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Abstract

By a Hermite interpolation sequence we mean a sequence of Hermite interpolation
polynomials of degree 0, 1,. .. such that consecutive terms satisfy the differentiation
conditions of the previous ones. We extend this concept to arbitrary fields from the
reals by purely algebraic means based on the possibility of formal Taylor expansions
of rational fractions around any point of the underlying field. As an application we
obtain recursion-free explicit formulas for the entries of triangular decompositions
of generalized Hermite-Vandermonde matrices.
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1 Introduction

Lagrange and Hermite interpolations are taught, using recursion methods, to
a wide range of students as a chapter of complex numerical analysis. Recently
interest has arisen on recursion free closed formulas concerning them in the
setting of triangular decompositions of Vandermonde matrices over generic
fields [4,5]. The aim of this note is to show that the basic ideas of Spitzbart’s
paper [1] which provide a natural generalization of the Lagrangian approach to
Hermite interpolation with higher derivatives (actually the generalized basic
polynomials are A;;, there) can be realized by purely algebraic means based
on the possibility of formal Taylor expansions of rational fractions over fields.
We continue these arguments to achieve a generalization of the Newtonian
construction as well in a more flexible formulation which may be of interest
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in education. We conclude the paper with the application of the results to
get a recursion-free explicit triangular decomposition of generalized Hermite-
Vandermonde matrices.

2 Basic concepts

Throughout the paper we work in the setting of the polynomial ring Klx]
of all formal expressions p(z) = 3 cx2® (co,c1,...,00 € K; n € Z) where
k=0
K is an arbitrary field. Let us emphasize that 3 c,z* is not identified with
k=0
its functional representation K 3 & — > ¢x&F as it is usual in the classical

real case. Though the formal derivatives p™ (z) = S¢_ k(k —1)---(k —
m + 1)cpr®~™ are well defined, in the case of y := char(K) # 0, we have

inconveniently {x’“} _ 0 for m> x since k(k—1) - - - (k—m+1)=mod, (k(k—
1) (k—m-+ 1)) in K. Instead, we reformulate the defining constraints of

Hermite interpolation in terms of the Taylor coefficients

p|§ = [Coefﬁcient of z* for p(x + a) := i co(x + a)e] => (i) coa ™"
=0 =k

corresponding to the terms p*)(a)/k! in the classical case. Indeed we have the

Taylor expansion p = p(x) = En: p\Z (x — a)* for any point a € K.
k=0

Let X := (xg,1,%2,...) be an arbitrary sequence in K indexed over Z,.
Define
wy =[] (x—uay), v (n,i) = #{j j<n, r;= xz} (2.1)
Jr j<n

with the convention wy := [y = 1 = 2% and with # standing for cardinality.
Observe that for any n,i = 0,1, ... we have!

X _ v (i) -
wi = (x —xy) I (z—=2;)=
jg<n, S~
vjFe;  (z—zi)+(zi—z))

= (:p - xi)VX(n,i) [ IT (@ - :Ej)} [1 + (z — ;) pol(x)|.

J:g<n,
acj#aci

1 In the formula below and later on, the symbol pol(z) stands for a suitable poly-
nomial from K[x] which we do not intend to specify any further.



In particular, z; is a root of wX with multiplicity v*(n, ) and therefore w? is

the unique polynomial of degree < n such that

| ) , x|V (nn)
w;, =0 (i<mn), Wy, = I[ (zn—z) (2.2)
i on <
T jFTn

Definition 2.3 Given two sequences X := (xg, 1, Z2,...), Y := (Y0, Y1, Y2, - - -)
in K, let

be the set of all polynomials satisfying the Hermite interpolation condition of
order n with coefficients from (X,Y'). By the Hermite interpolation sequence

associated with (X,Y) we mean the sequence hX\*¥" (n =0,1,...) of polynomi-
als in K[z]| defined recursively as

vX(n,n)

XY
n hn—l

[T si<n (20 — x5)

hXY = yo2°, hXY hX |+ yfy ,)f where yf’y = In

Proposition 2.4 For any n, hX'Y is the unique polynomial in HXY with
degree < n.

Clearly {hg "'} = {p € Hy"¥ - deg(p) = 0}. Provided HX"Y # (), the difference
of two polynomials from HX*¥ must have root of multiplicity v*(n,) at any
point z; with ¢+ < n + 1, it immediately follows that

HoY =BT +w Kzl

We see by induction that HXY #£0 for n€Z, . Trivially yo2° + (x — z0)K[x] =
Hé( Y Suppose ’Hfﬁ # (). Then a polynomial p belongs to HXY if and only

if p = h)" + wXq for some ¢ € K[z] and p2. ™" = y,. By choosing ¢ in
the form ¢ := 7% = Y20 we get p = A% + XWX with plst

v(n,n)

v(n,n)

n

B[ o X

XY
= hn—l

+ % T s, (20 = 25) = Y.
TjFTn
Remark 2.5 In the classical case K = R, the interpolation polynomials are

of the form
f(b§°>,...,b§'”1)) (bg@,...,b;mw) (bi(’)...,bim”)

a1 as .o Qp

defined to be the unique polynomial f € Rx] such that deg(f) < n and
fD(ay) = b,(gd) (k=1,...,7;, d=0,...,myg). In our terminology,

(0) (ml) bg‘o)7b£‘m7‘)
f( 1enb ) ( ) = hXY whenever X and Y have the pattern

ai yeeny A

b(o) b(ml) b0 pimr)
X:(al,...,al,...,ar,...,ar,...),Y:(l—,..., L)
—_— —_—— 0! my! 0! m,!

mi1+1 my+1



Definition 2.6 The Newtonian form of a Hermite sequence is the represen-

tation 2XY = 3 4w (n = 0,1,...). We shall write d; for the sequence
=0

30,4, 01,15 024, - - ) with the Kronecker symbol 6, ; := {1 ifn=14,0 else}. We
call the members of the double sequences

HY =0 @ =11 (v—2;) (in=01..) (27

n,i
Jiisn,zjF;

the basic Hermite interpolation polynomials resp. the complementary Newton
factors over the sequence X. By the Lagrange form of a Hermite sequence we

n
mean the representation h'¥ = Yy, HX, (n=0,1,...).
i=0 ’

Example 2.8 Let K =7, = {0, 1} and consider the sequences
X :=00,1,0,1,0,1,..], Y :=[1,1,1,...].

Then, for 1 < n = 2k + r with r := mody(n) and k := |n/2| we have
wX = 2" (x — 1)F = 287 (2 + 1)*. From the identity 2 = 1 +1 = 0 we

also get wX(t +1) = (t + DFF = WX (¢) and (1 +2)¥ = 1+ 22" for any
k = 0,1,.... Thus the Newtonian form of hX¥ is simply ¥  win o

m:2m—2<n
M(n)
for any index n. Actually also hX =3 z* with M(n) := max{2m—2: 2m—
=0

2 <n, m €}. We obtain the classical Newtonian form of hi{r by evaluating

f(()O!""’k!) 50!""’(]6_1”)!) over R with a Newton difference scheme and then taking

the coefficients mod,. The result is a rather sophisticated linear combination
from the factors 1, z,..., 2" oz + 1), ... 28 (2 + 1)1,

3 Numerical issue: modified Newton difference schemes

Classical Hermitian interpolation seems to be well understood in terms of New-
tonian difference schemes as done in the nice survey [6]. Working over a field
K of general type, can be transferred in a straightforward manner into gen-
eralized Newtonian differences schemes, if we consider the classical sequences
described in Remark 2.5. However, in a non-classical case as in Example 2.8
we should be more careful when using schemes from classical rearrangements.
For the sake of completeness, below we outline a self-contained approach.

In order to avoid using any sophisticated notation, throughout this section let
the sequences X, Y be fixed arbitrarily and let us write h,, H,, Vn, v(n, 1), wp
instead of hXY, HXY ~AXY and vX(n,i),w?, respectively. Observe that, for

)y In n



any n, we can rearrange the conditions p\ 0.0 _ =Yo,.-., 0|, j(”’") =1y, deter-
mining the space H,, into the form
0 _ 4O m™ o m”) 0 _ 40 my _ B )
p|a1 — 1 ,...,p|a1 — 1 ""’p|a7‘(n) — r(n)"" |a7‘(n) r(n .
This can be done in a unique way if we require that ay, as, ... are the distinct
enumeration of xg, z1, ... in order of first appearance, that is for n =0,1,...
we have {xo,...,2,} = {a1,...,a@xn} where
r(n) = #{xo,..., s}, m,(gn) =#{j<n: z;=a}— 1L (3.1)

As mentioned, to calculate the interpolating polynomials A, we can use New-
ton difference schemes developed for the setting described in Remark 2.5 with
the straightforward modification of replacing the terms % there with the
b,(gd) above. Namely, we can calculate each coefficient v, as the last bottom
term of a lower triangular matrix A whose columns store the column ele-
ments of the classical Newton difference scheme. To realize this, let us store
the rearranged data sequences in the (n+1)-vectors

a™ — { (”)} _[al...al ar(n)...ar(n)} (3.2)
k=0 L~~—>—" —_————
T
and define the columns of the matrix A := lowertr {A,(ﬁnc)l] recursively
" k,d=0

as follows. For the starting column let
A,(“% b0 if a,gn) = a, (k=0,...,n).
Having constructed column d, we set

A AP,

(n) (n)
n n n Q, 7& Cp g1
Al(c,c)l—f—l = Oz;(.c)—ozfc)d_ (k=d+1,...,n).
bgdﬂ if a,gn) = oz,(:_)d_l = ag

As a final result for any N € Z, , we get

N N
hy = Ynwn =2 AP (x—20) -+ (x — z1) . (3.3)

n=0 n=0
To do this we need to calculate all the matrices A™ (n = 0,..., N). However,

large parts in A®*) and A™ coincide. Clearly, if 2,1 & {zo,...,2,} then
AT+ simply enlarges A™: in this case A("H = A,@l for k,d < n. Consider
the case x,11 =as € {xg,...,z,}. Let m .:max{j <n: ozﬁm =as}+1 be the



position after the last index where the point z,,1 =a, appears in a™ :

1+m§n)
n+1) __ - N
a( )_ g1 Qg Qg Qg (g4 "'a'r(n)
first m* terms of a(n) rest of a(n)

From the recursion rules it follows by induction on d that

AT =D for d=0,...,m" +1=m{D,
A](;le) = A;ﬁ’ﬁ (d<k<m"), A,(erl) = A,(:_)Ld (k > max{d, m*}).

Thus to obtain A"V from A arithmetic operations are required only for
the (n —m* + 2)(m* —m{™) entries

AT with (R, d) € {(k,d): k>m" k= (m"—m{") <d <k}

displayed black in Fig. 1, which form mostly a rather narrow parallelogram.

ms(n)

-
m*
(n+1  (n
A g =Ax g
Y
(n+1) (d)
Am* d— S
(n+1) (n)
Acg =Dx_14

Figl. Pieces of A™ in A*D (gray) and nontrivial new entries (black)

4 Basic polynomials via formal power series

As usual, let K(z) denote the field of all formal fractions p/q with p, ¢ € K[z,
q # 0 up to the identification pi/q1 = pa/qe whenever piga = paq; in K[z].



Given any point a € K along with a fraction o(z) := p(x)/q(z) € K(z) such
that g(a) # 0, the formal Taylor series

o(z) ~ i o (& — a)" (4.1)

[e.9]

of p around a is well-defined by the requirement p ~ ¢>372, Q|fl (x — a).
Actually, if p(z) = X7y ax(z — a)* and q(z) = 7, bi(x — a)® then we have
the recursion

o pla) k 1 PR k—j 1j
ol = == ol = —=1|pl,—=2_al, "o (k=12,...)
) q(a) jzo

where p|2:ak (0<k<n), p|2:0 for k>n and ¢ =b; (0<i<m), q|,=0
for i>m. We have the same Taylor series around a for ¢ := p/q and ¢ := p/q
with ¢(a),q(a) # 0 whenever they represent the same object in K(x) i.e. if
pG=1pq, because then both T := % o|" (z —a)” and T := 3, o|" (z — a)”
satisfy qqT ~ pq resp. GqT ~ pq = pg. In the classical case K = R, in terms
of derivations again we have o|" = 0 (a)/n!. In particular, if a # b then by
Newton’s binomial theorem we have

(az—lb)m ~ (a—lb)m {1+2:Z]m:§%$ <m+:—1> (z —a)f

even in the case of generic fields K instead of R, since the coefficients here

satisfy the same recursion as in the real case. If x = char(K) # 0 then
m+k—1 m—+k—1
(") = mody ().

For the initial segments of formal Taylor series, we introduce the shorthand
notation

N
olly =3 ols (x—a)f (0 € K(a)). (4.2)
k=0
Lemma 4.3 Let a € K and o(x) := p(x)/q(x) with p,q € K[z] and q(a) # 0.
Then

olls a(x) = p(x) + (x =)V *'pol(x) (N = deg(p), deg(p) +1,...).

Let p(z) = 2 ax(r @) gfz) = £ b(r @) o(w) = ¥ c,(a —a’.

Recall that, by definition ay, is the coefficient of (x —a)* in the formal product



m

q(x)o(z) = X bi(z —a)’ § cj(z —a)l = § bicj(x — a)*. That is
j=0 k=0

=0 j=

ap = Zbicj (]{ZZO,,N), 0= Zbicj <k>N)

(4,5): i+j=k (6,5): i+j=k

Hence we conclude that

7=0 =0 7=0
N+m
= Z Z bicj(x — a)l‘C + Z Z bicj(x — a)k =
k=01i+j=Fk k=N+1 1-1F<17:nk

min{m,N+1+¢}

m—1
= p(z) + (z — a)™*! [ > CiONy140—i
0 i=0

(z —a)’.

Let us introduce some handy notation which make the rest of the formulae
more readable and the reasoning shorter.

Definition 4.4 Henceforth we write
o*(n,i) = #{je(i,n] : :L‘j::L‘i}, p(n,a) = #{jgn ; xj:a}. (4.5)

Proposition 4.6 We have H,)Lfi = 0 for n < i. Otherwise, with the terms
introduced in (2.1) resp. (2.7),

(1‘ . xi)ux(z',i)

—X

HX _
nae
w

wX. (n=dikli42,). (4.7)

n,i z;

In the case n < i the polynomial Hﬁi of degree n has roots with total
multiplicity n + 1 entailing H,,; = 0. Assume n > 7. Now consider any index
j € {0,...,n}\ {i} and let a := ;. Observe that the point a must be a
root of the polynomial Hf:i of as many algebraic multiplicity as the number of

appearances of the point a in the sequence x, . .., z,. That is (:c—a)“x (n.0) H,)Lfi

(p’q standing for p is a divisor of q). Therefore

oni= [[@—2)= I (@—ay” ™0,
ijjfxvz a€{zo,...zn\{z;}

The polynomial H;Y; also satisfies the remaining (n+1)—#{j <n : x; # x;}
constraints

vX (i,3) _

Hffl d’ =0 for de{(), i <n #xl}}\{l/x(z,z)} and Hffl L.




Thus H,; must be of the form

Observe here that n+1—#{j <n:z;#z;} = #{j<n:z;=z;} = v*(n+1,i).
Applying Lemma 4.3 with p = (z — 2;)"%), N := vX(n+ 1i)—1 and ¢ :=
vX (n i1

@wX.  has the

.0

(.ﬁU . x)VX(i,i)
H;J];in (x — x;) we see the polynomial h := o,

T

expansion form h = (z — x;)"0) + (z — ;)" LD~ pol(x). However, also
w,;|h by definition. Thus h satisfies all the constraints defining H,Y;, which

n,i7
entails h = HX..

Next we proceed to the Newtonian form of the sequences Hf:i =hX% (neZy).
Corollary 4.8 For any fized index it € Z, and N =1i,1+1,14+2,... we have

X (n,i)
N p—
HY, =Y Tfwd with TN =75 = [[ (z-2)" (n > 1),
n=0

J<n,x;#T;

Recall that I'Y; = 0 for n < . According to Definition 2.3, HY, = >0 %wX
(N =0,1,...) implying H.; — H;\; = %X (n=1,2,...). Thus 5,
is the coefficient of 2 in H)X, — H,\ ;. Since H,X |, is of degree < n —1, it

n—1,3"
means that

n

X6 X |™ _ rx _
Tn t = Hn,i 0 n,t s
vX (nH i1
= ||(z - .)VX(i,i)/—X (et _
= T —x; Wi Wy =
x;
x;
. X (i1
vX (nH,i)1 Y it

 [to -0 922

z; o

. vX (1,5 —1—vX (i)
= [(55 - SL’i)VX(Z’Z)/wiz}

T

Here we have l/X(nJrl,i)—l/X(i,i)—l:#{jgn: xj:xi}—l—#{j<z':
xj:xi} = #{j: i <j<n,x; :xi} = o%(n,i).



5 Closed formulas for the Newtonian representation

Inserting the Newtonian form of the basic polynomials into the Lagrange rep-
resentation of k"Y' on the basis of the observation that Newton’s binomial
theorem works even in the case of formal power series, we get the following
closed explicit combinatorial form for Hermite interpolation sequences.

N n
Theorem 5.1 ForallN =0,1,... we have hy" =Y <

n=0 “i=
. —[pX (n,a)+k(a
LD SN | B (R A X
KEK,i(X) a€A, i (X)
with the notations A, ;(X) = {xo, ...,z }\{z:} and

n

yiFfi) wX where
0

Kni(X) = {/{E{Anvi(X)ﬁZjL functions} Y /@(a):ax(n,i)}.
acAn,i (X)

We have already seen that

n

N = Yill, ; = Z
=0

n=0 “i=

X X
ylrn,z) W
0

where

o(n,i)

= [ H<fc—‘”j)1] = I w-ae)

xT S
! ji<n a€Xn\{z;}

o(n,i)
Y, = 1@

Ty
T

We know also that in general

oy T (T e

= (sz — a)erk

Thus in the expression I, ; we get

4 X (=1)ka(x — x;)ke n,a)+ kg, —1
I (-a™*~ ] [Z ((:vi)— a()u(nm)ka (M( ) k:t )] -

a€Xn\{zi} aeXp\{zi} | ka=0
LI | e | G | (0
k=0 K:Xn\{xi}—>2+ ann\{fl'z} (372 — a)ﬂ(n,a)‘i’li(a) H(a)
Z k(a) =k
a€Xn\{z;}

Hence the theorem follows immediately.

10



6 Triangular decomposition for Vandermonde matrices of Hermite
sequences

Throughout this section, let N resp. X = (zo, x1, . ..) be a fixed positive integer
and a sequence in K. Consider the Hermite-Vandermonde matrix

V= [:E" " (Z’Z)} = K . >x?_y (“)} 6.1
=, im=0 vX(i,14) in=0 (6.1)
vX (i, .
corresponding to the system of equations - ¢,z G _ y; (0<i<N)

(3

established implicitly for the coefficients cg,...,cy € K of the Hermite poly-
nomial hﬁ’y by Definition 2.3. We can state Rushanan’s hidden idea treating
the classical case in [2] in a concise formulation for the setting of Hermite-
Vandermonde matrices as V = tx with the formal column resp row vectors

T

t = vX(0,00 wX(1,1) vX(N,N)
T .|:B0 .‘1'1 .‘{L'N

s X:|:1xx2...xN:|

where z is the indeterminate symbol for the polynomial ring K[z] and -|*
abbreviates the operation K[z] =K, p — p|Z . Notice that if the points z; are

pairwise distinct, for V we get the classical Vandermonde matrix [SL’”

v } in=0"

Proposition 6.2 The matriz 'V is invertible and we have the UL-decomposition?

N
, I':=lowertr [Fff] . (6.3)

n,1=0

i

n

V' =QI' where Q:= [u)X .

1,n=0

Consider any sequence Y = (yo,%1,...) in K. We can express the defining
hX7Y l/X (l,l)
N

T

relations =y; (1=0,...,N) in terms of the operator vector t as

T
thﬁ’y =Yy where y = |:y0 Y1 Y2 - YN

But, by Theorem 5.1 we have

o W wﬂ Ty — hXY.
Observe as well that we can write xQ) = {wg( wf( . w])\g . Since each Newton
factor w is a polynomial of degree n with unit leading coefficient,  is an

upper triangular matrix with terms 1 in the main diagonal. It follows that

2 The terms L and U stand for lower and upper triangular, respectively.

11



t[xQ} I'y = y. Thus, from the arbitrariness of the sequence Y we conclude

that N

IN:[M :t[xQ]r:VQF. 0

i,n=0
Corollary 6.4 For the entries with indices (i,n) resp. (n,i) with 0 <i < N
of the triangular factor matrices 2, I' and their inverses we have

n—i -1 do ,.d di .
Qi,n:(_1> E Ty Ty ** Tho s {Q Ln = E xlayt ey
0<k1 < <kpn—i<n ’ do+-+d;=n—i
dgsdysesd; >0

Tni=T%, (defined in 4.8), [T7Y] = 3" (20— 24,) -+ (20 — 7 )

[i—vX (n,n)]
M 0<ky <<k *

=X (nm)] < ¢

Using the results of the previous sections, we can provide closed formulas
for all the entries in the matrices I',I~! appearing in the LU- resp. UL-
decompositions V = I'"1Q~! and V-! = QI'. The terms Ffii have already
been calculated in several ways. Also

D= Ve = [xQ) = ¢ [ugf o - ] -

Since wiX=(z—x¢) - - - (x—1;_1) = [(x—xn)jL(xn—xo)} [(:c—:cn)—ir(:cn—:ci,l)},

_ vX (n,n) .
r 1}7”: XD =3 (wn—wn) - (@, ) (0SS RSN,

0<k1 <<k

li—vX (n,n)] 4

N O l= [1/)(:100, e ,xN)}N are well

i;n=0’ i,n=0

known [4] for the real case with x; # z; (i # j). Their entries are polyno-
mials with integer coefficients in the variables xq, ..., xy. By continuity, the
identities d;; = >, irtPy; hold for all zg,...,zx € R. Actually, a polynomial
expression in several variables that involves only integer coefficients and van-
ishes for all real substitutions must have vanishing coefficients. Therefore the
formulas obtained there admit a straightforward extension to our cases for the

entries of  resp. Q7! stated.

The matrices Q0 = {gp(wo, . ,xN)}

Remark 6.5 We can express the above results in closed combinatorial formu-
las as follows. All the below statements follow immediately from the analogous
results above, given in terms of xg, ..., zy by the aid of interpreting the num-
ber of repetitions in terms of standard combinations and combinations with
repetitions, respectively. The binomial coefficients have to be taken with mod,,
if ¥ := char(K) # 0. In terms of the rearrangement vector a™) and the asso-
ciated multiplicities r,,, m™ introduced in (3.1) resp. (3.2), for the non-trivial
entries of the LU- resp. UL-decompositions V. =T71Q7 and V=1 = QI" with
0<i<n<N below we have

12



r(n) (n)
i my" + ks
Ihni = > [T D%z —a) ™ +1+ks]< I )

k1+»-»+kr(n):ox(n,i) s=1l,as#x;
k:j:O, if akj:xi

-1, =

vX(n,n)

— Z (:En - xk‘l) o (x" B xk[i—ux(nm)H) ’

0<k1 <---<k[i_yx (n,n)]+< 7

X X
n—i p*(n—1,a1) p(n=1,a,m)\ .
T I Gl ) Py

ma My(n)

(2 Tn

mMy,..., m:;;)zo
-17  _ iy a1) + 6 —1 o (i, ar(i)) + ey =1\ g 0
¢ 0 gr(i) e

Example 6.6 As in Example 2.8, let X again be the sequence [0,1,0,1,...].
We calculate the explicit form of the entries T, ;, [[ 7, Qin, [27 ;. for the
classical case, i.e., over the reals. In terms of Remark 6.5, then we have a; =0,
ay=1, 7(n)=min{2,n + 1}, wX =221 (2 — 1)["/2], Observe that the product
terms in the expressions of Iy, ;, €2, ,,, [Qfl]i,n vanish for all but one case: we
get Q;, with my=0,me=n—iand p*(n—1,1)=#{j<n—1: x;=1}=|2],
[, with ¢, =0, ¢, =n—i and the non-vanishing term for T, ; appears with
the choice of s € {1,2} such that {a,} = {0,1}\ {z;} and m{™ = #{j <n :
vy =)= [P0 o with k,=0X(n,i)=#{j€(i,n] : z;=12,} = 5],
respectively. It follows

Q= (1) (Ln/Qj) Y, = (ﬁ/ﬂ +n—i-— 1) |

n—1 n—1
_(__1\[m if 2|4, k else] m+k : k= L('I’I, o Z)/2J7
Lni=(-1) < k ) with m:=[n+mody(n—1i))/2] — 1.

To calculate [['1],, ;, observe that the products (z, —zy, ) - - - (:En—:pk[, X ) )
i—v (n,n)] 4

do not vanish either if z, = 0 and z, = --- = Tk X s lorifz, =1
1—v n,n)l 4

S — — #k<i: zpFan}) _

and xg, = = Th X, 0. Such products appear ( FVXO’;H) ) =

([(i—modg(n—i))/ﬂ) times. Thus

i—|n/2)

[F_l]n,i _ (_1)[(i—Ln/2J) if 2[n, 0 else] ([(Z - I?O_dQLS;Q_J Z))/ﬂ) .

Acknowledgement

The authors are indebted to the unknown referee for his valuable suggestions.
It is also appropriate to mention the following problem raised by the referee

13



which seems to be extremely worth for future studies: Is there a way to study
Birkhoff’s concept [7] of the Hermite type interpolation also in this general
algebraic setting?

This work was supported by the project TAMOP-4.2.1/B-09/1/KONV-2010-
0005.

References

[1] A. Spitzbart, A generalization of Hermite’s interpolation formula, Amer. Math.
Monthly 67 (1960), 42-46.

[2] J. J. Rushanan, On the Vandermonde matrix. Amer. Math. Monthly 96 (1989),
no. 10, 921-924.

[3] J. Stoer, R. Bulirsch, Introduction to Numerical Analysis, Springer, New York,
2002.

[4] H. Oruc, G. M. Phillips, Explicit factorization of the Vandermonde matrix.
Linear Algebra Appl. 315 (2000), no. 1-3, 113-123.

[5] H. Oruc, LU factorization of the Vandermonde matrix and its applications. Appl.
Math. Lett. 20 (2007), no. 9, 982-987.

[6] C. de Boor, Divided differences, Surv. Approx. Theory, 1 (2005), 46-69
(electronic).

[7] G. D. Birkhoff, General mean value and remainder theorems with applications
to mechanical differentiation and quadrature, Trans. Amer. Math. Soc., 7 no. 1
(1906), 107-136.

14



