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ENDEMIC BUBBLES GENERATED BY DELAYED BEHAVIORAL
RESPONSE: GLOBAL STABILITY AND BIFURCATION SWITCHES
IN AN SIS MODEL*
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Abstract. During infectious disease outbreaks, people may reduce their contact numbers or take
other precautions to prevent transmission. The change in their behavior can be directly or indirectly
triggered by the density of infected individuals in the population. In this paper, we investigate an SIS
(susceptible-infected-susceptible) model where the transmission rate is a decreasing function of the
prevalence of the disease (determined by a reduction function h), with the assumption that such a
change in the transmission rate occurs with some time delay. We prove that if the basic reproduction
number Ry is less than one, then the disease-free equilibrium is globally asymptotically stable, while
for Rp > 1 a unique endemic equilibrium exists and the disease uniformly persists, regardless of
the delay or the specific form of h. However, characterized by the shape of the response function h,
various dynamics are possible if Ry > 1. Roughly speaking, if h is decreasing slowly (weak response),
then the endemic equilibrium is absolutely globally asymptotically stable. When the slope of h is
larger (strong response), then the endemic equilibrium loses its stability and periodic orbits appear
via Hopf bifurcation as Rg increases. Further increasing Ry, the endemic equilibrium regains its
stability, forming an interesting structure in the bifurcation diagram that we call an endemic bubble.
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1. Introduction. Throughout history, epidemics have always influenced the be-
havior of people. In medieval times, they were fleeing from the plague. To see some
more recent examples, during the outbreak of SARS in 2003 and influenza A (HIN1)
in 2009, it was widely reported that the change in human behaviors was not only
due to public measures, but also due to individual responses [1,8]. People can reduce
the risk of infection by many ways: getting vaccination, canceling travel to dangerous
regions, wearing face masks, using sanitizers, staying at home, etc. Recently, there
has been a significant interest in modeling the aspects of health news, mass media,
and psychological effects as applied to problems of epidemiology.

In traditional compartmental models, where the population is assumed to be large
and homogeneous, the number of new infections per unit time is usually expressed by
the standard incidence %&I;t), where  is the transmission rate and S(t), I(t), N(t)
stand for the number of individuals in the susceptible compartment, in the infected
compartment, and in the population, respectively, at time ¢. A heuristic derivation
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1 R, 1 R, 1 R,
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Fia. 1. Bifurcation diagrams: (a) forward bifurcation, (b) backward bifurcation, (c) endemic
bubble.

of this term is the following: assume that an infected individual has ¢ contacts per
unit time, each having the probability p of transmitting the disease. Given that only
contacts with susceptibles can result in a new infection, setting 5 = pc and multiplying
by the fraction % of such contacts and the number of infected individuals I(¢), one
obtains the standard incidence. Here it is assumed that the contact number ¢ and
the transmission probability p do not change. In reality, however, by the influence
of media, public awareness, or personal experience, individuals apply precautionary
measures that reduce the contact number or the transmission potential. The extent
of such reactions naturally depends on the severity of the outbreak, i.e., the density of
infection in the population. Accordingly, we can modify the standard incidence in a

simple way by introducing a reduction factor h(I); hence the incidence term becomes
ﬁh(l)S((t))I(t)
N(t :

In recent decades, a large number of works (see, e.g., [2,6, 14,23, 24]) have been
concerned with incorporating the effect of media or awareness into compartmental
transmission models and investigating their impact on the disease dynamics. Various
forms of h(I) have been proposed in the literature, and the recent survey [4] identified
three typical terms (which they call media functions), namely, h(I) = exp(—pl),
hI) =1—1/(p+1I), and h(I) = 1/(1 + pI?), where the parameter p represents
the strength of the media effect. A more general class of nonlinear incidence (with
h(I) =1%/(1+bI°)) was studied in [10,11], and it was shown in [27] that modifying the
standard incidence with h(I) = 1 — pI is consistent with several real observations of
infectious disease outbreaks. More recently even nonsmooth [25,26] and discontinuous
[12,13] cases have been studied, and the reporting delay was taken into account in [28].

In this work we consider an SIS (susceptible-infected-susceptible) setting with a
general reduction term A([) that includes all the specific examples mentioned above
and show that if this behavioral response is delayed, then this simple-looking system
can exhibit surprising and interesting dynamics. One of our fundamental findings is
the following. Considering the basic reproduction number Ry as the key parameter,
the bifurcation diagram typically looks like that of case (a) of Figure 1: for Ry <
1, only a disease-free equilibrium exists, which is stable, but its stability is lost at
Rp = 1, where a stable endemic equilibrium emerges via a transcritical bifurcation.
For another class of models, so-called backward bifurcation occurs (see Figure 1 (b)),
where two subcritical endemic equilibria coexist (a stable and an unstable), but for
Ry > 1 usually a unique endemic equilibrium exists which is stable. In this paper
we show that for a class of SIS models with delayed behavioral adaptation, there is
always a forward bifurcation at Ry = 1. For Ry < 1 the disease-free equilibrium is
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always globally asymptotically stable, regardless of the particular choice of h(y) and
the value of the delay. For Ry > 1, however, various dynamics are possible: as we
increase the basic reproduction number, the endemic equilibrium can remain stable,
or it can lose its stability at a critical point via Hopf bifurcation. In the latter case, we
observe periodic oscillations only in an intermediate interval of reproduction numbers,
and for large Ry the endemic equilibrium always regains its stability. This interesting
phenomenon results in a new bifurcation diagram for epidemiological models, which
we call an endemic bubble, as depicted in Figure 1 (c). We illustrate this type of
dynamical behavior with several examples.

2. The model and its basic properties. Our starting point is the standard
susceptible-infected-susceptible (SIS) model without demography, which can be de-
rived also as the mean-field approximation of homogeneous networks [18,19], where
infectious (I) individuals contaminate their susceptible (S) neighbors with some trans-
mission rate, while the infected individuals recover and return to a susceptible state
again. Then for the density of infected nodes one obtains the equation

dI(s)

21) — () + BUI() (1~ 1(5),

where g is the recovery rate of infected individuals. The second term represents the
appearance of newly infected nodes. This is proportional to the density of infected
nodes (I(s)), the transmission rate 3, the number of links emanating from each node
(k), and the probability that a given link points to a susceptible node, which is 1—1(s).
Here p, 8, and (k) are positive constants.

Next we introduce the behavioral response that reduces transmission by a smooth
function h(y), which satisfies

(H) h:[0,1] — (0,1]is C*, K (y) <0, h(0)=1, h(1)<1.

These hypotheses are reasonable: as h represents a reduction factor in the transmis-
sion, it should take values not larger than one; the positivity requirement means it
is not possible to completely eliminate transmission routes, while the monotone de-
creasing property expresses that the higher the density of infection, the more effort
individuals make to minimize the risk of infection. The requirement h(0) = 1 simply
means that there is no reduction in the absence of the disease, and by h(1) < 1 we
exclude the trivial case when h is constant one and there is no response whatsoever.
Here we assume that such a response is activated with some delay ¢ > 0, and the epi-
demic process in the present time s is governed by a modified transmission rate that
depends on the density of infection at time s — . This way we obtain the equation

dI(s
(2.2) ) ur(s) + BRIBI(s — o)) (5)(1 — 1(5)).
For the sake of simplicity, we rescale time by y(t) = I(u~'s); then, writing the
equation for y(t), (2.2) is transformed into

dy(t
(2.3 WO — (1) + Rohly(t ~ (D)1~ u(1),
where 7 = op~!, and Ry = B%) g called the basic reproduction number, which, as

usual, expresses the expected number of secondary infections generated by a single
infected individual introduced into a wholly susceptible population. In what follows
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we study (2.3) and refer to y(¢) as the density of infection at time ¢. Let C be the
Banach space of continuous real functions on [—7, 0], equipped with the supremum
norm. Considering the biological interpretation of the model, the feasible phase space
is the subset of C' that consists of functions with the range in the interval [0, 1]; let
us denote this set by X.

PROPOSITION 2.1. For any initial function ¢ € C with ¢(s) € [0,1] for all
s € [-7,0], (2.3) has a unique global solution y®(t) with y(t) € [0,1] for all t > 0. If
Ro < 1, the zero solution is globally asymptotically stable, i.e., y*(t) — 0 as t — oc.
If Ry > 1, the zero solution is unstable and (2.3) has a unique endemic equilibrium
g, with y <1 —1/Ry.

Proof. The existence and uniqueness follows from the smoothness assumption on
h. The invariance of X is a consequence of 3/(t) = 0 for y(t) =0 and y'(t) = -1 <0
for y(t) = 1. The boundedness implies the global existence as well.

To obtain the equilibria of (2.3), set y(t) = y(t — 7) = g, and let the right-hand
side of (2.3) be zero, so

(2.4) Roh(@)y(1 =) = 4.

Clearly y = 0 is always an equilibrium. Let H(y) := Roh(y)(1 —y). Then gy > 0 is a
positive equilibrium if and only if H(y) = 1. Given that H(y) is monotone decreasing,
H(0) = Ry, and H(1) =0, a positive equilibrium exists if and only if Ry > 1, and it
is unique when it exists. From the observation

1 1 1
Hll-— )= hll—— | —<1
( R0> o ( R0>R0 ’

we conclude that § <1 —1/Ry.
From the comparison equation

y'(t) < —y(t) + Roy(t)(1 — y(t)) = (Ro — 1)y(t) — Roy(t)?,

we can easily get that the zero equilibrium is globally asymptotically stable if Ry < 1.
Furthermore, the linear variational equation of (2.3) at the zero solution is
dy(t)

(2.5) = (Bo—1)y(t).

Thus, if Ry > 1, the zero solution is unstable. O
Clearly if ¢ € X with ¢(0) = 0, then y®(t) = 0 for all t > 0. We say that a
solution is nontrivial if ¢(0) > 0.

3. Permanence. We say that system (2.3) is permanent if nontrivial solutions
are uniformly bounded away from the boundary of the feasible phase space; i.e., there
are constants m > 0 and M < 1 such that for any ¢ € X with ¢(0) > 0, there is a
T = T(¢) such that m < y?(t) < M for all t > T. We introduce the notation

1
(3.1) y*° :=limsupy(t), Yoo :=liminfy(t), wy.:=ge , y :=1——.
t— 00 t—00 Ry

THEOREM 3.1. If Ry > 1 and h(y) satisfies (H), then system (2.1) is permanent.
In particular, for every nontrivial solution y(t), the relation

Yo Yoo K YL Y™ <y*
holds.
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Proof. Counsider an arbitrary nontrivial solution y(¢). The proof is divided into
four steps.

(i) ¥ < y*. According to the fluctuation lemma (Lemma A.5 in [22]), there
exists a sequence (t,) such that ¢, — 0o as n — oo, and y'(t,) — 0, y(t,) — y> as
n — oo. Passing to the limit in

where we used h(y(t,) — 7) < 1, we obtain

(3.2) 0 <~y + Roy™(1 —y™),
and thus
(3.3) S P

(ii) y* > y. Suppose the contrary, i.e., y>° < y; then for any nontrivial solution
y(t) there is a T' > 0 such that y(¢) < g for all ¢t > T". Then for all ¢ > T'+ 7, we have
h(y(t — 7)) > h(y) and 1 —y(t) > 1 — 7, and thus

y'(t) = y(t)[-1 + Roh(y)(1 — )] = 0.

Then y(t) is monotone increasing and thus converging; therefore necessarily y(t) — ¥
as t — 0o, which means y*° = ¢, a contradiction. Hence, y>° > 3.

(iil) Yoo < §. We proceed similarly as in step (ii): if y(¢) > g for all t > T with
some T, then the relation

y'(t) < y(t)[-14 Roh(y)(1 — )] =0

holds for all ¢ > T"+ 7, and thus y. < ¥.

(iv) Yoo = Y«. We claim that for any € > 0, yoo > €~ 7(y —¢) holds. Since y>= > g,
there exists a sequence (si) such that s, — oo and y(si) > y—e. Consider any t, > s;
with y(t) < g — . If there is no such t,, then obviously yoo > 7 —¢ > 77 (y — &).
Otherwise there is a k such that s < t. < spy1 and there is a maximal interval
J = (a,8) C [Sk,Sk+1] such that t, € J and, for any ¢t € J, y(t) < § —e. By
continuity of solutions, y(a) = y(8) = y —e. We show that for any ¢t € J, the
inequality y(t) > e~ 7 (g — €) holds. Indeed, from the estimate y'(t) > —y(t) one has
y(t) > e~ =y(a), which gives y(t) > e~ (§—¢) whenever t € [a,a+7]. If B > a+T,
then for ¢ > a+ 7 we have y/(¢t) > 0, and thus y(¢t) > y(a+7) > e 7 (y — ). Letting
€ — 0, we finish the proof. d

4. Global stability and Hopf bifurcation.

4.1. Local stability of the endemic equilibrium. In the following, we con-
sider the stability of §. Let G(u,v) = —u+ Roh(v)u(l — u), = y — g, and linearize
system (2.3) at the equilibrium g to obtain

dx(t)

(4.1) e Azx(t) + Bx(t — 1),

where
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A straightforward calculation, using Roh(7)(1 — §) = 1, gives

A:—Lf%mmﬂ—2@21%%<0, B = Rog(1 - g)i'(3) < 0.
According to the well-known stability result of scalar delay differential equations with
a single delay (see, for example, Theorem 4.7 in [22]), we immediately find the follow-
ing theorem.

THEOREM 4.1. (a) If

(4.2) K () > —Roh*(),

then the positive equilibrium y is asymptotically stable.
(b) If ' (y) < —Roh?(y), there exists a T* > 0, such that the positive equilibrium
7 1s asymptotically stable for 0 < T < 7 and unstable for T > 7, where

1 A
(4.3) T = s arccos <—§> , w'=+vBZ2- A%

The next observation shows that the endemic equilibrium is asymptotically stable
for both small (in the sense that it is close to 1) and large basic reproduction numbers.

PROPOSITION 4.2. (a) For any h(y) satisfying (H), there exists an R*, such that
if Ry > R*, then the positive equilibrium is asymptotically stable for all values of the
delay.

(b) For any h(y) satisfying (H) and |R'(0)] < 1, there is an R., such that if
1 < Ry < R, then the positive equilibrium is asymptotically stable for all values of
the delay.

(¢c) For any fized 7 and h(y) satisfying (H) and |B'(0)| > 1, there is an R, =
R.(7,h), such that if 1 < Ry < R., then the positive equilibrium is asymptotically
stable. )

Proof. (a) As h(y) is C', we can choose R* = max,¢o 1] %; then for Ry > R*,
the condition (4.2) holds.

(b) It follows from y < 1 — 1/Ry that limp, 1+ ¥ = 0 and limg, 1+ A(y) = 1;
thus (4.2) holds if Ry is sufficiently close to 1, independently of the delay.

(c) It is sufficient to show that the critical delay, defined in (4.3), is tending to
infinity as Ry is approaching 1 from the right. From A < 0 and B < 0 it follows
that 7* € (5%, %). As Ry — 17, we have A — 0, B — 0; thus w* — 0 and indeed
T — 00. O

4.2. Global stability of the endemic equilibrium. We note that in case
(b) of Theorem 4.1, system (2.1) goes through a Hopf-bifurcation at 7 = 7*. From
our simulations it seems that this bifurcation is always supercritical and a stable
limit cycle appears. There are well-established methods to determine the direction
of the bifurcation for this kind of equation, but we are not concerned with such
calculations here. More importantly, we get some global stability conditions for the
positive equilibrium 7 of (2.3) using the approach of [7] and [17]. For the four choices
we make for the map h, we will show that the sharp delay-independent condition
for local stability given in (4.2) is also sufficient to ensure the global stability of 3
(sometimes with the strict inequality).

In [7], the following delay differential equation was considered:

(4.4) y'(t) = fily(t = m))g2(y(t) = faly(t — 7))gr(y(1)),
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where f;, g; are continuous nonnegative functions, f;(y) > 0, g;(y) > 0 for y > 0,
1 =1,2, and g(y) = ¢91(y)/g2(y) is strictly increasing. It is also assumed that there
is a unique positive equilibrium gy of (4.4), which is the only solution of equation
f(y) = g(y), where f(y) = f1(y)/f2(y). Moreover, f(y) > g(y) for y € (0,7), and
fly) <gly) fory > 3.

Consider the map F(y) = ¢ '(f(y)). It is clear that ¢ is a fixed point of F.
Theorem 3 in [7] ensures that if § is an attracting point of F with immediate domain
of attraction Jy and ¢ : [—7,0] — Jp is continuous, then the solution y = y(-, $) of
(4.4) with y(t) = ¢(¢) for all ¢t € [—7,0] satisfies lim;_oo y(t, @) = 7.

It is clear that (2.3) belongs to this class of delay differential equations, with
fily) = h(y), f2(y) = 1, g1(y) = y, and ga2(y) = Roy(1 —y). Thus, f(y) = h(y),
9(y) = 1/(Ro(1 —y)), and

1
4.5 F = -1 =1 - — .
(4.5) ) =9~ (f(v)) Roh()
In view of Theorem 2.2, we can restrict our analysis to initial functions ¢ : [—7, 0]

— [0, y*], where y* = 1—1/Ry. Since F is strictly decreasing and F(0) = y*, it follows
that F' maps [0,y*] in [0, y*] if F(y*) > 0, that is, if the following condition holds:

1 1
4.6 hll—— | >—.
(46) (-%)2%
The next theorem follows from Theorem 3 in [7] (see also [5,15,20]). As usual, we
denote by F* the corresponding power of F under composition, that is,
FF=Fo...oF.
—_—
k
THEOREM 4.3. Assume that conditions (H) and (4.6) hold. Iflimg oo F*(y) =7
for all y € [0,y*], then all solutions of (2.3) converge to §.

Next we give two corollaries of Theorem 4.3 that will be very useful in the appli-
cations. We recall that the Schwarzian derivative of a C% map F is defined by

_F"x) 3 (F'(2))?
““@*-p@>—§<pwﬂ-

The following well-known result follows from Singer’s paper [21]; see, e.g., Theorem 1
in [16].

PROPOSITION 4.4. Assume that F : J — J is a C°® map defined in a bounded
real interval J, such that F'(y) <0 and (SF)(y) <0 for ally € J. Let i be the only
fized point of F. If F'(§) > —1, then limy_,oo F*¥(y) =4 for all y € J.

COROLLARY 4.5. Assume that conditions (H), (4.6), and (4.2) hold. If (Sh)(z) <
0 for all x € (0,y*), then the positive equilibrium § of (2.3) is globally asymptotically
stable.

Proof. Condition (4.2) implies that g is locally asymptotically stable for (2.3).
Moreover, it is easy to verify that F’(y) > —1 if and only if (4.2) holds. Since
F(y) = G(h(y)), where G(y) = g '(y) = 1 — 1/(Roy), it is easy to check that
(SF)(y) = (Sh)(y) (see, e.g., [21, p. 262]). Next, since F is strictly decreasing, the
result follows from Proposition 4.4 and Theorem 4.3. d

COROLLARY 4.6. Assume that conditions (H), (4.6), and (4.2) hold, with the
strict inequality in the latter. If h is a real Mdébius transformation, then the positive
equilibrium y of (2.3) is globally asymptotically stable.
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Proof. 1In this case F(y) = G(h(y)) is a real Mdbius transformation. Thus,
condition F’(g) > —1 implies that § is a global attractor of F; see, for example,
Corollary 7 in [3]. 0

4.3. Application 1: h(y) =1 — py. In this case, (2.3) writes
(4.7) y'(t) = —y(t) + Roy(t)(1 — y())(1 — py(t — 7))

Such a transmission term (without delay) was used in [27]. Notice that (H) holds if
and only if 0 < p < 1. If Ry > 1, then (4.7) has a unique positive equilibrium in (0, 1)
defined by

p+1—+/(p—1)° +4p/Ry
2p '

Next, it is easy to prove that (4.2) and (4.6) hold for all p < 1, with strict inequality
in (4.2). Thus, an application of Corollary 4.6 provides the following result.

THEOREM 4.7. Assume that 0 < p < 1. If Ry > 1, then the positive equilibrium
y of (4.7) is globally asymptotically stable.

Theorem 4.7 ensures that the endemic equilibrium § is globally stable if Ry > 1,
regardless of the value of p. However, the value of p influences the size of y; see
Figure 2.

g:

%

o
=N

0.4+

Infected population, y

Reproduction number, R

Fic. 2. Endemic equilibrium § of (4.7), as Ro increases, for different values of p. The dashed
curve corresponds to the upper bound 1 — 1/Rg for § (see Proposition 2.1).

5. Endemic bubbles. In contrast with the previous example, in most of the
applications the endemic equilibrium is unstable for some values of the significant
parameters p, 7, and Ry. In this section, we report three cases that exhibit endemic
bubbles.

5.1. Application 2: h(y) = ﬁ. Note that with p = 1/p, we can write
M) = —— =P —y Y
L+py p+y Pty

which is exactly the third identified media function in [4]. However, to keep consistent
the meaning of parameter p as the intensity of the behavioral response, we use the
form h(y) = 1/(1+ py). In this case, (2.3) can be written as

Roy(t)(1 —y(t))
L+py(t—7) °

(5.1) y'(t) =—y(t) +
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Condition (H) is satisfied if and only if p > 0. If Ry > 1, then (5.1) has a unique
positive equilibrium in (0, 1) defined by

Ro—1
Ro+p

:[j:

Next, it is easy to prove that (4.2) and (4.6) hold if and only if p < Ry, and if
p < Ry, then the inequality is strict in (4.2). Thus, an application of Theorem 4.1
and Corollary 4.6 provides the following result.
THEOREM 5.1. Assume that p > 0 and Ry > 1.
(1) If 0 < p < Ry, then the positive equilibrium g of (5.1) is globally asymptoti-
cally stable.
(2) If p > Ro, then there exists 7% > 0, such that the positive equilibrium y is
asymptotically stable for 0 < 1 < 7% and unstable for T > 7%, where

(5.2) T = Rolp+1) arccos <_TRO> .

(Ro—1)\/p*— R}

We notice that Theorem 5.1 provides explicit stability conditions in terms of the
involved parameters. In particular, it is easy to check, taking the limit as p — oo in
(5.2), that for Ry > 1 fixed, the endemic equilibrium g is asymptotically stable for all
values of p if 7 is small enough, specifically, if 7 < 7Ry/(2(Rp — 1)).

Next, we use Theorem 5.1 to show the stability regions for (5.1) as a function
of the three parameters. We first observe that both increasing 7 and increasing p
destabilize the endemic equilibrium g. Figure 3 shows this fact for Ry = 2.

Time delay, 7
=~

0 2 4 6 8 10
Response strength, p

Fic. 3. Two-parameter stability diagram of (5.1) for fized Ry = 2, showing the dependence on
the response strength p and time delay 7: absolute global stability of § in region It (p < 2); local
asymptotic stability of y in I2; and instability of y in I3. The dashed line T = m emphasizes that
small time delays are not able to destabilize j.

The monotone character of the stability boundary shown in Figure 3 is lost when
we choose the reproduction number Ry as a bifurcation parameter. This fact is easily
observable in Figure 4: the endemic equilibrium 7 is stable for small enough and large
enough values of Ry, but it loses its stability for intermediate values of Rjy.

Next we take the basic reproduction number Ry as the key parameter to show its
incidence in the dynamics. For this, we fix p =4 and 7 = 10 in (5.1). For an initial
condition ¢(t) = 0.2, ¢t € [—7,0], we plot the minimum and the maximum values of
the solution x (¢, ¢) between t = 1400 and ¢ = 1500, once the transients have died out.
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Fic. 4. Two-parameter stability diagrams for (5.1). Left: for fixred p = 4, dependence on the
reproduction number Ro and time delay 7. Right: for fired 7 = 10, dependence on the reproduction
number Ro and the response strength p. In both cases, region I1 (p < Ro) corresponds to the absolute
global stability of y; § is locally asymptotically stable in I2; and § is unstable in I3.

e
>

Infected population, y

o

Reproduction number, Ry

FiGc. 5. Bifurcation diagram for (5.1) displaying an endemic bubble. The different regions
correspond to different dynamics: A1 for global stability of the disease-free equilibrium 0; Az and
Ay for local stability of the endemic equilibrium §; As for sustained oscillations; and As for global
stability of y. Note that for regions As and Ag the simulations suggest the global attractivity of
the endemic equilibrium for positive solutions; however, our analysis proves only local stability. For
this reason we separated Ayg from As, where global asymptotic stability is rigorously proven. Thick
dashed lines correspond to the equilibria 0 and § when they are unstable.

In this way, we get the bifurcation diagram in Figure 5, which we call an endemic
bubble (compare with Figure 1).

To illustrate how the long-term behavior of the solutions of (5.1) changes as Ry
is increased, we plot in Figure 6 the solution y(¢, ¢) for values of Ry in the different
regions of Figure 5.

5.2. Application 3: h(y) = e PY. This is the case of the first identified media
function in [4], and now (2.3) can be written as

(5.3) (1) = —y(t) + Roy(t)(1 — y(B))e 7.

It is clear that condition (H) holds for all p > 0. Moreover, (Sh)(z) = —p?/2 <0
for all z € R.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/15/15 to 193.146.37.232. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ENDEMIC BUBBLES BY DELAYED RESPONSE 85

0.30 030 ‘ ‘
>
025) Ry=09 | 025! Ry=12
3
=020 s
ke 0.20
=
2015 0.15
1)
240.10 0.10 ]
e
L0.0s 0.05 b
3
5 0.00F - - - 0.00f ) ) ) ) ) ]
= 10 20 30 40 0 50 100 150 200 250 300
Time, ¢ Time, ¢
o 07 : : : : 0.7
~ 0.6F RO =3 ] 0.6
=
2 05t 0.5
T 04
é 0'3 0.4
< 0.3
A, oal
e 02t
< o1
O 00F E 0.1F
< 01 0.0
=0 100 200 300 400 500 0 100 200 300 400
Time, t Time, t

Fic. 6. Solutions of (5.1) with p = 4, 7 = 10, and different values of Ro, corresponding to
regions A1 (Ro = 0.9), As (Rg = 1.2), A3 (Ro = 3), and As (Ro = 4.5) in Figure 5. For Rg < 1
all solutions converge to 0. For Ry > 1, the endemic equilibrium § is first stable, then loses its
asymptotic stability in a Hopf bifurcation at Ro ~ 1.34, and regains it in a new Hopf bifurcation
at Rop =~ 3.55. For intermediate values of Ro, sustained oscillations are observed from numerical
stmulations.

Before stating a global stability result for (5.3), we need some auxiliary lemmas.
LEMMA 5.2.
(1) The local stability condition (4.2) holds for (5.3) if and only if

(5.4) Ry > peP™L.
(2) Condition (4.6) holds for (5.3) if and only if
(5.5) Ry > eP=1/Eo),

Proof. The positive equilibrium y of (5.3) is the only zero of the map S(z) =
eP? — Ry(1—x). Direct calculations show that the stability condition (4.2) is equivalent
to the inequality § > 1 — 1/p. Since S(0) =1 — Ry < 0 and S(1) = P > 0, it follows
that the inequality 4 > 1 —1/p can be written as S(1—1/p) < 0, that is, Ry > peP~ 1.

The proof of the second statement of the lemma follows immediately from the
inequality k(1 — 1/Ry) > 1/Ry. O

Our next result relates conditions (5.4) and (5.5).

LEMMA 5.3.

(1) If p <1, then both conditions (5.4) and (5.5) hold.

(2) If p > 1, then condition (5.4) implies (5.5).

Proof. The first claim of the lemma follows from the elementary inequalities
peP~1 <1 for all p <1, and Rpel/Fo=1 > 1 for all Ry > 0.
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Now assume p > 1 and Ry > peP~!. Then Ry > p also holds, and we need to
show s(Ro) > s(1), where s(z) = xze. Notice that the function s(z) is increasing
for & > p, since s'(z) = e¥ (1 — 2). Therefore, s(Ry) > s(peP~) = peP~le¢ . Let
w(p) = pexp(e! 7P — 1); then w(1) = 1 and w'(p) = exp(e! P — 1)e!~P(eP~1 —p) > 0,
and thus w(p) > 1 for all p > 1. Since s(peP~1) = ePw(p) > eP = s(1), the proof is
finished. a

The following stability result for (5.3) is a direct consequence of Corollary 4.5 and
Lemmas 5.2 and 5.3.

THEOREM 5.4. Assume that p > 0. If Ry > 1, then (5.3) has a unique positive
equilibrium y € (0,1), which is the only solution of equation eP* = Ry(1 — x).

(1) If condition (5.4) holds, then the positive equilibrium y is globally asymptoti-

cally stable.

(2) If condition (5.4) does not hold, then there exists 7 > 0 such that § is

asymptotically stable for 0 < 7 < 7 and unstable for T > 7, where T* is
given by (4.3).

Using Theorem 5.4, it is easy to produce stability diagrams as we did for our

previous application. Since they are qualitatively similar, we do not include them.

5.3. Application 4: h(y) = m.
identified media function in [4]; more generally, here we write (2.3) as

Roy(H)(1 — y(1))
L+ (py(t — 7)™

Condition (H) holds if and only if p > 0. We will also assume that n > 1, which

in particular implies that (Sh)(y) = 12_(7;32 < 0 for all y > 0. Notice that the case
n = 1 gives our second application (5.1), for which the Schwarzian derivative is not
negative.

To illustrate the influence of p in the shape of function h, we plot the graph of h

for n = 2 and various values of p in Figure 7.

The special case n = 2 is the second

(5.6) y'(t) =—y(t) +

1.0

Fic. 7. Influence of parameter p on the shape of function h(y) in (5.6).

As in the previous case, to obtain stability criteria for (5.6), we need some pre-
liminary lemmas.
LEMMA 5.5. The local stability condition (4.2) holds for (5.6) if and only if

g 1 1
(5.7) (Ro — )Ry "p™™T < — + —

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/15/15 to 193.146.37.232. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ENDEMIC BUBBLES BY DELAYED RESPONSE 87

Proof. The positive equilibrium g of (5.6) is the only solution of equation (px)™ +
1 = Ry(1 — ). Direct calculations show that (4.2) holds if and only if 7 satisfies the
inequality

1

(5.8) y<(R0>"1,

npn

Define the map S(z) = (pz)™ + Rox + 1 — Ry in such a way that g is the only solution
of the equation S(x) = 0. Since S(0) =1 — Ry < 0, and S(1) =p*+1 > 0, (5.8)
holds if and only if

S ((Bo/(np)M/" D) 0.

It is easy to check that the last inequality is equivalent to (5.7). d
The proof of the following result is straightforward.
LEMMA 5.6. Condition (4.6) holds for (5.6) if and only if

(5.9) (Ro — )R "p=r < 1.

Next, the following lemma ensures that (4.6) holds for (5.6) whenever the positive
equilibrium is locally asymptotically stable.
LEMMA 5.7. The following inequality holds for all n > 1:

1 1
(5.10) — +—— <1

nn—1 nn—1

Proof. We start with the Bernoulli inequality (1 4+ )" > 1 4 rz, which holds for
every 7 > 1 and x > —1. Let 2 > 0 and choose r = 1 4+ 1/z and = = z; then we
have (1 + 2)(1+1/2) > 2 4 2 or alternatively (1 + 2)'/#* > 14+ 1/(1 + z). The latter is
equivalent to

1 1 1 1
1>142)7= 1+ = T+ 11"
142 (1+2)= (1+z)z+1

Now substitute n = z + 1 to find

We are now in a position to state a stability result for the positive equilibrium of
(5.6). Its proof is a direct consequence of Corollary 4.5 and Lemmas 5.5, 5.6, and 5.7.
THEOREM 5.8. Assume that p > 0 and n > 1. If Ry > 1, then (5.6) has a
unique positive equilibrium g € (0,1), which is the only solution in (0,1) of equation
(px)" + 1= Ro(1 —x).
(1) If condition (5.7) holds, then the positive equilibrium y is globally asymptoti-
cally stable.
(2) If condition (5.7) does not hold, then there exists T > 0 such that y is
asymptotically stable for 0 < 7 < 7 and unstable for T > 7, where T* is
given by (4.3).
COROLLARY 5.9. If0 < p < 1, then the positive equilibrium g of (5.6) is globally
asymptotically stable for alln > 1 and Ry > 1.
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Proof. We have to show that

- 1 1
(511) (RO - 1)R6_n S [ + 1

nn—1 nn-1

Define the map w : (0,00) — R by w(z) = (z — 1)z~ 2 > 1. Tt is easy to check
that w has a global maximum given by w(n) = (n — 1)n"/(1=")_ Hence,
1 1 1 1

(Ro = 1)Rg " < (n—1)n"/07 = —— = — < —— 4 —,
nm nn—1 nm nn—1

which proves (5.11). O

As in our second application, we can plot the stability diagrams for (5.6) showing
the role of the different parameters. While the diagram (p,7) is not substantially
different from Figure 3, we find an interesting new feature for the stability charts
involving the reproduction number Ry. In Figure 8, we plot them for n = 2. In
contrast with Figure 4, for a given value of p or 7, we can ensure the global absolute
stability of g for all values of Ry > 1 sufficiently close to 1. Thus, in some sense,
we can affirm that the endemic bubble has a global character, which means that
the equilibrium % loses its global stability, becomes unstable, and regains its global
stability as Ry is increased. We notice that for n = 2 the endemic equilibrium g of
(5.6) is globally stable for all values of 7 and Ry if p < v/3, so an endemic bubble is
only possible for p > /3. In Figure 9, we show a bubble for n =2, p =2, and 7 = 10
n (5.6). We plotted it in the same way as for Figure 5.

40 3.0
2,
o
30} 1 Boas
—
. i
= 174
%3 20} 1 920
S 11 13 [1 g
& o
= 10 4 8l
H ~
I ]
oL ‘ ‘ ‘
1 2 3 4 5 19, 2 3 4 5
Reproduction number, R Reproduction number, Ry

Fic. 8. Two-parameter stability diagrams for (5.6) with n = 2. Left: for fized p = 2, depen-
dence on the reproduction number Ry and time delay 7. Right: for fixed T = 10, dependence on
the reproduction number Rg and the response strength p. In both cases, region I, determined by
condition (5.7), corresponds to the absolute global stability of §; § is locally asymptotically stable in
I2; and gy is unstable in I3.

6. Conclusion. There have been many attempts in the disease modeling liter-
ature to incorporate the behavioral response of the members of a population to an
epidemic into compartmental models, usually by modifying the transmission rate by
a density-dependent factor. In this paper, we considered an SIS model with a very
general reduction function h (also called a media function in some studies), imposing
only some natural hypotheses (H), but assuming an explicit reaction delay in this re-
sponse term. Then we obtain the delay differential equation (2.3), where the product
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Fic. 9. Bifurcation diagram for (5.6) displaying an endemic bubble. In region A1 (Ro < 1),
the disease-free equilibrium O is globally stable; in regions Az (1 < Rog < 4/3) and Ay (Ro > 4), the
endemic equilibrium § is globally stable; in region Az (4/3 < Ro < 4), § is asymptotically stable for
Ro < R« =~ 1.753, and Ry > R* ~ 3.629, while for Ry € (R«, R*), § becomes unstable and there
are sustained oscillations (we plot the minimum and the mazimum values of the limit cycle for each
value of Ro). The equation undergoes two Hopf bifurcations at Ro = R« and Ro = R*.

of delayed and nondelayed terms appears. We show that if the basic reproduction
number Ry is less than or equal to one, then the disease will be eradicated, while for
Rop > 1 it uniformly persists and a unique endemic equilibrium exists, regardless of
the time delay 7 or the specific form of the response function. More interestingly,
we found various dynamics for Ry > 1. Characterized by the properties of h (see
condition (4.2)), it is possible that the endemic equilibrium is stable for all values of
Ry and 7, thus giving the usual simple picture as in Figure 1 (a) or Figure 2. In other
cases, considering Ry as a bifurcation parameter, we experience the loss of stability
of the endemic equilibrium as Ry increases, and a branch of periodic orbits emerges
via a Hopf-bifurcation.

The most remarkable feature is that for large Ry, the endemic equilibrium al-
ways regains its stability and the periodic oscillation disappears, forming an interest-
ing structure in the bifurcation diagram that we call (motivated by [9]) an endemic
bubble; see Figures 5 and 9. To explore this phenomenon in detail, we considered
the four most typical one-parameter families of reduction functions (h(y) = 1 — py,
h(y) = 1 —y/(p+y), h(y) = exp(—py), h(y) = 1/(1 + (py)")), each family being
parametrized by a response strength p. We visualized the stability charts in terms of
the relevant parameters p, 7, and Ry, which reveals the nonmonotonic nature of the
stability boundaries (see Figures 4 and 8), which leads to the bubbling effect. In ad-
dition, we have proved several global attractivity results for the endemic equilibrium.
We note that, instead of the usual comparison techniques or Lyapunov functions,
here we employed a technique for relating the delay differential equation to a discrete
dynamical system, which is a novel application in the context of disease transmission
models.

The estimates in Theorem 3.1 provide us an explicit lower and upper bound for
the bubble, while by the stability results we can locate the bubble in the parame-
ter space. More precise estimates and the finer structure of the bubble can be an
interesting subject of further research (cf. [9]). The biological interpretation of the
appearance of such a bubble is not immediately clear. We can give the following
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intuitive explanation: when Ry is small, then the density of the infection remains at
a low level, and thus the population does not react very strongly. The slope of h
represents how strong the reaction is to a small perturbation from the equilibrium
state. For larger Ry, the endemic equilibrium is increased as well, and the population
reduces the transmission rate, inducing oscillations by this delayed negative feedback.
For very large Ry, however, the endemic equilibrium will be so large that individuals
already reduced their transmission rates as much as they can, and further reduction
is not feasible, resulting in a stable equilibrium. These properties are encoded into
the shape of h.

A striking consequence of our results is the possibility of the following scenario:
imagine that the system is beyond the bubble, for example, Ry = 4 in the situation
depicted in Figures 5 and 9. Then, after reducing the reproduction number by some
other means, the system can move into the oscillatory regime with a high amplitude, so
that the number of infected individuals can increase temporarily (and unexpectedly)
to a higher level than it was before reducing Ry. On the other hand, it is possible
that the minimum of the oscillatory solution goes near zero (such a situation can be
seen in Figure 5 when Ry &~ 2), and in this scenario a relatively small intervention
(for example, isolating all infected individuals, when there are not too many of them),
if applied at the right time, has the potential to eradicate the disease even if Ry is
larger than one.

Acknowledgment. The authors are grateful to the anonymous referees for their
helpful comments, which improved the presentation of this paper.

REFERENCES

(1] D. M. BELL AND WORLD HEALTH ORGANIZATION WORKING GROUP ON PREVENTION OF IN-
TERNATIONAL AND COMMUNITY TRANSMISSION OF SARS, Public health interventions and
SARS spread, 2003, Emerg. Infect. Dis., 10 (2004), pp. 1900-1906.
[2] V. CapPasso AND G. SERIO, A generalization of the Kermack-McKendrick deterministic epi-
demic model, Math. Biosci., 42 (1978), pp. 43-61.
[3] A.Cimva, A. GASULL, AND V. MANOSA, Dynamics of some rational discrete dynamical systems
via invariants, Internat. J. Bifur. Chaos Appl. Sci. Engrg., 16 (2006), pp. 631-645.
[4] S. COLLINSON AND J. HEFFERNAN, Modelling the effects of media during an influenza epidemic,
BMC Public Health, 14 (2014), 376.
[5] W. A. CoppPEL, The solution of equations by iteration, Proc. Cambridge Philos. Soc., 51 (1955),
pp. 41-43.
6] J. Cul, Y. SuN, AND H. ZHu, The impact of media on the control of infectious diseases, J.
Dynam. Differential Equations, 20 (2008), pp. 31-53.
(7] A.F.1Ivanov, E. L1z, AND S. TROFIMCHUK, Global stability of a class of scalar nonlinear delay
differential equations, Differential Equations Dynam. Systems, 11 (2003), pp. 33-54.
(8] J. H. JONES AND M. SALATHE, Early assessment of anziety and behavioral response to novel
swine-origin influenza A(HIN1), PloS ONE, 4 (2009), e8032.
[9] T. KriszTIN AND E. Liz, Bubbles for a class of delay differential equations, Qual. Theory Dyn.
Syst., 10 (2011), pp. 169-196.
[10] W. Liu, H. W. HETHCOTE, AND S. A. LEVIN, Dynamical behavior of epidemiological models
with nonlinear incidence rates, J. Math. Biol., 25 (1987), pp. 359-380.
[11] W. Liu, S. A. LEVIN, AND Y. IwasA, Influence of nonlinear incidence rates upon the behavior
of SIRS epidemiological models, J. Math. Biol., 23 (1986), pp. 187-204.
[12] M. Liu AND G. ROsT, Dynamics of an SIS model on homogeneous networks with delayed
reduction of contact numbers, Biomath., 1 (2012), 1210045.
[13] M. Liu, G. ROsT, AND G. VAs, SIS model on homogeneous networks with threshold type delayed
contact reduction, Comput. Math. Appl., 66 (2013), pp. 1534-1546.
(14] R. Lw, J. Wu, aND H. Zuu, Media/psychological impact on multiple outbreaks of emerging
infectious diseases, Comput. Math. Methods Med., 8 (2007), pp. 153-164.
(15] E. L1z, Local stability implies global stability in some one-dimensional discrete single-species

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/15/15 to 193.146.37.232. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ENDEMIC BUBBLES BY DELAYED RESPONSE 91

models, Discrete Contin. Dyn. Syst. Ser. B, 7 (2007), pp. 191-199.

. L1z AND G. ROsT, Dichotomy results for delay differential equations with mnegative

Schwarzian derivative, Nonlinear Anal. Real World Appl., 11 (2010), pp. 1422-1430.

. L1z AND G. ROsT, Global dynamics in a commodity market model, J. Math. Anal. Appl.,

398 (2013), pp. 707-714.

. E. J. NEWMAN, The structure and function of complex networks, SIAM Rev., 45 (2003),

pp. 167-256.

. PASTOR-SATORRAS AND A. VESPIGNANI, Epidemic dynamics and endemic states in complex

networks, Phys. Rev. E, 63 (2001), 066117.

. RosT AND J. WU, Domain-decomposition method for the global dynamics of delay differen-

tial equations with unimodal feedback, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci.,
463 (2007), pp. 2655-2669.

. SINGER, Stable orbits and bifurcation of maps of the interval, SIAM J. Appl. Math., 35

(1978), pp. 260-267.

. SMITH, An Introduction to Delay Differential Equations with Sciences Applications to the

Life, Springer, 2010.
SuN, W. YanG, J. ARINO, AND K. KHAN, Effect of media-induced social distancing on
disease transmission in a two patch setting, Math. Biosci., 230 (2011), pp. 87-95.

. Wu, X. Fu, M. SmALL, AND X. J. XU, The impact of awareness on epidemic spreading in

networks, Chaos, 22 (2012), 013101.

. X1a0, X. XU, AND S. TANG, Sliding mode control of outbreaks of emerging infectious dis-

eases, Bull. Math. Biol., 74 (2012), pp. 2403-2422.

. X1a0, T. ZHAO, AND S. TANG, Dynamics of an infectious diseases with media/psychology

induced non-smooth incidence, Math. Biosci. Eng., 10 (2013), pp. 445-461.

YORKE AND W. P. LONDON, Recurrent outbreaks of measles, chickenpoxr and mumps II.
Systematic differences in contact rates and stochastic effects, Amer. J. Epidemiology., 98
(1973), pp. 469-482.

. Zuao, Y. LIN, AND Y. DaA1, An SIRS epidemic model incorporating media coverage with

time delay, Comput. Math. Methods Med., 2014 (2014), 680743.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




