Appl. Math. Mech. -Engl. Ed. 30(1), 73-79 (2009)
DOI: 10.1007/s10483-009-0108-x
(©Shanghai University and Springer-Verlag 2009

Applied Mathematics
and Mechanics
(English Edition)

A parametric type of KKM theorem in FC-spaces with applications *

Lei DENG (X$%#), Xiao-yan ZANG (jifi/]N3#)
(School of Mathematics and Statistics, Southwest University, Chongqging 400715, P. R. China)

(Communicated by Shi-sheng ZHANG)

Abstract The paper first proves a characteristic property in F'C-spaces. By the use
of the connectedness of sets, a parametric type of KKM theorem is then established
in noncompact FC-spaces by introducing a linear ordered space. As a consequence,
some recent results, such as noncompact minimax inequalities, saddle point theorem, and
section theorem, are improved. The results generalize the corresponding results in the
literatures.
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1 Introduction and preliminaries

In 1929, Knaster et al.l'! had proved the well-known KKM theorem on n-simplex. In 1961,
Fan[? had generalized the KKM theorem in the infinite dimensional topological vector space.
Later, the KKM theorem and related topics, such as the matching theorem, fixed point theorem,
coincidence theorem, variational inequalities, minimax inequalities and so on, were presented.

Chang et al.l¥! obtained a parametric type of KKM theorem in generalized interval spaces.
Ding!¥ introduced the concept of finitely continuous spaces (FC-spaces) without any convexity
assumptions, which include many topological spaces with abstrcat convexity structures, such as
C-spaces (or H-spaces), G-convex spaces, and L-convex spaces. From then on, many authors
have studied lots of KKM theorems and corresponding applications in FC-spaces[®7.

Basing on the above research, in this paper, we expand the parametric type of KKM theorem
from generalized interval spaces to F'C-spaces and prove a parametric type of KKM theorem
in FC-spaces. We obtain the noncompact minimax inequalities, the saddle point theorem, and
the section problems. Our results improve and extend other corresponding results (see Refs. [3,
8-10] and the references therein).

Definition 1.1 (Y, {¢n}) is said to be a finitely continuous space (FC-space) if Y is a
topological space and for each N = {yo,y1, - ,yn} € (Y) where some elements may be the same,
there exists a continuous mapping on : A, — Y. A subset B of Y is said to be an FC-subspace of
Y if for each N = {yo,y1,- - ,yn} € (Y) and for any {yio, yir, -+ 4.} € BON, on(Ar) C B,
where Ay, = co({€;y, -+ ,€i,})
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Definition 1.2['% A linear ordered space Z is said to be order-complete if, for any subset
C of Z, there exists a minimal upper bound of C. A linear ordered space Z is said to be
order-dense if, for any z1, 20 € Z with z1 < zo, there exists z3 € Z such that z1 < z3 < 22.

Definition 1.3 Let (Y, {¢on}) be an FC-space and Z be a linear ordered space. A mapping
f:Y — Z is said to be FC-parametric-quasiconvez (resp., F'C-parametric-quasiconcave) if, for
each z € Z, the set {y € Y : f(y) 2 2z} (resp., {y € Y : f(y) = z}) is an FC-subspace of Y.

Remark 1.1 Definition 1.3 generalizes Definition 4.3 of Dingl®! from real spaces to linear
ordered spaces.

Definition 1.4M)  Let Y be a topological space and Z be a linear ordered space. A mapping
f:Y — Z is said to be upper semi-continuous (resp., lower semi-continuous) if, for each z € Z,
the set {y € Y : f(y) = 2z} (resp.,{y € Y : f(y) <X z}) is a closed set inY .

Definition 1.51'2  Let X and Y be two topological spaces. A mapping G : Y — 2% is
called transfer closed valued in'Y if, for anyy € Y,z & G(y), there exists y' € Y such that
& Gy).

Remark 1.2 It is obvious that if GG is closed valued in Y, then G is transfer closed valued
inY.

Lemma 1.11'21  Let X and Y be two topological spaces and G :' Y — 2% be a set-valued
mapping. Then G is transfer closed valued on'Y if and only if Nyey G(y) = Nyey G(y).

Lemma 1.2  Let (Y,{on}) be an FC-space, X be a topological space, and L : Y — 2%,
Y\L~Y(x) is an FC-subspace for each x € X if and only if, for each N = {90, 91, -+ ,yn} € (V)
and for any {yimyil?' o 7ylk} C N7 we have

L(y) € Up—oL(yi,,) for all y € on (A).

Proof Necessity: Suppose the contrary: there exist N = {yo,y1, - ,yn}t € (Y), {¥ig, Yir
LY} © N,and y' € on(Ay) such that L(y') ¢ U, _ L(y;, ). Hence, there exists 2’ € L(y'),
but ' & L(yi,),m = 0,1,---,k, e, {Yio:Yir,  »¥i,} C Y\ L_l(x/)' Thus, on(Ax) C
Y\ L7'(2'). Since y' € on(Ak), ¥y € Y\ L71(2/), i.e.,, 2’ ¢ L(y). This contradicts the choice
of z/. Therefore, for each N = {yo,y1,--- ,yn} € (Y) and for any {vi,, ¥i,, -, ¥} C N, we
have

L(y) C Ug,—oL(ys,,) for all y € on(Ag).

Sufficiency: For € X, N={yo,y1. - ,yn} € (Y), any {io, ¥ir, - ¥i } € (Y\L7'(x))NN,
and y € on(Ay), we have L(y) C UF_oL(yi,.). vi,(j = 0,1,--- k) & L™ (z), ie., z &
UF _oL(yi,,), implies that @ & L(y) for all y € on(Ag), ie., y € Y\L ™Y (x) for all y € pn(Ag).
Therefore, ¢ (Ax) C Y\L7*(z). This shows that Y\L~!(x) is an FC-subspace for each z € X.
This completes the proof.

Remark 1.3 Lemma 1.1 extends Lemma 2.2 of Chang et al.’] from generalized interval
spaces to F'C-spaces.

2 A parametric type of KKM theorem in F'C-spaces

The following theorem is a parametric type of KKM theorem in F'C-spaces.

Theorem 2.1 Let (Y,{¢on}) be an FC-space, X be a topological space, Z be a linear
ordered space, and F,G :Y x Z — 2% be two set-valued mappings such that F has nonempty
values. If the following conditions are satisfied:

(i) for each N € (Y) and each z € Z, NyenF(y, 2) is a connected or empty set; and for any
Yo, y1 € N, there exist yi, vy} € on (A1) such that F(y),z) C F(yo,z), F(y},2) C F(y1, 2);

(i) for each x € X and each z € Z, {y € Y : & & F(y,2)} is a closed FC-subspace;
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(iii) for each (y,z) €Y x Z and F(y,z) C G(y, z), z1 =< 2z implies that F(y, z2) C F(y, z1)
forally e,

(iv) for each z € Z, there exists 2 € Z such that G(y,2) C F(y,z) for ally €Y,
then

(1) {G(y,2) :y € Y,z € Z} has the finite intersection property;

(2) if G is transfer closed valued and there exists (u,v) € Y x Z such that G(u,v) is compact,
then Nyey,.ezG(y, z) # 0.

Proof Since F has nonempty values, by condition (iii), we know that G(y, z) # () for each
(y,z) € Y x Z. If the intersection of any n elements of {G(y,z) : y € Y,z € Z} is nonempty,
then next we prove that, for any n + 1 elements of {G(y,2) : y € Y,z € Z}, their intersection
is also nonempty, where n > 2.

If there exist (y;,2;) € Y x Z (i = 0,1,--- ,n) such that N?_(G(y;, z;) = 0 with zp = z; =
<+ = zp, then, by letting H = NI, F(y;, 20), we have

H N F(yo,20) N H N F(y1,20) C M=o F(ys,2i) N F(yo,20) N F(y1,21) C NMimoG(ys, 2i) = 0.

If yo and y; are the same, then H N F(yo,20) C H N F(yo, z0) = 0. By condition (iv), there
exists Z € Z such that, for any y € Y,

HNF(y,z0) =Ny F(yi,20) N F(y,20) D N_yG(yi, 2) NGy, 2) # 0.

This is a contradiction. Then {G(y,z) : y € Y,z € Z} has the finite intersection property.

If yo and y; are different, then H N F(yo, 20) and H N F(y1,z29) are separated. Define a
mapping L : Y — 2% by L(y) := F(y,20). Then, by condition (ii), Y\L™'(z) ={y €Y : 2 ¢
F(y, z0)} is a closed FC-subspace for each z € X. Letting N = {yo,41, -+ ,yn} and the fixed
{y0,y1} C N, in view of Lemma 1.2, we have L(y) C L(yo) U L(y1) for any y € pn (A1), ie.,
F(y, z0) C F(yo,20) UF(y1,20) for all y € pn(A1). Hence,

HnNF(y,z0) C (HNF(yo,20))U(HNF(y1,20)) for all y € on(A1).

Since HNF (y, zo) is connected by condition (i), for any y € pn (A1), HNF(y,z0) C HNF (yo, 20)
or HN F(y,z0) C HNF(y1, 20).

Let E; = {y € on(A1) : HN F(y,20) C HN F(y;,20)}, where i = 0,1. By condition (i),
E; # 0 (i =0,1), and then Ey U E; = on(A1). Since pn(Aq) is connected, at least one of
Ey N Ey and Eg N FEy is nonempty. Supposing Ey N Ey # () and taking § € Ey N Eq, we have
HNF(y,20) C HNF(yo,20). And there exists a net {y, taecr C F1 such that y, — ¢, and

HNF(Ya,20) C HNF(y1,20) forall a eI

Taking 2 € HNF(y, z0), we know that & ¢ HNF(y1,20). Hence, & ¢ HNF (ya, 20) for alla € 1.
Therefore, {y,} C Y\L71(#); and then § € Y\L™(2), i.e., & & F(§,20). This contradicts the
choice of &. So {G(y,z) : y € Y,z € Z} has the finite intersection property.

In addition, if there exists (u,v) € Y x Z such that G(u, v) is compact, then it is easy to prove
that Nyey,.czG(y, z) #0. Since G is transfer closed valued, by Lemma 1.1, Nyey,.ezG(y, z) #0.
This completes the proof.

Remark 2.1 Theorem 2.1 extends Theorem 2.3 of Chang et al.l®!

Corollary 2.1 Let (Y,{pn}) be an FC-space, X be a topological space, Z be a linear
ordered space, and F,G :Y x Z — 2% be two set-valued mappings such that F has nonempty
values and G has closed values. If the following conditions are satisfied:

(i) for each N € (Y) and each z € Z, NyenF(y, z) is a connected or empty set; and for
any yo,y1 € N, there exist y) and y} € on(A1) such that F(y},z) C F(yo,z) and F(y},z) C
F(y1, 2);
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(ii) for each v € X and each z € Z, {y € Y : & &€ F(y, 2)} is a closed FC-subspace;

(iii) for each (y,z) €Y x Z and F(y,z) C G(y, z), 21 = 2z implies that F(y, z2) C F(y, z1)
forally eY,

(iv) for each z € Z, there exists 2 € Z such that G(y,2) C F(y,z) for ally €Y,
then

(1) {G(y,2) :y €Y,z € Z} has the finite intersection property;

(2) if there exists (u,v) € Y x Z such that G(u,v) is compact, then Nyey,.ezG(y, z) # 0.

3 Applications to minimax inequalities

In this section, we shall use the results presented in Section 2 to study the minimax inequal-
ities. We have the following results.

Theorem 3.1  Let (Y,{pn}) be an FC-space, X be a topological space, Z be an order-
complete and order-dense linear ordered space, and f,g: X xY — Z be two mappings satisfying
the following conditions:

(i) For each N € (Y) and each z € Z, Nyen{z € X : f(x,y) = 2} is a connected or empty
set; and for any yo,y1 € N, there exist yi,y; € on(A1) such that f(x,y)) = f(z,y;) for all
reX,i=0,1.

(i) (a) For each x € X, f(x,-) is FC-parametric-quasiconvex and lower semi-continuous.

(b) For each y €Y, f(-,y) and g(-,y) are upper semi-continuous.

(ili) There exist v < infycy sup,cx f(2,y), u € Y and a compact subset H C X such that
g(x,u) < v for all x € X\H.

(iv) f(z,y) 2 g(x,y) for all (z,y) € X x Y.

Then z, = sup,ex infycy g(z,y) = infycy sup,c x f(z,y) == 2*.

Proof By the completeness of Z, z, and z* both exist. Let Z = {z € Z:z< z*}. Then Z
is an order-dense linear ordered space. For any (y,2) € Y x Z,let F(y,z) ={z € X : f(z,y) >
z}, Gly,z) ={z € X : f(z,y) = 2z}, and P(y,z) = {x € X : g(x,y) = z}. It follows from (b) of
condition (ii) that G(y, z) and P(y, z) are both closed for all (y,z) € Y x Z.

Now we prove that mappings F' and G satisfy all conditions of Corollary 2.1. In fact, by the
definition of z*, F : Y x Z — 2% is nonempty valued; and F and G satisfy condition (iii) in
Corollary 2.1. For each z € Z with z < z*, by the denseness of Z, there exists 2 € Z such that
z <% =<z* And then 2 € Z and F(y,z) D G(y, 2) for all y € Y. This implies that condition
(iv) in Corollary 2.1 is satisfied. Foreachz € X and z € Z, {y e Y : 2 € F(y,2)} ={y €Y :
f(z,y) X z} is a closed FC-subspace by (a) of condition (ii). Then condition (ii) in Corollary
2.1 is satisfied. By condition (i), we know that condition (i) in Corollary 2.1 is also satisfied.
By conclusion (1) of Corollary 2.1, {G(y, 2) : y € Y,z € Z} has the finite intersection property.

By condition (iv), we know G(y,z) C P(y,z) for all (y,z) € Y x Z. Then {P(y,z) : y €
Y,z € Z} is a family of closed sets having the finite intersection property. By condition (iii),
there exists (u,v) € Y x Z such that P(u,v) C H. Since H is compact and P(u,v) is closed,
P(u,v) is compact. Hence

myEY,zEZ‘P(ya Z) = myEY,zEZP(:%Z) N P(uu U) 7é @

Take € Nyey,.ezP(y,2). Then g(&,y) = z for all (y,2) € Y x Z. Thus, 2. = sup,cx
inf,cy g(z,y) = 2 for all 2 € Z. By the denseness of Z, we have

sup inf g(z,y) = z* = inf su z,Y).
Iegyeyg( y) yeyzegf( y)

This completes the proof.
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Corollary 3.1  Let (Y,{pn}) be an FC-space, X be a topological space, and Z be an
order-complete and order-dense linear ordered space. If f: X XY — Z satisfies the following
conditions:

(i) for each N € (Y) and each z € Z, Nyen{z € X : f(x,y) = z} is a connected or empty
set; and for any yo,y1 € N, there exist yi,y; € on(A1) such that f(x,y)) = f(z,y;) for all
re X, 1=0,1;

(i) (a) for each x € X, f(x,-) is F'C-parametric-quasiconver and lower semi-continuous;

(b) for each y €Y, f(-,y) is upper semi-continuous;

(iii) there exist v < infycy sup,cx f(z,y), w € Y, and a compact subset H C X such that
flz,u) <v for all x € X\H,
then sup,c x infyey f(x,y) = infyey sup,cx f(z, 7).

Corollary 3.2  Let (Y,{¢on}) be a compact FC-space, X be a compact topological space,
and Z be an order-complete and order-dense linear ordered space. If [ : X XY — Z satisfies
the following conditions:

(i) for each N € (Y') and each z € Z, Nyen{z € X : f(z,y) > 2z} is a connected or empty
set; and for any yo,y1 € N (yo and y1 may be the same), there exist y,,yy € on (A1) such that
flx,yh) = f(z,y;) forallz € X, i=0,1;

(ii) (a) for each x € X, f(x,-) is FC-parametric-quasiconvezr and lower semi-continuous;

(b) for each y €Y, f(-,y) is upper semi-continuous,
then f has a saddle (%,9) € X x Y.

Remark 3.1 Corollary 3.2 contains the famous von Neumann theorem in mathematical
economy and game theory.

Theorem 3.2  Let (Y,{¢on}) be an FC-space, X be a topological space, Z be an order-
complete and order-dense linear ordered space, and f,g: X XY — Z be two mappings satisfying
flz,y) 2 gla,y) for all (x,y) € X XY and the following conditions:

(i) For each x € X, f(x,-) is FC-parametric-quasiconvex and lower semi-continuous.

i) For each y €Y, f(-,y) and g(-,y) are upper semi-continuous.

(
(i

iii) There exist a nonempty subset K C X and a compact subset H C'Y such that

Jof sup fz,y) < inf sup f(z,y);
and for any finite subset F' C X, there exists a compact set K(F) D K UF such that, for each
Ne(Y)and z € Z, Nyen{x € K(F) : f(z,y) > 2z} is a connected or empty set; and for any
Yo, Y1 € N, there exist y},y) € on (A1) such that f(x,y;) = f(z,y:) for all z € X, i =0,1.
Then sup, ¢y infyey (2, ) = infyey sup,ex f(2,9).

Proof Let z, = sup,cy infyey g(x,y) and 2z* = inf,cy sup,cx f(z,y). By the complete-
ness of Z, z, and z* both exist. If z, < z*, then, by the density of Z, there exists Z € Z such
that z, <z < z*.

For any x € X, let L(x) = {y € Y : f(x,y) < z}. By condition (i), L(z) is closed. For
any ¢ € X, let M(z) = L(z) N (NzexL(z)). Then M(x) is closed. For any y € Y\H, by
condition (iii), there exists o € K such that f(xo,y) > Z, i.e., y € Nzex L(z). This implies
that Nyex L(z) C H, and then M(z) C H for all x € X.

Now, we prove that {M(x) : x € X} has the finite intersection property. By condition (iii),
for any finite F' C X, there exists a compact set K (F) D K UF such that, for each N € (Y) and
z€ Z,Nyen{z € K(F) : f(z,y) > 2z} is a connected or empty set. From Theorem 3.1, we have

sup inf g(x,y) = inf sup f(x,y),
zeK(F)YEY (®9) YEY zeK(F) (@9)
and

inf sup f(z,y) < sup inf g(z,y) = 2z, < Z;
yeyzeK(F)( ) mexer( ) =z
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This implies that there exists a mapping @ : ¥ — K(F) such that f(a(y),y) > Z

y € Y. Then sup,cg(p f(2,y) = z for all y € Y. Hence, infyey sup,cpp) f(z,y) = 2, t
contradicts infycy sup, e g (py f(2,y) < 2. Therefore, Nye g (m)M(x) # 0. Since NyerM
Neerx(ryM(x), {M(x) : x € X} has the finite intersection property. Then Nyex M (x) #
Hence, there exists § € NgexM(z), and § € L(z) for all z € X, ie., f(z,7) <X Z. So z* <
This contradicts the choice of Z. Therefore, z, > z*. This completes the proof.

&

Corollary 3.3  Let (Y,{¢n}) be an FC-space, X be a topological space, Z be an order-
complete and order-dense linear ordered space, and f : X XY — Z be a mapping satisfying the
following conditions:

(i) For each x € X, f(x,-) is FC-parametric-quasiconvex and lower semi-continuous.

(ii) For each y €Y, f(-,y) is upper semi-continuous.

(iii) There exist a nonempty subset K C X and a compact subset H C'Y such that

inf su r,y) < inf su z,Y);
yemegf( Y) er\HmeEf( Y)

and for any finite subset F' C X, there exists a compact set K(F) D K UF such that, for each
N e(Y) and z € Z, Nyen{x € K(F) : f(z,y) > 2z} is a connected or empty set; and for any
Yo, y1 € N, there exist y}, v} € on(A1) such that f(z,y)) = f(z,y;) for allz € X, i=0,1.
Then sup, e x infyey £, y) = mfyey sup,cx £(.9).

Corollary 3.4  Let (Y, {pn}) be a compact FC-space, X be a compact topological space,
Z be an order-complete and order-dense linear ordered space, and f : X XY — Z be a mapping
satisfying the following conditions:

(i) For each x € X, f(x,-) is FC-parametric-quasiconvex and lower semi-continuous.

(ii) For each y €Y, f(-,y) is upper semi-continuous.

(iii) There exist a nonempty subset K C X and a compact subset H C'Y such that

inf su r,y) < inf su z,Y);
yemegf( Y) er\HmeEf( Y)

and for any finite subset F C X, there exists a compact set K(F) D> K UF such that, for each
N e(Y) and z € Z, Nyen{x € K(F) : f(z,y) = z} is a connected or empty set; and for any
Yo, y1 € N, there exist y}, v} € on(A1) such that f(z,y)) = f(z,y;) for allz € X, i=0,1.
Then f has a saddle (%,9) € X X Y.

4 Applications to section theorem

In this section, we shall use the results presented in Section 2 to study the section theorem.
We have the following results.

Theorem 4.1 Let (Y,{¢on}) be an FC-space, X be a topological space, Z be a linear
ordered space, and B and C' be two subsets of X XY x Z satisfying the following conditions:

(i) For any (y,z) € Y x Z, the sections By, .y:= {x € X : (x,y,2) € B} # 0 and C(y.):=
{r € X : (x,y,2) € C} are transfer closed valued, and there exists (u,v) € Y X Z such that
C(u,v) s compact.

(ii) For each N € (Y') and each z € Z, NyenBy,.) is a connected or empty set; and for any
Yo,y1 € N, there exist yy,y) € pn (A1) such that By, .y C By, ) and By o) C By, 2)-

(iii) For each (z,z) € X x Z, the set {y € Y : (x,y,2) & B} is a closed FC-subspace.

(iv) B C C and z1 = zp implies that By, .,y C By .,) for ally €Y.
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(v) For each z € Z, there evists 2 € Z such that C(, sy C By, z) for ally € Y.
Then there exists & € X such that {Z} x (Y x Z) C C.

Proof Let F(y,z) = By .) and G(y, 2) = C(y... I and G satisfy all conditions in Theorem
2.1. By conclusion (2) in Theorem 2.1, Nyey,.czG(y, z) # (. Hence, there exists & € X such
that 2 € G(y,z2) for all (y,2) € Y x Z, ie., (2,y,2) € C for all (y,z) € Y x Z. Therefore,
{z} x (Y x Z)cC.

Corollary 4.1  Let (Y,{on}) be an FC-space, X be a topological space, Z be a linear
ordered space, and B and C be two subsets of X XY x Z satisfying the following conditions:

(i) For any (y,z) € Y x Z, the sections B, .y:={x € X : (2,y,2) € B} # 0 and C(, ) :=
{reX : (z,y,2) € C} are closed valued, and there exists (u,v) € Y x Z such that C(, . is
compact.

(ii) For each N € (Y') and each z € Z, NyenByy,-) is a connected or empty set; and for any
Yo, y1 € N, there exist yj,y) € on (A1) such that Bys.2) C B(yo,z) and By, -y C By, 2)-

(ili) For each (x,z) € X x Z, the set {y € Y : (x,y,2) € B} is a closed FC-subspace.

(iv) B C C and z1 = zy implies that By, .,y C By, .,) for ally €Y.

(v) For each z € Z, there exvists 2 € Z such that C(y z) C B,z for ally € Y.

Then there exists & € X such that {Z} x (Y x Z) C C.
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