zax} — {xcx} = 2{zax}. [

3.3 Corollary. We have

1 1
{zay} = ix{z@a)z} + 53/{2(5(1)2} if z€ F with zz=2 and yz=2 .



Proof. Suppose xz = = and yz = z. Consider any point w € ) and apply
Lemma 3.2 to the functions =z, := z — z(w)z and vy, := y — y(w)z satisfying
ZTw(W) = yu(w) = 0. We get

0= {zpay,}(w) = {[z — z(w)zlaly — y(w)z]}(w) =
= {zay}(w) + z(w)y(w){zaz}(w) — z(w){zay}(w) — y(w){zaz}(w) .

Thus, everywhere on €2,
{zay} = —zy{zaz} + x{zay} + y{zax} .
Observe that, by (3.1) and since yz =y, here we have
ry{zaz} = z[2{yaz} — {2(5o)2)]

and similarly yz{zaz} = y[2{xaz} — {z(Ta)z}]. Therefore

eylz0z} = 2{zay) + ylzax) — 5 {=(Fa)2) — 5 {=Fa)7) |
{zay} = —zy{zaz} + x{zay} + y{zaz} =

= %x{z@a)z} + %y{Z(fa)Z} i

3.4 Lemma. The triple product {...} is positive in the sense
z,a,y > 0= {zay} >0 .

Proof. Fix 0 < z,y € E and 0 < a € Ej arbitrarily. Since functions with
compact support are dense in Cy-spaces, we may assume

supp(x), supp(y) compact C Q , supp(a) compact C £ .
Then we can choose 0 < xg, 1, Y0, Y1, 2 € Co(2) with compact support such that

T=To+2x1, Y=Y +Y1,

supp(o), supp(yo) C Qo ,

supp(z1) Nsupp(a) = supp(y1) Nsupp(a) =0 ,
supp(z) U supp(y) Usupp(a) C {¢ € Q: z({) =1} .

By (J1) we have {zay} = Z,lc7ezo{xkayg}. Here we have {zgayo} > 0 for the
following reasons. The subtriple (Ey, Eo,{...}|E3) is a JB*-triple with ¥ C
Aut(Ey, Eo, {...}|E3) . Therefore it is necessarily the canonical JB*-triple of a
bounded symmetric continuous Reinhardt domain in Ey = Cy(€) . However, by
[16, Theorem 2] the triple product is non-negative for non-negative functions for
symmetric CRDs. Thus indeed {xgayo} > 0 since a,xg,y0 € Ey. On the other
hand, by Corollary 3.3,

w0} =y @02} + J{a(E0)z} = 0
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because Tia = yra = 0. It only remains to see {xpay;} > 0 (since the proof of
{z1ay0} = {yoax1} > 0 is analogous). Define

c:=+/Toa .
Since supp(c) C supp(a) C o, we have ¢ € Ey and cz = ¢. By Corollary 3.3

(applied with y; instead of y and first with ¢ instead both of a and x and then
with xo instead of z),

feem} = 3el=i0)2} + =)z} = g {(2)2) |

{woan} = grof2(na)z} + gy {2(z00)2) = gy {=(z00)z)

because y1a = yc = 0. That is

{zoay1 } = {cep } = %yl{z(xoa)z} :

According to (J4), Sp(L(c)) > 0. However, it is a basic fact about the spectra of
multipliers in commutative Banach algebras that

u() C Sp[Co(X) > fr—uf] if X open CQ and ueCy.

In particular, by taking X := Q \ supp(a) and wu := {z(z¢a)z} we have
1
§{z(x0)az}(f2 \ supp(a)) C L(c) C [0, 00).

Thus {z(zpa)z} >0 on supp(y;) and hence 2{xgay;} = y1{z(zpa)z} > 0. ]
We can summarize the results of this section in the following theorem.

3.5 Theorem. Let Q be a locally compact space, E = Co(2) and suppose
(E, Eo,{...}) is a partial JB*-triple with the Reinhardt property (R). Then there
exists an open subset Qo in Q such that By ={f € E: f(2\ Q) =0} . Given
any point w € §, there is a (unique) positive Radon measure p, on oy with
total mass < M := supg<, , <1 Max{zay} and

1 1
36 {fran}e) = 3o) [ dpo+ 50@) [ dis, wyeB achy

Proof. We have established already the relation FEg = Cy(€29) and the positivity
of the triple product in the sense of Lemma 3.4. Fix w € ) arbitrarily. According
to [20] *, the positivity of the bounded 3-linear functional (z,a,y) — {zay}(w)

* This fact is implicit in [20]. For the sake of completeness, we include a short
direct proof in the Appendix.



implies the existence of a positive Radon measure v,, of finite total variation on
Q x Qo x Q such that

{xay}(w):/l‘@a@y dv,,, z,y € E, a € Ey

where £ ® a ® y denotes the function (&, a,n) — x(§)a(a)y(n) on Q x Qy x Q.
It is well-known that v, (2 x Qg x ) = sup { Jz®a®ydy, : a€Cy(Q), x,y €
Co(), 0 <a,z < 1} = M . By the inner compact regularity of Radon measures,
given any functions x,y € F with compact support and and a € Ey, we can
choose an increasing sequence K; C Ky C ... C  of compact sets such that
supp(z) Usupp(y) C K1 and lim, ..,y \ K,) = 0. Also we can choose a
sequence of functions z1,29,... € Co(2) = E such that 0 < 23 < 2o < ... <1
and z,(K,)=1 (n=1,2...). Then, by Corollary 3.3, we have

{ray}(w) = Sx(@){zn(Ba)zn} + %y(w){zn(fa)zn} =

N~ DN~

1
z(w) / Zn @ (@y) ® zp, dvy, + §y(w) /zn ® (ax) ® z, dv, —

l

DN | =

z(w) / lo ® (ay) ® 1q dv,, + %y(w) / lo ® (ax) ® 1g dv,

where 1o denotes the function identically 1 on 2. Thus with the measure
Hw(X) =1, (2 x X x Q) (X Borel C )

we have the stated relation for z,y € F with compact support. The statement
follows by the uniform density of functions with compact support in E. []

3.7 Remark. It would be tempting to conjecture that every partial JB*-triple
satisfying the hypothesis of Theorem 3.5 is the canonical JB*-triple of some CRD.
However there is a counterexample even in 2 dimensions.

Let Q = {1,2}, Qo = {1} and {zay} = [1 — z(Da(l)y(1), 2 —
z(1)a(1)y(2)/2 4+ z(2)a(1)y(1)/2] . Then any CRD D over Q such that the vec-
tor fields [a — {a:a:z:}]a/ax are complete in D must be an ellipsoid of the form
D={z: [z(1)*+ Mz(1)|]* <1} for some X\ >0 with Ep = E # Ejy .

4. Extension from the symmetric part

Next we are going to study partial Jordan*-triples with triple product of the
form obtained in Theorem 3.5 for canonical JB*-triples of CRDs. By the aid of
bidual embedding, a technique not yet available for general partial JB*-triples, in
[16] we have achieved a finer analog of Theorem 3.5 in the special case of symmetric
CRDs. Applying [16, Theorem 2] to the restriction of the triple product to the
symmetric part Fy in Theorem 3.5, we see that the measures u,, , w € 2y have
finite support. Moreover there exists a partition {Q; : i € I} of Qg consisting of
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finite sets along with a function m : Qg — IR such that, by writing i(w) for the
unique index i € I with w € Q;,

(4.1) L = Z m(n)dy, w€Qy, 0<infm <sup Z m(n) < oo.
NEQ;(w) el new;

4.2. Theorem. Let (E,Ey,{...}) be a partial Jordan*-triple where E := Cy(f2)
with a locally compact topological space Q, Ey:={fe€FE : f(Q\Qy)=0} with a
non-empty open subset Qo C Q and the triple product {...} has the form (3.6) .
If the measures p,, are all positive and (4.1) holds then (E,Eg,{...}) is a sub-
triple of the canonical partial JB*-triple of some CRD.

Proof. By assumption, the triple product {...} satisfies axioms (J1),(J2),(J3)
in Section 2. Thus to see that (E, Ep,{...}) is a partial JB*-triple, we have to
verify axioms (J4),(J5). According to [16, Theorem 2], the restriction of {...} to
the symmetric part Eg x Ey X Eg, is the canonical JB*-triple product of the
symmetric CRD Dy := {f € Ey : sup;¢; > e m(n)|f(n)|* <1} in Ey. Hence
inf||a||oo:1 ||L(G)Cl||oo > 0. Consider the set

B :

{f € E: [infm]max|f|]* < 1, sup Zm(n)|f(77)|2 < 1}.

el neQ;

This is clearly a bounded convex CRD in E/'. We have B = ﬂweQ\Qo BoNNier B®
with the (unbounded) CRDs B, := {f € E : |f(w| < 1/infm} and B® :=
{feE: ([fIU]|lf|%u]) <1} where (.|.); denotes the scalar product (p[¢.); :=

> e, m(M)en)i(n) . Given any function a € Eo , we have

L@o(w) = {aar}(w) = 3ow) [ Jaln)? dial). w0\ 00

L(a)z|Q; = %<[a|Qi]Ha|Q,~]>i[:p|Qi] + %<[nyi]\[ayQi]> [al], i€l

%

For any fixed w € Q\Qo, 7 € €, it follows exp (iTL(a))z(w) = 7 Jlal’ o (W) .
As a consequence, exp (iTL(a))Bw C B, whenever Im7 > 0. Similarly,
exp (z'TL(a))B(i) c B® for Im7 > 0 and i € I because the any mapping
¢ — L{ala)ip + 2 (pla);a is a positive linear operator with respect to the scalar
product (.|.); . Therefore exp (irL(a))B C B if Im7 > 0. Hence axioms (J4),(J5)
are immediate. Thus (F, Eo, {...}) is a partial JB*-triple.

Due to the form (3.6) of the triple product, the group ¥ of the multiplications
with functions of modulus 1 consists of automorphisms of (E, Ey,{...} . In view of
Lemma 2.2 we conclude that (E, Ey,{...}) is a subtriple of the canonical triple of
some bounded domain being invariant under the multiplications with continuous

functions with modulus 1 that is a CRD. |:|

We can also apply the structural descriptions of Section 3 with Theorem 4.2
to testing if all inner derivations of the canonical partial JB*-triple of a CRD can
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be extended in a uniformly continuous manner from the symmetric part to the
whole space. As we shall see, this category does not give any counterexample.

4.3 Theorem. On the space E := Cy(R2), let (E,Ey,{...}) be a partial JB*-
triple such that {i-: ¥ € C(Q), |¢| =1} C Aut(E, Eo,{...}). Then there exists
a finite constant M such that ||A] < M||A|Ey|| for all inner derivations A of

(E,Ep,{...}).

Proof. We know there exists an open subset Qo of  with Fy = {f € Co(Q) :
f(2\ Qo) = 0} . Furthermore, for any point w € , there is a positive Radon
measure f,, on {2y such that

{xax}(w):x(w)/ xa dig,, r€e€FE, ac Ey, we
Qo

Since Cy(2) = {za|Q : z € E, a € Ep}, the function w — fQo f dp,, is neces-
sarily continuous for all fixed f € Co(£p) . Finally we may assume the measures
Po , w € Qo to be in the form (4.1). Thus, by writing S(w) := () for short,

| rdn= X mso. we, 1 e

nes(w)

Notice also that w € S(w) for all w € Qy and 0 < infm < supm < oo and
SUp,,c, #5(w) < oo. Consider an inner derivation A of (E, Ey,{...}). That is

N
Azr = Z{akbkx}, rekl
k=1

for some finite sequence ai,b1,...,an,by € Ey. In particular, given any function
re k= CO(Q) ,

28z (w) = > larmbr(n)z(w) + z(n)be(n)ar(w) for w € Qo

Az(w) = /Q > ar(Qbr(Q) dpw(Qa(w) for w € Q\ Q.

The continuity [[{zay}| < K||z||||a|||ly|]| of the partial triple product implies that
SUP, e Hw(£20) < K < oo . Hence it suffices to see that

N

(4.4) sup | ar(@e(0)] < AER]L

CGQO —1 1nfm

For the proof of this inequality, fix any point ¢ € ¢ . Since the set S(() is finite,
for each point w € S({) we can find a function e, € FEy = Cy(£2p) such that
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1=-eu(¢) =supley(.)] but ey(n) =0 for ( #ne S(C). Then

N N
2Ae,, = [Z Z m(n)ak(n)bk—(n)] ew + ;m(w)bk(w)ak,

k=1neS(C)

2> [Aey)(w) =Y #S(Q) ) mwapw)bp(w) +>_ Y m(w)ar(w)be(w) =
=1

weS(¢) weS(¢) k=1weS(¢)

= [#5(O)+1] Y > mw)ar(w)b(w).

weS(¢) k=1

It follows

N N
m(¢) Y be(Qar(Q) = 2[Aec)(©) = D mlw) Y ar(w)br(w),
k=1

weS(¢) k=1

3 m(w);ak(w)bk(w):# S [Aeu)).

wes(¢) wes(¢)

Notice that |le,| = maxle,(.)] = 1 and hence |[Ae,](w)| < ||A|Ep|| for all
w € . Therefore

()] 3 ax (@) @)] < 21AIE] + g
k=1

T > lA[E] < 4]AlE|.

weS(¢)

This completes the proof of (4.4) and hence the theorem. [

5. The fine structure of the canonical
partial JB*-triple of a CRD

Throughout this section € denotes a locally compact Hausdorff space, g # ()
is a fixed open subset of 2 and we write E :=Cy(2), Eo:={f € E: f(Q\Qo)}.
Also we reserve the notations [,uw D w € Q} , {Q; : 1 €I} respectively m for a
given measure valued map Q — M (), , a partition of €y into finite non-empty
sets and a function m : Q¢ — R4 such that (4.1) holds. We know from Theorems
3.5 and 4.2 that the canonical triple product of a CRD has necessarily the form
(3.6) in terms of these objects.

Our purpose will be to find a description in terms of the topological properties
of the partition {Q; : i € I} and the for a triple product of the form (3.6) to
be the canonical triple product of some CRD. It is clear that there are plenty
of mappings w — pu, even satisfying (4.1) for which the operation (3.6) is no
partial JB*-triple product. Indeed, the following observation is an immediate but
fundamental consequence of Theorem 3.5 and its proof. Given a bounded Reinhardt
domain D in E , the canonical triple product {...} :={...}p has the form

1 1
(5.1) {zay} = §xA(6y) + §yA(E:z:), a€FEy, z,yecE
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with some positive linear map A: Ey— Cp(£2):={bounded cont. functions Q@ — C}.
It is well-known [11] that the positivity of A entails its boundedness automatically.
Notice also that, by the Riesz-Kakutani representation theorem, any positive linear
mapping A : Co(o) — Cp(2) has the form Af(w) = fQo f dp, with a uniquely
determined mapping Q > w — p, € M(Qo)+ .

5.2. Lemma. Suppose A : Eg — Cp(Q2) is a positive linear mapping. Then the
structure (E, FEy,{...}) with the operation (5.1) is a partial Jordan*-triple if and

only if
(5.3)  A(fA(9)) = A(JA(S)), A(fA(9))|Q% = A(f)A(9)|Q%  f.g € Eo.

Proof. Since Fy and E are closed ideals in Cy(€2) with respect to the point-
wise product of functions, the operation (5.1) is a well-defined positive continuous
sesquitrilinear map F x Ey x EE — E . It satisfies the identities

{ra{zbx}} = %.CEA(G:CA(BQZ‘)) + %:CA(E:I:)A(Z_)Q:),

{za{xbzr}} — {xb{zax}} = %a:A [azA(bz)) — bz A(az)].

Hence, by taking f := @z and g := bzx, we see that (5.3) implies axiom (J3).
Assume (J3) holds. Then zA[azA(bz)) — brA(az)] =0 for a,b € Ey and z €
E . Consider any functions f,g € Ey with compact support. Then, given any
point w € €, we can choose a function z, € E with compact support such
that the interior of supp(z,) contains {w} U supp(f) U supp(g). Then we can

write f = agyx, and g = b,x, with some a,,b, € Ey and hence (J3) implies
0= A[fA(g9)— gA(f)](w) . Thus, since functions with compact supports are dense
in By, axiom (J3) is equivalent to the identity A(fA(g)) = A(gA(f)) in (5.3).

Let us now proceed to the axiom (J2) of the Jordan identity. By polarization,
(J2) is equivalent to its special case

(J2) {aa{zbz}} = 2{{aax}br} — {z{aablz}, a,b€ Ey, z € E.
In terms of the operation A, this identity (multiplied by 2) can be stated as

aA(azA(bz)) + zA(bz)A(|al?) =
= [aA(az) + zA(|a]*)] A(bz) + zA(b[aA(az) + zA(|al*)])—
— zA([aA(ab) + bA(|a]*)] z).
By the positivity of A, we can write —zA([@aA(ab)+bA(|a|?)]z) for the last term
above. Thus, by the linearity of A, axiom (J2') is equivalent to
aA(azA(bz)) + zA(bz)A(lal?) =
= aA(az)A(bz) + zA(|a|*)A(bz) + zA(baA(az)) + zA(bzA(|al?))—
— zA(azA(ab)) — zA(bzA(|al?)).

12



Here the terms zA(bz)A(|al?) and zA(bzA(|a|?)) cancel, whence we get
(J2') aA(azA(br)) = aA(azx)A(br) + zA(baA(az)) — vA(azA(ab)).

Observe that (5.3) implies (J2”) immediately. To finish the proof, assume
(J2)+(J3). As we have shown, this is nothing else as the identity A(fA(g)) =
A(gA(f)) along with (J2"). By substituting f :=az and g:= ab in (J2"), we
see that two terms cancel and the remaining identity aA(azA(bz)) = aA(az)A(bz)
is equivalent to its polarized form

a1 A(azzA(bz)) = a1 A(azz) A(bz), ay,as,be Ey, v € E.

Since each function a; € FEy vanishes outside )y but for any point w € Qg
there is a function a;, € Ey with a; ,,(w) # 0, the polarized identity is further
equivalent to

A(azA(bz))|Q = A(az)A(bz)|Qo, a,be FEy, x € E.

As we have seen, any functions f,g € Ep with compact support can be written
in the form f = ax, g = bx for suitable functions a,b € Ey and » € E
with compact support. This implies the second identity in (5.3) for functions with

compact support, and statement follows by a standard density argument. ]

5.4. Remark. An application of the results in [7] concerning symmetric CRDs to
the symmetric part of the canonical partial JB*-triple of a CRD yields the following
observation. If (E, Ey,{...}) is a partial JB*-triple with a triple product of the
form (3.6) and having property (4.1), then the set-valued function w +— €2;(,)U{oo}
(where i(w) denotes the unique index i € I with w € ;) is continuous with
respect to the Hausdorff topology of the non-empty compact subsets of Q¢U{oo} .
As a consequence, given a relatively closed subset F of Qg and a point w € F
such that #[F N Q)] = Np = max,cp #[F N Q)] , there are disjoint open
sets Ur,...,Un, C Qo such that w € Uy and #[Up N F N Q,p] =1 for any
neUyU---UUn, and k=1,...,Np.

5.5. Lemma. Assume the mapping w — ) U {oo} is Hausdorff continuous
in the sense of 5.4. Then given any point w € §, there exists a finite family of
disjoint Borel subsets G1,...,Gn C Qo such that p,, (QO \ Uivzl Gk) =0 and
#[QU NG <1 foralliel and k=1,...,N .

Proof. We use countable transfinite exhaustion to construct the sets G1,...,Gx .
For starting, let N := Nq, , FO) :=Qy and Ul(o), ceey U](\(,)) := (). For any count-
able ordinal r > 0, until each set U,gs) with s <r and 1 <k < N is open and
we have g, (U, Uiv:1 U,gs)) < pw(Qo), define F = Qg \ U,_, ngl U,ES) )
N, = max,cp #[F() N Qi) - We also choose some point w, € F() with
#[F() N Qi(w,y] = N, along with a finite disjoint family Ul(r), . .,U](VTT) such
that p,(U{”) > 0 and #[Uy"” N Q] =1 for all n € UV U---UUY and

13



k =1,...,N,. Finally we set U] := (0 for the indices N, < k < N. This can
be well-done in view of Remark 5.4 and the fact that trivially N, < N . Since
the measure pu,, is finite, in this manner, for some countable ordinal r*, we

get a family {Uk(f) r=<rf k=1,... ,N} of open subsets of )y such that
1o (20 \ Uy 2o Uney U) = 0 and #[U7 0 FO A Q0] <1, 1<k <N but
Qi) C U,Ijzl[Uér) NF™] for all n € U,]jzl[Ulgr) N F™] for all ordinals r < r*.
Therefore the choice Gy := | Uk(f) NF®)], k=1,...,N suits our require-

ments. |:|

s—<'r*[

5.6. Corollary. Let K := {K C I : [J;cx Qi is Borel measurable} and define
o (K) = po(Usere ), K € K. Then (under the hypothesis of Lemma 5.5)
there is a Borel function py, : Qo — [0,1] such that 3, .o po(n) =1, i€l and
for all bounded Borel functions f :Qq— C we have

Qofduwz/iGIZf MPw (1) dfies (7).

Proof. As we have noted, the sets G( " U(T) NF) = U,ir) \ Us<r Ug:rl U,is) ,

r<r*, 1 <k< N, form a disjoint covering of €2y up to a set of pu,-measure

0. Let f)§:) denote the Radon-Nikodym derivative dﬁfj)k /dp,, with the measure

ﬁg)k(K) = g (G,(:) NUier %), K € K. These are functions I —IR defined up
to a set of p,-measure 0, and we can choose Borel measurable representatives
with 0 < 500 <1 and Y0, 50 =1 on I = {iel: Q c U\, G
<p,’  <1land >,;7p, =1 on ={iel: Q clU,, G}
and vanishing outside I(") . This can be done because every partition member €;

meets any set G,(:) in at most one point and for the sets G(") := Ug:rl G,(:) either
we have Q; € G or ;NG = (). Hence the statement holds with the function

( ) Z’r—<r* Zé\[ 1ﬁ§fr)(( ))’ 77690- I:I

5.7. Corollary. Suppose we have (4.1) with a weight function m > 0 and let
the mapping A : Co(o) — Cu(2) have the form Af(w) = fnGQof dpi, with
suitable Radon measures ., , w € . Then the identity A(fA(g)) = A(gA(f))
15 equivalent to the fact that

(58) ()= [ 5 ml deoi), X9
€l e xnQ,

with suitable measures K, : {KCI : Ujer i is Borel measurable} —IR;, we.

Proof. Using the results of Corollary 5.6, we can write

A = [ s [A@)] o) pen) diin(i) =

nGQ

:/ S ) > g OmUOpa(n) dfiu(i) =
GI cQ,

CEQi(n)

/ e 9(Om(C)pu(n) dfiu (i)

ICneﬂ
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because we have i(n) =i for the points n € ;. Thus the identity A(fA(g)) =
A(gA(f)) is equivalent to

59 0= [ Y feOmOpm - mmp. (O] di0

for all f,g € Co(2y) and w € Q. By passing to limits of monotone sequences, we
see that (5.9) holds for all f,g € Co(€) if and only if it holds for all bounded
Borel measurable functions f,g : Q9 — €. Consider (5.9) with the partition

Qo = U, < Ué\/:rl G](:) U [ -zero-set | constructed in the proof of Corollary 5.6.
By writing CZ(? for the unique element of the intersection €2; N G,(;) , we get

69 0= 3 [ HcDgc) mCpac) = m(Cpa(C)] diiui).

r=r ke—1 7 1€

This holds for all bounded Borel functions f,g: Qo — C if and only if, given any
r < r*, for [, -almost every i € I") we have

m(¢pa(C)) —mT () =0, 1<k <N,

Indeed, if we just consider functions f, g vanishing outside the sets Gg) respec-
tively GE,T) (with fixed » < r* and 1 < k,¢ < N, ), we obtain (5.9") without
the summations ) _ . and ZkN2:1 , whence the statement is immediate. Thus,

since ) _.cq. Pw(¢) =1 for p, -almost every i € I, (5.9’) holds for all bounded
Borel functions if and only if

—1
Pu(n) = m(n)[ Z m(C)] for i -almost every i € I and n € ;.
Ce,;

This observation establishes the statement of 5.7 with the measures &, (K) :=

fiGK [Zcem m(()}_ldﬁw(@'% Kek. []

6. Bidual of the canonical JB*-triple of a CRD

On the basis of the previous section, first we give an exhaustive parametric
description of the canonical JB*-triples of continuous Reihardt domains. Also we
answer in the affirmative the question if the bidual of the canonical JB*-triple of
a continuous Reihardt domain can be regarded as the canonical JB*-triple of a
continuous Reihardt domain in the bidual commutative C*-algebra.

As in the previous sections, €2 denotes an arbitrarily fixed locally compact
Hausdorff space, )y is a non-empty open subset of 2, m is a function 0y — IR
and IT = {Q; : ¢ € I} is a partition of Qy. We shall write Q/II for the index
set I of II equipped with the topology inherited from the Hausdorff topology of
Qo = {QU{oc}: i €I}. Thatisaset J C I isopenif {Q;U{oc}: i€ J}
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is an open subset of (AZB with respect to the Hausdorff topology of the compact
subsets of Qo U {oo} restricted to €.

6.1 Definition. (cf. [7, 1.1-2]) We say that the couple (m,II) is admissible if
sup;e; #§2; < 0o, 0 < infm < supm < oo and all the functions Qy > w —

Z'neﬁi(w) m(n)f(n), f € Co(2) are continuous.

According to [7, 1.2], the couple (m,II) is admissible if and only if the func-
tion space Co(€) endowed with the triple product polarized from {zazx}(w) :=
ZCEQM) m(O)z(¢)a(()z(w) (where i(w) denotes the (unique) index with w €
Qi(w) ) is the canonical triple of some symmetric Reinhardt domain in Cy(€) .
Furthermore, as a consqeence of [7, 1.3(iii)], given an admissible couple (m,II),
the topological space /Il is locally compact and Hausdorff.

6.2. Lemma. Let (m,II) be an admissible couple.
1) A function ¢: I — € belongs to Co(Qo/II) if and only if
fo = [w — qﬁ(z(w))] 18 a bounded continuous function on )y being constant
along the sets ;, 1 € I and being such that for any € > 0 there exists a
compact subset K. € Qo with |f4(Q)| < e whenever ;N K, =0 .

2) The range of the operator Ay on Co(Q) defined by

(6.3) Aof(i) = > m(Qf(C), i€l feC(Q)

CEQ(w)
is a uniformly dense multiplicative ideal in Co(€o/1I) .

Proof. 1) Let ¢ € Co(€2o/II) . By construction, the function f, is constant along
the sets €2;, @ € I. Also the ranges of ¢ and f4 coincide, thus f, is necessarily
bounded. Consider a convergent net w; — wp in . According to [7, 1.2(iv)], we
have ;) U{oo} — Q) U{oc} with respect to Hausdorff topology. Therefore
fo(w;) — fs(wo) showing that fy € Cp(€y) . The stated vanishing property of f
at infinity is straightforward. Conversely, assume that ¢ : I — € is a function such
that f, € Cp(£29) with the behavior at infinity in the sense of the statement 1).
Then ¢ vanishes at infinity in the sense of the locally compact inherited Hausdorff
topology of Qo /II. We show the continuity of ¢ as follows. Let [i; : j € J]| be a
net in I such that €, U{oo} — €;, U{oo} in Hausdorff sense. By [7, 1.3(i)] we
can find a convergent net w; — wp in Qg with w; € ;,, j€J and wy € Q;, .
Hence ¢(ij) = fo(Sh,) = fo(w;) = folwo) = fo (i) = &(io) -

2) As we have noted, for each function f € Cy(2o) the function Ay(f) :=
Q0 5w ZCEQ@) m(¢)f(¢)] is continuous. Obviously, A is constant along
the sets €;, i € I. Given a net [i; : j € J] of indices such that €;, — {oo} in
Hausdorff sense (i.e. V K compact C Qo 3 jx € J KN, =0 forj > ji ), we
have Aof(€Qi; — 0 because |Agf(£;)| < sup,, m(w) max; #£2; maxcey |f(¢| and
maxcey |f((| = 0. By 1), Aof = fy for some ¢ € Co(2/I)} . Thus ranAy C
Co(€/I0)} . Observe that, for any ¢ € Co(Qo/II) we have [Agf] = Ao(fuf).
Thus ranAg is an ideal in Co(Q/II) . For any i € I, there exists ¢ € ranA
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with ¢(i) # 0. Indeed, by choosing any element w € €;, there exists a function
f € Co(Q) with f(w) =1 and f(¢) = 0 for ¢ € Q; \ {w} and Agf(i) =
> ceq, M) f(C) = m(w)f(w) > 0. Hence, by the Stone-Weierstrass theorem, the

ideal ranAq is uniformly dense in Co(2/11) . [

6.4. Definition. Given an admissible couple (m,II) and a non-negative measure
valued mapping w — K, from Q to M(/II), write

E(Q,Q, m, 11, k)

for the structure (Co(Q2),{f€Co(Q2: f(Q\Q)=0},{...}) where the triple product
{...} is the polarized form of

(6.5) {raz}(w)= x(w)/ Z m(¢)a(¢)x(¢) dky(i), we, a€ Ey, z € E.
€l ceq,

We say that the tuple (£2,Q0,m,II, k) is admissible if (m,II) is an admissible
couple and the measure valued mapping w — k., is weakly continuous * and such
that r, = d;,) whenever w € Q.

6.6 Theorem. Let Q be a locally compact Hausdorff space and () # Qo C Q an
open subset. By setting E := Co(2), Eo:={f € E: f(2\ Qo) =0} the triple
(E, Eo,{...}) is a subtriple in the canonical JB*-triple of some Reinhardt domain
in E if and only if it is of the form E(Q,Qq, m,II, k) with an admissible tuple
(Q,Q0,m, 11, k) .

The canonical JB*-triple of any Reinhardt domain in Cy(SY) with non-zero
symmetric part has the form E(Q,Qq, m,Il, k) with a suitable admissible tuple
(Q,Q0,m, 11, K) .

Proof. We know already from Theorem 3.5 and Corollary 5.7 the following facts.
The canonical JB*-triple of any Reinhardt domain with non-zero symmetric part
in E:=Cy(R) coincides with E(Q, Qq, m,II, k) for some open 0 # Qy C Q and
an admissible couple (II,m). Moreover any partial Jordan*-triple (E, Ep,{...})
with Eg = {f € E: f(2\ Qo) = 0} for some ) # Qy C © and being such
that all multiplications with continuous functions Q@ — T'(={z € C: |z| =1})
belong to Aut(E, Ey,{...}) must have the form E(,Qq, m,II, k) with suitable
open ) # Qo C Q and an admissible couple (II,m). Finally, by Lemma 2.2
and Corollary 5.7, each E(Q,Qq, m,II,x) is a subtriple in the canonical JB*-
triple of some Reinhardt domain in FE if and only if the triple product maps
E x Eg x E to E. Thus it remains to prove only that, in a structure of the form
E(Q,Qq,m,I1, k) , the triple product maps Ex Eqgx E into E (where E := Cy(Q)
and Eyg:={f € E: f(Q\Qy) = 0}) if and only if the mapping w — kK, is
weakly continuous. The sufficiency of the weak continuity of x for {EEyE} C E
is immediate. Conversely, suppose (m,II) is an admissible couple and the triple
product (6.5) is continuous and satisfies {FEFEyE} C E. Then, by Corollary 5.7,

* That is w [;_; ¢(i) dry(i) is continuous for every ¢ € Co(Q/m).
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(E,Ep,{...}) = E(2,9Q0,m,II,k) is a partial JB*-triple and, in particular, the
operation

Af(w) = /

ranges in the space Cp(Q2) of all bounded continuous functions  — C . Therefore
also the operation Tyg:= [Q2 w— [ dky], ¥ € ranA, ranges in Cp(2) . We
know that the measures p,, , w € €} have total mass bounded by the norm M :=
SUD,cpy, z.yek l[1Tay}]| of the triple product. It follows s, (I) < M, w € Q and
hence Ty is bounded with norm < M (i.e. sup,cq |[Tov(w)| < M sup;c; |¥(1)],
i € randy ). Therefore Ty admits a continuous extension T : [ranAo] — Cy(9)
to the closure of the range of Ay with T(w) = [ dky, ¢ € [rando] . By

Lemma 6.2, we have Co(€/I1) = [ranAo] . This fact implies the weak continuity

m(O)f(C) dpi(n) = / Aof dry, weQ, f € B

€0 ceqiy)

of the mapping w +— kK, .

Next we proceed to the bidualization of the partial triple (E, Ep,{...}) :=
E(Q,Qq,m,II, k) . As usually, we shall regard the commutative C*-algebra E :=
Co(2) with the spectral norm as a weak*-dense subspace of the bidual E :=
E** =C(£2) where §2 is the hyperstonian compact topological space of all norm
continuous multiplicative functionals with respect to the jointly weak*-continuous
extension of the product in E equipped with the weak*-topology inherited from
E*** . That is we identify any element a € E canonically with the evaluation
function w — w(a) on 2.

6.7 Theorem. Let D be a bounded Reinhardt domain in E := Cy(). Then
there exists a bounded Reinhardt domain D in E := E** = C(§2) such that the
canonical JB*-triple (E,Ep,{...}p) is a subtriple of E,Ep,{...}p and Ep is
the weak*-closure of E in E and the triple product {...}p is the jointly weak*-
continuous extension of {...}p .

Proof. According to Lemma 5.2, there is a positive and hence norm-continuous
mapping A : Ep — F satisfying the identities (5.3) such that 2{xay}p =
zA(ay) + yA(az), a € Ep; x,y € E. To study the bidual continuation of A,
let us regard the commutative C*-algebra F' := Cp(2) of all bounded continuous

functions over  as a weak*-dense subspace of the bidual F := F** = C(f2)

where £2 is a suitable compact hyperstonian topological space. Since E = Cy(f2)
is a closed multiplicative ideal in F' and FEp is a closed multiplicative ideal in
E', also the weak*-closures E = EY and Ey = E_ow* are weak*-closed M-ideals
in F. Hence we may assume without loss of generality that

E={fcF: f(2\2)=0}, Ej={fcF: f(2)\02)=0}

for some open-closed subsets 29 C 2 C 2 and the biadjoint A** maps E( into
F . Consider the operation

(6.7) {xay}.. = %[A**(xﬁ)]y + %[A**(yﬁ)}x, acEy x,y€E.
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Since the biadjoint of any positive linear operator (between Banach lattices)
is weak*-continuous and positive and since the product in F is separately
weak*-continuous, the product (6.7) is a separately weak*-continuous extension
of the triple product {...}p. From (5.3) it also follows that A**(fA**(g)) =
A (gA**(f)) and aA*™*(fA**(g)) = aA*™*(f)A**(g) for all a,f,g € Ey. Thus
A** : Eg — F is a positive linear operator with the property (5.3) and, by Lemma
5.2, the operation {...}.. is a partial Jordan*-triple product.

To complete the proof, it remains to verify axioms (J4),(J5) for the product
{...}+« with some bounded circular domain B C E. The weak*-closure of the
domain D seems a tempting but technically unsuitable choice for B in our setting.
Instead we proceed as follows. Let 2, := £2\ £2) and regard E as the ¢*° -direct

sum of the weak*-closed ideals Ey and E; := {f € F: £(02\ 2)) = 0} . Define

*

B :=By+B; where By :=Interiorg, DN Ep , B;:={xcE;: max|x| < 1}.

Recall [5, 1] that the bidual of a (full) JB*-triple is a JB*-triple with the
separately weak*-continuous extension of the triple product. Hence, since the
set By := DN Ep is the open unit ball of the canonical norm |all;. ;, =

[max Sp[Ep > ¢+ {aac}D]]1/2 on Ep its weak*-closure By is the norm closure
of open the unit ball of the norm ||.[|{. ;,, on Eg. We show that actually By
is a (bounded symmetric) complete Reinhardt domain in in the function space
Eo ~ C(£2y) . Indeed, by Lemma 5.2 we have A(fA(g))|Q = A(f)A(g)|Q for
f.g € Ep. Hence A**(fA**(g))|f20 = A*™(f)A**(g)|£2 for f,g € Ey. Since
By is the canonical unit ball of the triple product {...}.. restricted to E§,
Lemma 5.2 implies the Reihardt property of By . On the other hand, By is triv-
ially a (bounded symmetric) complete Reinhardt domain in E; ~ C(£2;) . Since
(Eo,Eo,{...}+|E3) is a (full) JB*-triple, for each element a € Eq, the operator
L(a)x := {aax}.., x € E is Bg-hermitian. On the other had, the positiveness
of A** (in the sense that it preserves the cone of all non-negative functions) en-
tails the positiveness of the operators L(a), a € Ey. Hence (J4) is immediate
for the partial Jordan*-triple (E,Eg,{...}.x) with the set B in the role of B
there. To estabish (J5), we only have to see that given any function a € Eg,
the operator L(a) is B-hermitian. We have L(a) = 1Lo(a) + 3Li(a) where
Lo(a)x := A**(|a]*)x and L;(a)x := A**(xa)a. The operator L(a) is a mul-
tiplication with a non-negative function in E and hence necessarily both Bg -
and By -hermitian. For the operator Lg(a) we have Lo(a)E C Fa C FEq = E
and Lo(a)E; = A" (Eja)a = A**(0)a = 0. Thus the complementary ideals Eg
and E; are invariant subspaces of the operator L(a) which acts on Ej asa By -
hermitian operator both for k£ = 0,1. Therefore L(a) is B = By+ B -hermitian.

[
7. Appendix

7.1 Theorem. Let Q be a locally compact Hausdorff space and ¢ : Co(Q)N — R
a continuous positive N -linear form (that is ®(f1,..., fn)>0 for fi,..., fn>0).
Then, with the functions f1 ® -+ ® fy : (w1,...,WwN) — Hi\rzl fr(wk) we have

@(fl,,fN):/f1®®deu7 fl?"':fNECO(Q)
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for some bounded Radon measure 1 on QY .

Proof. Consider the family U of all finite minimal open coverings of €2 including
at most one non-precompact member. That is each term 4 € U can be written
in the form U = {Uy,...,Uy} where Q = |J;_, Uy with open sets Uy such
that the the members Uy, ..., Uy,—1 have compact closure in Q and (J,.; U; # Q
whenever [ is a proper subset of {1,...,m}. The latter property means that the
covering U is minimal. This minimality property guarantees that for any covering
U € U we can fix a system {Uvy : U € U} of points such that

u
wo €UNU,LygVs  UelU.

Since locally compact spaces are precompact, also we can choose a partition of
. u . . . u
unity { ¢y : U € U} subordinated to the covering U . That is Y o, v =1

where 0 < ugozj € C(Q2) with ugoU(Q\U) = 0. Notice that necessarily ugoU(uwv) =
duy(=1if U=V, 0 else]). Hence the linear operator

Puf= Y. flw) e, feC®)

uveu
U precompactCS2

is a projection of Cy(f2)) onto its finite dimensional subspace with linear basis

{ugoU : U eU, U precompact C Q} .

The class U has the natural net ordering & < V of being finer. That is
U <V if for all V € V there exists U € U with V C U. It is well-known
that, given any function f € Co(2) and & > 0, there exists U € U such that
SUP,,, wyer |f(w1) — f(wa2)| < e for all U € U . This means that

1. P —_— Q .
1em \Puf— fll =0, feCy(f2)
Consider the linear functionals

&\)uf;: Z f(qul, PN ,uu)UN) q)(ugOUl, NN ,uQOUN)

Ui,... Upn eu
Uy, Upxn precompactCQ

on the space Co(Q2Y). Observe that, for fi,..., fxy € Co(Q),

S(Pyfi,. s Pufn) = ®u(fr® - @ fn) .
<

Since the form @ is assumed to be positive, if —1 < J? 1,

Z (—1)‘I)(USOU1,-~,M90UN) <dyuf < Z q)(u80U1,~--,u90UN)

Ug,..., Uneu Ug,...s Un€eu
Uy,..., U precompactCS2 Uyp,..., Upxn precompactCQ

which shows that

eul < > e(Yeu,...."ouy), UeU.

Uy,..., Uneu
Up,---s U precompactCS
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On the other hand, the functions Z/lf = veu: U precompactCQ) uch satisfy

u U u U u
0< fél, qu)(faaf): Z (I)<90U17"'790UN)7 UelU.
Uts..., Uy €U
Uy,..., UpNn precompactCQ
Hence we deduce
=~ U 1z
||@UH: Z (I)( PUy - SOUN)S
Ut,...,Un €U
Uy,..., U precompactCQ
<|l¢ll(:= sup D(f1,- -, fa)l) -
lf2ll=-=lfnI=1

By the continuity of ® we have ||[®| < oo. According to the Alaoglu-Bourbaki
theorem, the bounded net () admits cluster points in the dual of Cy(2)

ueu
in weak® sense. (Actually one could even proof its weak*-convergence but we do
not need this finer argument). By taking any cluster point & of (@u)u U for

all f1,...,fnv € Co(2) we have

(I)(flv"'7fN) :Llllentqu)(PL{fb?PUfN) -

Zbllieﬂlljau(ﬁ@m@fN):E’(f1®-~~®fN)-

The proof is complete. []
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