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ON SOME CONVEKXITIES

I. JOO (Budapest)

The aim of the present paper is to investigate some convexities. First we intro-
duce and investigate the “pseudoconvex” spaces and give a minimax theorem applying
the ideas of [8].

The notion of convex spaces was introduced by Komiya [1] (see below for
details). In [2] the authors proved a Nikaid6—Isoda-type theorem for convex spaces.
An interesting convexity notion, not giving a convex space in the sense of [1] is
obtained in [5]. The paper [4] contains investigations with respect to this convexity
structure, analogous to that of in [2]. Now we give a common generalization of
the convexities of [1] and [5], the so-called pseudoconvex space. It turns out that
the compact pseudoconvex spaces have the fixed point property and a Nikaido—
Isoda-type theorem holds. First we prove these assertions and after we prove an
inequality between the Helly and Caratheodory number of pseudoconvex spaces.
In connection with these investigations we mention the work of M. Horvath [3]
where the Helly, Caratheodory and Radon numbers of a special convexity struc-
ture are calculated and whose proof is based on graph theoretical results. At last
we continue the investigation of V. Komornik [10] and give a related minimax
theorem in interval space.

1. DerINITION 1. Let X be a point set. A mapping (- ): P(X)—~P(X) is called
convex hull operation if it satisfies the following conditions:

@ @ =0, {xp={x} (x€X)
) Ay =U{(F): Fc 4 is a finite set}, (4 < X)
3 {4y = (4).

The convex hull operation defines a convexity structure on the set X; the set A< X
is called convex if A={4).

DerNtTION 2 ([1]). A convex space is a triple (X, (-, &), such that

a) X is a topological space and (-) is a convex hull operation on it,

b) ¢={pp: FCA is finite}, where ¢p: (F)->R" n:=card F is a homeo-
morphic imbedding which is convex hull-preserving; that is 4 (F) implies ¢ ((4))=
=co ¢{A) where co denotes the usual convex hull in R”.

We shall considerably weaken this notion:

DeriNiTION 3. A pseudoconvex space is a triple (X, (. ), ®) such that
a) Xisa topologlcal space, and (-} is a convex hull operation on it,
b) &={py: FCA is finite}, where @p: 4">{x,, ..., x,), n=card [F]——l is a
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continuous mapping of A" onto (F)=(x,, ..., x,); here A" denotes the standard
simplex of R*, ie. A"=(e,, ...,e,), where e,=(0, ...,0), e,=(1,0,...,0), ..., e,=
=(0, ...,0, 1); further ¢ is convex hull-preserving in the (weakened) sense that
for all subsimplex (e;, ..., e;) (e, ..., €,)

(4) ¢F((eios sens eik)) = <xiuﬂ sensy xik>'

In [5] the following convexity is defined on R™ Let x=(x,,...,x,) and
y=(¥, ..., y)ER". We shall give the interval (x,y) joining them as a polygon
with at most n+1 pairwise orthogonal segments as follows. If x,=y, then let
L={(x¢s ...s X1, 1) X, =t=y,} andlet x"=(x,, ..., X,_1, ¥,) bethe other endpoint
of I,. If x,=y, then let I, ={(yy, ..., Voo, 1) X, =1=p,} and ¥ =(¥g, ++v» Vpe1, X,)-
In the first case we get I,_; analogously to I,: if, for example x,_,=y,_, then
Lies={(Pos s Vamzs £, Y)! Xg_a=t=p, 3} and ' =(Pg, ..., Ypogs Xno1s Ya); 1f X,y >
>Ypoathen 1 ={(Xo, ..., Xpo0s £, Y} X1 ==Y, 1} and x"=(Xg, ..., Xp—s, Yne1s Vi)-
In the second case (x,=y,) we construct analogously /,_, and in the third step
I,_, etc. Finally, the segments I, ..., I,, parallel to the axis xy, ..., x, resp. will
join x and y (possibly not in the order of the indices). Now let a set KcR"” be
convex if x,y€K implies (x,y)cK. Then R* endowed with this convexity is
not a convex space; for example there are points x, y, zER* such that [x,y] and
[x, z] have common segments and no one is contained in the other. Nevertheless
we can assert

LemMMA 1. The space R* with the convexity introduced in [5] is a pseudoconvex
space.

PrROOF. Let F={x, ..., x}; we have to give a mapping ¢p: 4*>(x,, ..., ;)
with the desired properties. Let (4, ..., 4)€4* and suppose that A,=...=1;_,=0,
4;=0. Let y;€R" be the point of (x;, x;,,) which divides the length |[)|+...+]|Z,|
of the polygon (x;,x;.;) going from x; to x;,; in proportion A;,,/;; that is
[, v - 4;=1(p;5 Xj 410 - 4j41. Continue the process inductively: if y, is given
then let y,,,€(¥;, y115) be the point dividing the length of (y;, y;.,) in propor-
tion Ajyo/(Ag+...+4;1). Finally set: @p(ly, ..., 4):=yr-;. It can be seen from
the construction that ¢ is continuous. Since (x,, ..., x,)= U {[xy, z]: 26 (x5 ..., Xi)}
we see that ¢y is convex hull-preserving, too. The Lemma 1 is proved.

Lemma 2. (The Browder fixed point theorem.) Let (X, (-) &) be a compact
T, pseudoconvex space and T: X—~P(X) be a mapping for which

(5) Tx # 0 and convex for all xcX,
6) Ty ={x€X: yeTx} isopenin X for all ycX.
Then T has a fixed point, i.e. there is a point x,¢ X for which x,€Tx,.
Proor. The open covering {T~'y: y€X} of X contains a finite subcovering
X= L'J Ty, Denote A;=T"1y;N{ygs ..., ¥o- Then A, ..., 4, is an open cove-

i=0
ering the space (y, ..., ¥,) which is compact (it is the range of the continuous
mapping @p: A">(Yg, ..., Vup» F:={¥q, ..., yn}). Consequently there exists a par-
tition of unity subordinate to this covering (see [7]). In other words, there are con-
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tinuous mappings Bo, s Bt oy ooy Yy~ R such that f;=0, > B;=1 and
supp f;C A4;. Now let g: (ygs ..., Yoy —~4" z~ Z’ Bi(2)e;. Then gis continuous so

i=0
has a fixed point #€A". Using the notation ¢@z{#)=:x, we have (pF(g(xu)) Xg-
Between the coordinates of g(x,) let f; (x), ..., B; (x,) be nonvanishing, the other
coordinates vanishing. Then xo—pr(g(xo))E< Yo» s Vi)» On the other hand
xXo€ 4, ...V 4, implies  y;,...,y,€Tx. But T X, 1S a convex set, hence
Xp€ <y,0, s y,k>c Tx, as we asserted.

DEFINITION 4. A global pseudoconvex space is a pseudoconvex space (X, (- ), @)
with the additional property that if F'={x,, ..., x;,}CF={x, ..., x,}, then

Q) @r = QrOJ
where the map j: A*~A" is the linear extension of the mapping j: e,—~e;

(s=0,1, ..., k). The product of two global pseudoconvex spaces (X3, {- ), 45]) and
(X2,<->2, 2) is defined to be (X, {-), ®) where

a) X=X XX,,

b) if  F={(x%, x3), ..., (xL, xB)}, Fi={x}, ..., xl} (i=1,2) then Ppi= Ppy X
Xpp,: A'~X (ie. ch(t) (¢F1(t), Pr, (D) if 1€4") and @={¢,: FCX is finite}.

c) The convex hull of finite sets FCX are defined by (F):=¢z(4"
(n+1=card F) and the convex hull of any set ACX is determined by (2).

It is obvious that the product space is indeed a global pseudoconvex space.
As a consequence of the Lemma 2 we get the following generalization of [2, Theo-
rem 3].

TaroreM 1. Let (X, (-);, ®;) and (Y, {-);, ®;) be compact global pseudo-
convex spaces and let f, g: X XY —~R be continuous functions such that

(8) the functions x—f(x,y) are {-) -quasiconcave (i.e. the sets {x: f(x,y)=c}
are (- -convex for all €Y, c€ER),

(9) the functions y—~g(x,y) are (-),-quasiconcave. Then there is a saddle point,
ie. a point (xy, v)EXXY for which f(xy,y0)=f(x, ¥, for all x€X and
g (%0, y0) =g (%o, y) for all yEY.

The proof of Theorem 1 is analogous to that of Theorem 3 in [2]; we omit the
details.

2. DerNiTIoN 5 ([3]). The Helly number H of a convexity structure (- is
the smallest natural number n for which the following assertion holds.
(10) If K, ..., Ky are convex sets and any n-+1 sets have a common point, then

N K;#0.

i=1

The Caratheodory number C of (-} is the smallest n for which we have for
any AcCX

(11) (Ay =U{(F)y: Fc A4, card F = n+1}.
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We shall prove

THEOREM 2. Let (A4, (-), ®) be a pseudoconvex space and suppose that for any
Ayy -..n @€ A the set {a,, ...,a,) is a zero set (this means that there exists a con-
tinuous mapping f: A-[0, 1] for which (f=0)={ay, ..., a,)). Then the Helly number
is not greater than the Caratheodory number.

For the proof we need

LemMA 3. If f: 4"~ A" is continuous and

(12) f((eioa sen eik)) c (eioa eonsy eik)s
i.e. if f maps any subsimplex into itself, then
(13) ) =4

Proor. Use induction on n. The case n=1 is trivial. Indirectly suppose that
Lemma 3 does not hold and take the smallest number » for which it fails. Then f
maps the boundary 4" of 4™ onto itself, hence there exists a point x,€int 4” and
a number 6=0 such that f{4") does not contain points in the d-neighbourhood
of x,. Projecting from x, the values of f(4") onto 04" we can suppose that

(14) I 4" - o4,

Next we verify the following relations:

(15) A" Nf~(int (e, ..., €)) S int (e, ... €1),
(16) AN (erys vo» €)= (i -5 €1,);

here “int” denotes the interior of the simplex (e;,, ..., €;) 1e.
(eig, ooy eis)\a(eigs ey €4

Prove (15) indirectly. If x€94", f(x)€int (¢, ..., e;) but x{int(e;, ..., e;
then x€(e;,, ..., €; ), where (¢;,, ..., €; ) P (e, ..., €;)- Consequently f(x)€(e;,, ..., €;,
which is in contradiction with f(x)€int (e, ..., ¢;). Hence (15) is proved. Taking
together the relations of type (15) we get

A (€15 o €,)) © (€igs -5 €1,)-

On the other hand, if x€(e;,, ..., ;) then x€d4" and f(x)€(e;,, .-, €;,), SO the
other inclusion (16). is also proved.

Denote by 47! the side of A" opposite to its i-th vertex and let G;:=
=f"1(04™\ 4. Then (G, defines an open covering of A". By the compactness
of A* there exists an ¢>0 (the Lebesgue number of this covering) such that any
subset of A" of diameter not greater than ¢ is contained in one element G; of the
covering. Take a triangulation K of 4" (cf. [6]) which is fine enough to ensure that
the star sth, of any vertex b,6K has diameter <e¢. Then for any vertex b,€K
there exists an i such that

(17) sth, = G,.
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Denote y: b,—~i with any / satisfying (17). We know that
(18) b(e,, ..., €,), stbyC G; implies i€{i, ..., i,}.

Indeed, if i¢ {i,, ..., ), then (e, ...,e;)c4? so dA"Nf~(e,, ..., €,))NGi=0;
now it follows from (16) that (e;,, ..., ¢;)(1G =0 in contradiction with b€ (e;,, ..., €;)
and stbh,CG; The property (18) enables us to make use the well-known Sperner
lemma (cf. [6]) which asserts that if the colouring ¥ of the vertices of the triangula-
tion K satisfies (18) then K contains a simplex G=(by, ..., b, )EK colored with

different colours. This means G Cst b, CG; (i=0, ..., n), but thisimplies G () G;=0.
i=0
The contradiction proves the Lemma 3.

Proor or TueorEM 2. It is also indirect. Suppose that H=n=C for some
nEN. Then H=n means that there exists k=n and convex sets K, ..., K, ..C A
such that any k41 of them have common points; say 6K N...NK;i_;N
k42
NK;y1N...NKpy, but () K;=0. This implies that

1

k+2

19 _Ol @iy ooy By Biys ooy Gig) = 0.
On the other hand, it follows from C=n that
k+2
(20) 'L—Jl <a13 ey G515 Gip1y <o ak+2> = <a15 sees ak+2>'

By assumption there exist continuous functions f;: A—[0, 1] such that
(2D (fi=0= (a1, oo G_1, Giiqs -oos Gpn)

k+2 k42
Then (19) implies 2 f;=0 so we may suppose > f;=1. Define the mapping
i=1 i

j==1
(22) Fi=(fi, s Jisn): {@u,s ..., Gppg) — 045+

F maps indeed into d4**! by (20) and (21). Let ¢: 4**1>{ay, ..., @, ,,) be the
mapping from the definition of pseudoconvex spaces. Take the composition:
fi=Fop: A**1>A*+1 It is clear from the construction of F that F((a;, ..., a; )<
c(ey,, ..., €;); on the other hand ¢ satisfies ¢((e;, ..., €;))={a;,, ..., 4. Con-
sequently f((e;,, ..., €;))C(es, ..., €;), but then Lemma 3 asserts that f(4*+1)=
=A"+1 and this contradicts (22). The Theorem 2 is proved.

3. Since the appearance of von Neumann’s classical minimax theorem [11]
varions generalizations had been published. The numerous results on this topic
form already a whole theory and handbooks collect the most important theorems
(see e g. the very nice monograph of N. N. Vorobev [12]). It is well known that the
bilinearity and the linear structure appearing in the original theorem of von Neu-
mann [11] can be omitted; in fact topological tools as the Brouwer fixed point theo-
rem and its relatives are enough to prove general minimax theorems (see e.g. [13],
[14]). We have developed in [8] a method of proving minimax theorems which we
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call “the method of level sets” and it was further generalized by L. L. Stachd, A. So-
vegjarté, M. Horvath, V. Komornik and others. This method is based only on some
simple notions of the set theoretic topology: connectedness and the properties of
compact sets. Further contributions to this approach are given by L. L. Staché [9]
and V. Komornik [10]. Finally we mention the works [2], [4], [5] which contain
investigations concerning the Ky Fan’s minimax theorem. Now we shall prove
some new minimax theorems in order to illustrate how the just mentioned method
works. Our investigations are motivated by the work [10] of V. Komornik.

For the formulation of our results we need some notions and notations. Let
X, Y be arbitrary sets and f: X XY >R be an arbitrary function. Define the fol-
lowing level sets where (x€X, y€Y, c€R):

H={x: f(x,y)=c}, H={x:f(x,y)>c},
H={y: fx,p)=c}, Hi={y: f(x,9) >c}.
Introduce the notations
¢y 1= SUp iglf flx, ), c* :=i13f sup f(x, »).
It is well known that
(23) ¢, =,
further it is proved in [15] the
LemMA 4. a) c*=inf {c: HZ0 yxeX}=inf {c: HS=0 Yxc X}
b) sup irylf f(x, y):h;xf sup flx, y) iff yDY H;#0 for every c<c*.
DEFINITION 6 ([9]). The pair X, [.,.]) is called an interval space if X is a topolo-
gical space and [.,.]: XX X~P(X) is a mapping such that
a) Xy, X2€[%15 X,] (%1, X,€X),
b) [x;, x5] is a connected set (x;, x,€X).

In this case the set [x,, x,] is called the segment with endpoints x; and x,.
The terminology shows how to determine a convexity structure on any interval
space. Namely, the convex hull of a set 4cX is defined to be

(4= U P,(4),
n=1

where
Pi(A):=U{[x, x5]: x5, x,€ A},

Pn(A) = U{[xla x2]: xl’ x2€P,,_1(A)}-

We remark that in an interval space the segments are not necessarily convex.Now
we generalize the classical notion of saddle function.

DErINITION 7. Let (X, {-),) and (¥, (-),) be convexity structures. The func-
tion f: XXY—~R is called quasi-saddle function if the sets H? are {-),-concave
and the sets H¢ are (- );-convex for all c€R,
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Observe that HY can be changed to A7 and (or) HE to H¢, the so defined class
of quasi-saddle functions remains the same. The following lemma is a generaliza-
tion of a theorem of L. L. Stachd [9] (the method of the proof goes back to [8],

[16))

LemMA 5. Let X and Y be interval spaces (we do not write the interval mappings
[-, “li2). Let f: XXY—R be a function for which
a) YN\HS is convex and its intersection with any segment is closed (we mean:
closed in the subspace topology of the segment),
n
b) any finite intersection (\\ H}: is connected and its intersection with any seg-
i=1
ment is closed (y;€Y, ¢<c¥).
Then

4) AHE#0 (=1, y,eY, ¢ <.
i=1

Proor. We shall apply induction on #. The case n=1 follows from Lemma 4, a).
Suppose indirectly that (24) holds for all P15 s V€Y, c=c* but there exists

Vi oos Yur€Y and cy<c™ such that ﬂ H}=0. Define K:= ﬂ H} (in case
n=1 let K=0) and let K(y):=H ﬂK The induction hypothe31s means that
(25) K(y)=0 (ye€¥), K(p)NK(py) =0.

From the assumption a) it follows that y<[y,, ], f(x, y)<cqo, f(x, ¥2)<c, imply
f(x, y)<cy. In other words

(26) H?, c H2UHZ  (y€lyy, ya))

and then

27 K(») c K(y)UK(@,) (¥€ly1, y2D)-

We assert that

(28) K(y)c K(y;) or K(»)cK(yy) (J’E[J’p J’z])-

Suppose indirectly that there exist x,;€K (y)ﬂK (), x€K(»)NK(py). Then
[x1, ] CK(NCTK(y)UK(y), K(v)NK(yp)=0 gives a partition [x;, xo]=

=([xg, ] NK( y)U([x1, x]NK(y)) of [x,, x,] into disjoint and closed in [x;, x]
sets. This contradicts the connectedness of [x;, x,] and then (28) is proved. So
we can define the partition
(29) Sy:= {y€ly1, 3l K(¥) € K(3)}s

Syi= {y€ly1, yal: K(») € K(3)}s

of the segment (the sets S; are nonempty, 3;€S;). We shall prove that
30) Sy, S are closed (in the topology of [y, ]).
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Indeed, we have by definition
yeS, iff K()NK() =0 iff K(p))OHZ, =0 iff

(x€K(y): f(x,2) = e} = 0.
We show that

31) {(x€K(ya): f(x,2) = ¢} =0 f {x€K(y): f(x,2) > ¢} = 0.

Take a number cy<c<c*, then by the inductional hypothesis we have

KO)SKN: f(5)) = e (3 S5 9) = N1 i S 7 = ) %0,
Consequently
Ky)N(EKN{x: f(x, 1) >=co}) =0 imp}ies K@) NK(y) =0,
which proves (31). Using (31) we can write
S1 = {y€ly, »al: f(x, y) = ¢, for all x€K(yp)} =
= ){ye[yl, yol: f(x, ) = cos

. x€ K(yy
in other words

(32) : Si= ) (v rlNEONHR).
x€ K(yy)

This means that S, is closed in [y,, y,]. The same assertion related to S, can be
analogously proved. So we werified (30). But (30) contradicts the connectedness of
the segment [y,, y,], hence the inductional step works and the finite intersection
property (24) holds. The Lemma 5 is proved.

LemMA 6. Take the assumptions of Lemma S and suppose that the sets HY are
closed (c<c*) and one of them, say H}® is compact. Then sup inff(x, y)=
X ¥y

=inf sup f(x, ).
For the proof we have only to refer to Lemma 4, b). We get immediately

THEOREM 3. Let X be a compact interval space, Y be an interval space,
f: XXY R be a quasi-saddle function such that

a) the functions x~f(x,y) are upper semicontinuous (u.s.c.) for all y€Y,

b) the functions y—~f(x, y) are lower semicontinuous (l.s.c.) for all x€X.

Then sup iryxf flx, ») =i1y1f sup J(x, »).

V. Komornik proved in [10] the following theorem (by the method of level
sets):

THEOREM (V. Komornik). Let X be a compact interval space, ¥ a convex subset
of some real topological vector space and f: XXY—~R be a quasi-saddle function
such that
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a) the functions- f(.,y) are u.s.c. on X for all ycY,
b) the functions f(x,.) are u.s.c. on any interval of Y for all x€X.

Then inf sup f(x, y)=sup inf f(x, ).

In the proof V. Komornik used essentially the linear ordering of the points
of the segments of Y. If we take stronger continuity conditions, a result can be
given for a larger class of convexities. Namely V. Komornik proved [10]:

TreoreM (V. Komornik). Let X be a compact interval space, Y be an interval
space, f: XXY—~R be an u.s.c. quasi-saddle function. Then inf sup S, »)=
¥y

=sup iI;f Sf(x, »)-

REMARK. It is probable that the last theorem remains valid if the upper
semicontinuity of f is changed to the upper semicontinuity of the partial functions
f(x,.) and f(.,y) further f is quasiconcave in y.

If the closed intervals in ¥ are compact, then this follows easily. E.g. H¥: [ H?25
#0 (¥, y2€Y) in this case. Indeed, suppose H* (V1 H»=# for some y, y,€7, then
let [yy, vy, sl if HNH==0, [y, ys]<y:, y.] and H*c H» (i=1,2).
Pick a maximal decreasing chain and a downwards cofinal well-ordering [a;, b;].
Let a be a condensation point of (¢;) and b that of (b). Then by compactness
@ N[a,, b;], this intersection is convex and (g, b)< Mg, b;]. H% is decreasing,

x€ (N H% implies a;¢H, hence, because H, is closed, acH, ie. xcH® ie. HC
< NH4. Similarly H°c NHY% ie. [a, b] is a smallest “wrong” interval. But for

any y€(a, b)) we have H'C H® or H’c H® and then [y, b] or [a,y] is smaller
“wrong’” interval than [a, b]; a contradiction. (Here H” = H?, c<c*). (We mention
that in one-dimensional case when X=Y=[0, 1], a quasi-saddle function f whose
partial functions are u.s.c., must be globally u.s.c. Indeed, consider the level set
G:={(x, y): f(x, y)=c,}. Its horizontal cuts H}, are closed segments and the vertical
cuts YN\HL of (XXY)\G are open segments in [0, 1]; such a set G[0, 11X]0, 1]
must be closed indeed).
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