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Abstract

In this paper we study the delay differential equation
x(@) =pa@®x@®) + f@, x@ — 1)),

wherey is a real parameter, the function&), f(z, &) are C#-smooth and periodic in the variable

t with period 1. Varying the parameter, eigenvalues of the monodromy operator (the derivative of
the time-one map at the equilibrium 0) cross the unit circle and bifurcation of an invariant curve
occurs. To detect the critical parameter-values, we use Floquet theory. We give an explicit formula to
compute the coefficient that determines the direction of the bifurcation. We extend the center manifold
projection method to our infinite-dimensional Banach space using spectral projection represented by
a Riesz—Dunford integral. The Neimark—Sacker Bifurcation Theorem implies the appearance of an
invariant torus in the spae@ x S1. We apply our results to an equation used in neural network theory.
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1. Introduction

Consider the non-autonomous scalar delay differential equation
X(1)=y@®)x@) + f(t,x( = 1)), 1)
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wherey is a real parameter, : R — Randf : R x R — R areC*-smooth functions
satisfying

at+1) =a@),
f&+1,9)= 190

and

f(,0=0,

forallz, ¢ € R. Every element) of the Banach spade of continuous real functions on the
initial interval[—1, O] determines a unique continuous functioh: [—1, co) — R, which

is differentiable on(0, co), satisfies (1) for alt > 0 andx? (1) = ¢(t) forall r € [—1, 0].
We call such a function? the solution of (1) with the initial valué. The time-one map
F : C — C is defined by the relations

F(¢) =xf, x(s)=x@+s), se[-10].

When we want to emphasize the dependence of the time-one map on the parameter, we
write F,. Denote the Banach space of continuous complex valued functions on the interval
[—1, 0] by Cc. The space€ andC¢ are equipped with the norm

I¢ll=sup [p@)I.
-1<r<0
The behavior of solutions close to the equilibrium 0 is determined by the speeiitiin
of the monodromy operatdd. This is the derivative of the time-one m&pat 0. The
monodromy operator is a linear continuous map and with the relétign = U (Rey) +
iU(Imy) considered as an operat6y — C¢ and given byU () = y‘f, wherey? :
[—1, o0) — C is the solution of the linear variational equation

y(@) =y@@®y@) + fe(t, 0y — 1)) 2

with yé)// =1 € Cc. The operatot) is compact, therefore all the non-zero points of the spec-
trum are isolated points and eigenvalues of finite multiplicity with finite dimensional range
of the associated eigenprojecti®y) : Cc — Cc, whereu € a(U), u # 0. These eigen-
values are called Floquet multipliers. The spectral theory and other properties of different
types of delay differential equations are extensively studid¢d,B] and[14].

Varying y, the Floquet multipliers cross the unit circle and bifurcation of an invariant
curve occurs. Iisectiorn2 we analyze how the Floquet multipliers depend on the parameter
7. The conditions for the Neimark—Sacker Bifurcation Theorem (it is also known as Hopf-
bifurcation for maps) are checked 8ection3. A detailed proof of this theorem can be
found in[7], under generalized conditions [if. For applications of the Hopf-bifurcation
to autonomous functional differential equations, gdeln the critical case, all the essential
qualitative features of our dynamical system are captured by the center manifold. Unfor-
tunately, the classical process of computing the dynamical system restricted to the center
manifold using bilinear forms for delay differential equatiqbs$] cannot be applied di-
rectly to periodic equations. I#], the method of normal forms is presented for periodic
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functional differential equations, but that works only for equations with autonomous linear
part. In this paper we use a functional analytic approach to extend the projection method
to our Banach space. The computations are analogue to the @@ ,ibut performed in

the infinite dimensional spac& The arguments of this paper work only for the case when
the delay is the same as the period. When the delay is a multiple of the period, we are in
the same situation again. A different case, when the delay is not a multiple of the period,
but commensurable with that. Then the Floguet multipliers can be deduced by the explicit
solution of a system of ordinary differential equations, which is not possible in general.
In [17], some information was obtained on the Floquet multipliers in a similar problem:
a linearization along a periodic solution of an autonomous equation. There the delay is 1,
the period of the solution is 3, and under additional conditions a criterion was formulated
for the hyperbolicity of the periodic solution. The most difficult case when the delay is
incommensurable with the period.

We give an explicit formula for the coefficient that determines the direction of the bi-
furcation inSection5, which is important for specific applications. To do this, we have to
replace the scalar product®f' by the spectral projection represented by a Riesz—Dunford
integral. The spectral projection is the residuum of the resolveudtatfthe corresponding
eigenvalue. An explicit expression for the resolvent and the spectral projection operator is
computed inSectiord, solving an ordinary differential equation with boundary condition.
Section6 summarizes our achievements. We show an exam@edaton?7, applying our
results to an equation arisen in neural network theory.

2. The characteristic equation and the Floquet multipliers

A non-zero pointu of the spectrum of the monodromy operatbiis called a Floquet
multiplier of Eq. (2) and any. for which u = €* is called a Floquet exponent of Eq. (2). By
the Floquet theory[b, p. 237), u=e* is a Floquet multiplier of Eq. (2) if and only if there
is a nonzero solution of equation (2) of the form

y(t) = p()e”,

wherep(r + 1) = p(t). Substituting this solution into Eq. (2) and usipg — 1) = p(r) we
obtain for p(¢) the linear ordinary differential equation

p(6) = p(t)(ya(t) +y f=(1, 00e* — 1),
which has the solution

N (e Ve — T e
p() = pligyeloll*OI T/ 0eTAD,

We can choose such thatp(zg) # 0. Settingr = 1o + 1, by the periodicity ofp(r) we
deduce that the Floquet exponents are the zeros of the characteristic function

h(3) =y + e’ — 4, ®)



1028 G. R&st / Nonlinear Analysis 60 (2005) 1025-1044

where

to+1 0
oc:/ a(t)dt:/ a(t) de,
10 -1

fo+1 0
ﬁ=/ fe(@,0) dt:/ fe(,0)dr.
10 -1
The eigenfunctions have the form
1u(0) : [=1,0] 5 1 > el ale@+f6.0e71d ¢ ¢

For any root/ of the characteristic function, the correspondingt) defines a Floquet
solution of Eq. (2), hence the Floquet exponents coincide with the roots of the characteristic
function. Characteristic functions of the same type occur linearizing around a periodic orbit
of an autonomous equation. With this object these characteristic functions were widely
discussed. A detailed analysis can be found e.§@,itChapter XI] We recall some basic
facts.

Define the intervalg, fork =0,1, 2, ... by

Iy = ((2k — Dm, (2k + D)m).
Eachly is divided by the point 2z into intervals/,” andZ,:
I = ((2k — VDm, 2km), I = (2km, (2k + D).

Let the curvef,f parametrized by in the (u, v)-plane be defined as

Cf:{(u,v):(vcos(v) ! )‘ve[,?:}.

sin(v)  sin(v)

The curvesC,f are drawn inFig. 1, lie in the sections > |u| andv < — |u|, do not
intersect, are ordered as is showirig. 1and asymptotic to the linas=+u. These curves
and the linel. = {(u, v)|v = —u} divide the plane into regions. Taking= yo andv = yf,
the number of roots of the characteristic function outside the unit circle is constant in these
regions. These numbers are also indicatefign 1

The conjugate of a root of the characteristic function is also a root. The derivative of
h(2) with respecttolis i/ (1) = —ve~* — 1. From this we obtain thatis a double root of
h(2) only whenv = —&*~1 andX = u — 1, which is real. The curv® in Fig. 1is given by
v = —e"~1and intersects the curvésf. Double zeros ofi(4) occur only onD.

We have the double root zero at the pdiht—1), at the other intersection points> 1
and the double root is positive. We restrict our attention to thecasg| orv < — |u/, that
is f2 > 2, because all the Neimark—Sacker bifurcation phenomena appear in this region,
where the Floquet multipliers on the unit circle are always simple. The line) and
v=2u represent the case of resonance (Lemma 2). For adigzedp the critical parameter
values can be obtained easily from the equation

vcogv) v )

sin(v) ° sin(v)

(Vaavﬁ)=:<
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Fig. 1.

as

+ arccos;—%) +2nm

=— N.
Vtn +fisin(arccos—%)) ° e

Lemma 1. The critical Floguet multipliers arg:; = e = €7V [ —%—ij1- %
andji; = ehi = e VB = —% +i /1— 272

Proof. Since|u;|=1,/; =i0for somed € R. In that case the real and imaginary parts of
the characteristic equation (3) are

O=ya+y;pcog0),
{0: ~y, Bsin(0), “)
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thus
Z—i = co(0),

L —sir2(0), ®)

follows. The sum of the last two equations gives
o2 0?

—+ =1

B ,/f

and
=95 (B —
From (4) we obtain
cos0) = -3,
sin) = —},Jiﬁ ©

and finally

et =&’ = cog0) +i sin()) = —B—i 1—;. O

3. Neimark—Sacker bifurcation

Combining the Center Manifold Theorem, the Reduction Principle and the Neimark—
Sacker Bifurcation Theorem (for details §2¢12] and[18]) we can state the following:

Theorem A. Suppose that the one-parameter family of time-one nfap<” — C corre-
sponding to Eq(1) has at the critical valug = y; the fixed pointp = 0 with exactly two

simple Floquet multiplierg!?, e71? on the unit circle. Then there is a neighborhooda
which a unique closed invariant curve bifurcates frrasy passes through;, providing
that the transversality condition

olum)|
ay

#0
Vi
and the nonresonance conditions
w1 d#1
hold.

Now we propose the main result. The definition of the terms in TheoreR), 1, W)
and the detailed calculation can be foundiectionb.
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Theorem 1. The direction of the appearance of the invariant curve is determined by the
sign of the coefficient

1 _ _ _
5(j) = %Re(;Ru(WW Lo 1) +2V (e A= U)WV (10 2,0)

+V G W = UV (e m))) :
where all the terms can be computed explicitly( by

Let us mention that the casée/j) <0 andé(yj) > 0 are called supercritical and sub-
critical Neimark—Sacker bifurcations. In the supercritical case a stable (only in a restricted
sense, inside the invariant center manifold) invariant curve appeays-for, while in the
subcritical case an unstable invariant curve disappears wimeneasingly crosses;.

Whend(y;) = 0, we need further investigations (sgg). Here we suppose that the
nondegeneracy conditioi(yj) # O is fulfilled. The smoothness @, is guaranteed by the
smoothness af(r) and f (¢, &).

Lemma 2. The transversality condition holds.

Proof. Let u; be a Floguet multiplier with modulus 1 for the critical parameter valpe

By the Implicit Function Theorem there is a smooth functigpm) =€**) in a neighborhood
of y; with u(y;) = i;, wherei(y,) satisfies (3). Using the notatiolty) = k(y) +il(y) the
transversality condition is equivalent to

K () #0.

It is clear thatk(y;) = 0,1(y;) # 0 andy; # 0. The real and the imaginary parts of the
characteristic equation are

{ k() = yo+ ppe ) cogl(y)),
1(y) = —pBe D sin (7).

Differentiating (7) with respect tp gives
{ k' (y) = o4 Pe=*0 cosl (7)) —yBe* Dk’ (y) cosl () —y e D) sind (y)I' (7),

Q)

I'(3) = — Bk sini ()47 Dk () Sind () - et cosi' (). ©)

At critical values (7) becomes

0=a+ ficodi(y;)),

[(y;) = —7;Bsinl(y;)).

Substituting (9) into (8) yields

K'(yj)=yok' () +1GHIG;),
I(y; /

UG =2 = KGIG) + ol ()).

Supposingc/(yj) =0 we getl/(yj) = 0 and finally/(y;) = 0, a contradiction, hence the
transversality conditions hold. Notice that this fact is intuitively clear fieign . O

©)
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Lemma 3. M? =1ifand only ifo =0, andp? = lifand only if § = 2a.

Proof. Elementary calculations show substituting the appropriate values of the roots of
unity into the real and the imaginary parts of the characteristic equation. See Lemimha 1.

4. Resolvent and spectral projection

Let
A@) =z — &7,

The equatior(z) = 0 is equivalent to the characteristic equation. Any complex number
1= €*is aroot of4(z) if and only if 1 is a Floquet exponent. Applying Theoreni ®f 5,

p. 247]to Eq. (1) one finds that the Floquet multipliers consist of the rootfof, and the
algebraic multiplicity of an eigenvalyeequals the order qgf as a zero ofi(z). When this
number is 1, we calk a simple eigenvalue. We state the Riesz—Schauder Theorem for the
case when the eigenvalue is simple.

Theorem B. LetU : C¢c — C¢ be a compact operator. = u is a simple eigenvalue of
U, then there are two closed subspadgsand Q,, such that

(1) E, is one-dimensional

(2) Ex® Qu=Cc;

(3) U(Ew) C EpandU(Q,) C Qy;

4) a(UIEy) ={u}, c(U|Qu) = a(U)\{u};

(5) the spectral projectionP, onto E, along Q, can be represented by a
Riesz—Dunford integral

Py (zI —U) tdz =Res(zl — U)™2,
=

N 27i Iy

wherel',, is a small circle around: such thatu is the only singularity ofz/ — Uy 1
insiderl,.

For simplicity, letb(t) =y f:(¢, 0) andc(r) = ya(¢). With this notation the linearized
equation takes the form

y(@) =c®)y) + b))y — 1),

o= % ffl c(t)dt, p= % f?lb(z) dr and the eigenfunctions are

vy bis)
2u(@) [=1,01 31 o/Lale)+ B 1ds o
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By the variation-of-constants formula for ordinary differential equations we find the
following representation of the time-one map

ot ! s
F(¢)(t) = el-1c0de (¢(0>+ / e [acwdu, oy ¢><s))ds>,
-1
te[-1,0], (10)

which implies for the monodromy operator
1 ! S
U()(t) = el-1¢00 du <¢(0)+ / e_flc(“)d”b(s)qﬁ(s)ds>, te[—1,0. (11)
-1

Lemma 4. The resolvent of the monodromy operator can be expressed as

@I - Ut

— o/ ale@+24 ] du
1 0. b q g 01 S e LR
x ( Sy + efale+=Rdn [ 2 g [Lale@+ZR1dup 6 (s) ds
Z 1z

o . D(u 1 N U
X (z — e[—l[c(u)+](7)]du)fl + Zeffil[c(u}k%]duw(t)
t 1 s Y
+/1Z_ze_f1["(“)+b(1)]d”b(s)np(s)ds). 12)

Proof. Set¢ = (zI — U)~ Yy, or equivalently

Y(t) =z¢p(t) —U(P)(1), te[-1,0] (13)
To compute the resolvent we have to solve this equation. Let

by = e~ Facdig ), (14)

then by the representation (11) and the notation in (14), multiplying (13) Wit o) de

gives
A A l A
V(1) = 20(0) — $(0) — f OroLs (15)

First we suppose that is differentiable. Differentiating (15) one has

~A/

b(t) ~ 1~
¥ ="290+ 200, (16)
Takings = —1 in (15) we obtain

D(—1) = 2(~1) — e re@ gy, (17)
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The Egs. (16) and (17) define a boundary value problem. By the variation-of-constants
formula from (16) we find the solution

A t u A t S u A/
b(r) = ella " du <¢(_1) + / %e*f—l g (s) ds) . (18)

-1

Lettings = 0 we have

! u A O S u A/
$(0) = el E (¢(—1> + f Se S ) ds) |

-12

Substituting this into the boundary condition, (17) becomes
~ A u ~ 0 S u ~/
(=D = 2h(—1) — el e+ de <¢<—1) - / et aug ) ds) :
12
which yields

(?)(_1) - (lAﬁ(—l) + effllc(u)Jr@Jdu /O }e, s d”fp/(s) ds)

12
0 b(u)
X (Z _ ef_l[c‘(u)'f'T] du)—l’ (19)

whenever
-0 b(u)
(z — g/ Sale)+=3= ]du) # 0,

thatisz ¢ a(U). Substituting (19) into (18) and returning ¢dr) we get

0 '

-1z

t s u ~
w(z — e/ ale@+P e duy -1 | / Lo tw e’ (5 ds) .
Z

Now we integrate by parts and returnifgr) to obtain the expression

@ =)~ W)o)
_ e[iﬂg(@ﬁ»@]du ((l//(—l) + %W(O) _ efEﬂC(M)er(Tu)]du%w(_l)

0

0 (. b(u) 1 S Te bw)

+e/—1[°(“)+7z ]du/ Z_ze—f,l[c(u)-i- 2 ]dub(S)lp(S) dS)
-1

0 e bw) _ 1 b(u)
X (z —ef—l[C(u)-F " ]du) 1+ ze JLgle@)+2 ]d"lp(t)

1 1 s u
Y-+ / e Sl Ay gy ) ds) : (20)
z 12
which can be simplified to (12). This formula is valid for any differentiaplelhe differ-
entiable functions form a dense setGg, therefore the continuity of the formula implies
that (12) is valid for anyy € C¢, we obtained an explicit expression for the resolveifil
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Theorem 2. The spectral projection operator has the representation
P/,t(w) = X,uR,u(W)»

where

1 0p
wior= (s ) (v [ 200)
- Iz

Proof. A straightforward computation proves the theorem as follows:

1
Pu)() = o / (@l = U)"Hdz()(1) = Reszl — )~ () (@)
| Iy =u
= lim (= ! = )~ W ©)
_ flale+ 21 ds ('ﬁ( 1)+ nﬁ(O) e/ [e@)+22 g 1 lp( 1)

-0 M [ (7
4@+ ]d"f —e ffl[c(”H () (s) dS)
-1 H

0 b(u)
i _ _ alqle@+==1duy -1
X Z!@H((Z w(z—e ) )

. 1
= 7 0(Im (@ =A@ ™) (t//<—1> + 00

0
gLy gl [k
neJo1 7u(s)

1 b(s)Y(s)
d
”"(I)A()( Vo u/_1 1u(5) S)

1 O b()Y(s)
-, SUANA N
”"(”< n ﬁ) (‘p() /_1 O

5. The direction of the bifurcation

O

Consider the decomposition
C — TC @ TSM’

whereT“ =ReE, @ Im E,, is the critical 2-dimensional realified center eigenspace corre-
sponding tqu and spanned byRey,, Im y,}, T**=ReQ,®Im Q, is the 2-codimensional
realified stable-unstable subspace corresponding to the other pdtf pfThe idea of the
projection method is that we introduce new variables T¢, y € T and use them as
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coordinates on these subspaces, which are invariai f(0). Suppose we have the map
F in the form

{i =A(x) + g(x, y),
y=B(y) +h(x,y),

where(x, y)=F(x, y);x,x € Ty, y € T**; AandBare linear maps on the corresponding
subspaces and

2(0,00=0, Dg(0,0)=0,
h(0,00=0, Dh(0,0)=0.
For a manifoldy = M (x) we have

{f = A(x) + g(x, M(x)),
¥ =B(M(x)) +h(x, M(x)).

If M (x) denotes the center manifold then by the invariapee M (¥), and thus
M(A(x) + g(x, M(x))) = B(M (x)) + h(x, M(x)). (21)

The coefficients of the Taylor-expansion Mf(x) can be calculated by this formula. For
details and examples we refef{i®] and[18]. The computation below followfd 2], but the
spacer’* is not finite dimensional and the scalar product is replaced by the representation
of the spectral projection given in Theorem 2. We need the derivatives of the opfergior

to order three, which can be found from the representation (10), respectively,

t ! S
DF()(@)(1) = el (¢(0)+ / el d“v.fg(s,n<s>>¢(s)ds>,

-1

D2F () (g, d2) (1) = el -1 / tl e 1y £ (5, 1(5) a(s) dals) ds
and

DPF () (1. da. h3) (1) = &/-2c0
x / tl e 1y (5, 0(5)) 1 () o (5) da(s) Os.

Evaluating atj =0, F(0) =0 andDF(0) = U. Let V = D?F(0) andW = D3F(0).V and
W are multilinear operators. Represent the Taylor-expansiénimthe form

F(@)=U($)+ 3V, §) + W (P, ¢, ¢) + Ol p]1h.
Let Z(¢) = F(¢) — U(¢) the nonlinear part of. Now decompose € C as
G=zx+ 2+ Y,

wherez = Ru(¢) € C, zy, + 27, € T¢ andy e T°". The complex variable is a
coordinate on the 2-dimensional real eigensgg&cand the functiony is a variable iril**.
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The subspacef® and7°" are invariant unde. For any reakp, ¢ € 7** if and only if

Pu($) =0.U(y,) = py, impliesU (y,) = i1, Ry = Rp. After the above remarks we can
write

{E;z pz + Ry(Z(P)),

moreover
Z=pz+ Ru(Z(zyy + 21, + W),
V=UW) + Z@ry + 2+ V) — Ru(Z @y + 22 + Wy (22)

—Ru(Z 2y + 27, + W7y

The Taylor-expansion of (zy,, + 27, + ) around 0 with respect tg z andy in terms of
V andWis given by

Z@ i+ 3+ ) =3V (e 1072+ V (e 1072 - 3V 7,072
+V(Xuv l//)z + V()_(;u lp)z + ?V(lpi lﬁ)
FEW Gl L 207+ W e A 2,075+
Thus we can rewrite (22) using the linearity Bf:
2= 2+ 3 RV (s 2,7 + RV Gt 1)< + 3RV (s 7,007
FERW (L Ly 1,072+ 3RV (s 2y L0527+ -
U=UW) + 3C202% + {1127 + 5C00Z2 + -+,
where
CZO = V(X,u’ X,u) - R,u(v(Xy’ X,u))}flu - Rﬂ(v(}f,u’ X,u)))_(,w
C].l: V(X/p ;_{Iu) - RM(V(Xu’ )_{,u))xlu - Rﬁ(V(XH’ }_(,u)))_{,ua
COZ = V(;f/p Zﬂ) - R,u(v(}_(/u ;_{,u))%,u - R[L(V(}_(ua Zu)))_{,u'
The center manifold is tangent I at 0 and has the representation
Y= M(z,2) = $v202% + v112Z + 3vo2z? + O(Iz3),
where P, (v;;) = 0. In view of (21), the coefficients;; can be computed from
(W21 — U)vao = (2o,
(I = U= {11,
(W21 = Uyvoz = (o2

Remark thap: andp are the only eigenvalues on the unit circle and not third roots of unity,
so the operatorel — U), (121 — U), (w21 — U) are invertible and given by Lemma 5.
The restricted map

Z=pz+ Ru(Z(zy, + 2y, + M(z, 2)))
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can be written as
Z=uz+ %onZz + p1122 + %POQZZ + %PZJ_ZZZ + -, (23)

where only that cubic term retained which is necessary to analyze the Neimark—Sacker
bifurcation (sed12]), and

P11= RH(V(Xu’ )_{Iu))s
Po2 = RH(V(}_(;U ;_{/.L))’

p21=Ru(W Gy y0> 7,0) + 2Ru(V (1, v1D) + Ryu(V (2 v20))
= Ru(W Gy 2 7)) + Ru(V (e L= U) M 1p)
+ Ru(V (T (1 — U) " H20))
= Ru(W (s L 1)) + RV (e A= UV (10 7))
= Ry (V Ly XD A — RV Qs 2 X e
+ Ru(V (oo (12 = UMV Glyis 4,0) = RV (o 2 2
— RV (s 1,00 7)- (24)

Taking into account the identities
_ S A — .
zz=|zl°, Q= m Ru(V(d, ¥)) = Ru(V (¢, ),

1

2 -1

U= —— 1
opu—1"

_ 1

1 1 _ 1 J /R
(1_U) lezl_lev (MZ_U) 1Xu:mXH»
m

we obtain

P21 = RuW (s 20 7)) + 2Ru(V (e L= U) "2V (00 7,00
+ Ru(V G % = UV (s 2,00)
1
,j(l — 2u)
1—u
2 R 7)) a 7 1) 2
= T RV G ) = 5 I RuY (G 2001 (25)
u

R,M(V(Xp’ X/_t))R,u(V(Xy’ }_('u))
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By [12], restricted maps of the form (23) can be transformed into the form
E=pz1+dG)I®) + 0(lz1h,
where the real numbeéi(y;) =Red(y ;) determines the direction of the bifurcation and can

be computed by

5("/]') =Re

1 _ 1
2 2(1_ﬂ) 20M11 21F11 41ro21 -

Using this formula with the coefficients given in (24) and (25), we arrive at the invariant
expression

1
5(p;) = %Re(;Rﬂ(WW Lo 1) + 2V Gl = )MV (0 7,0)
VG (2 = UV G 100 (26)

and the proof of Theorem 1 is complete. In (26) all the terms can be expressed explicitly
by a(t), the partial derivatives of (¢, &) andu = e, for example

! ' ! —[* clu u
V(0 2,0(1) = /200 / e iy £ (s, 007, () ds

t .
= eftarat du / ) fre(s, 0) (el a7a 2SO duyge e
-1
6. The invariant torus

The evolutionary system associated with the translation along the solutions of the Eq. (1)
is given by the relation

T, 5)p=x"",
wherer >s, T(t,s) : C — C andx®* is the solution of (1) satisfying"* = ¢. Let
F*=T(t+1, 1), thenF%= F. The periodicity of (1) yields thak* = F**1 and the system
can be considered in the space< S! as an autonomous system with the solution maps
G(t):CxS's(p,5)—> (x"° t+smodD e C x S.
The characteristic equation and the Floquet-multipliers of the monodromy opeldtess

D F*(0) are independent afhence an invariant curve occurs at the same parameter-values
for all F*. Denote these curves BYf. While T (¢, s)(I'*) is an invariant curve with respect
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to F', the uniqueness property shows tiigt, s)(I"*) = I'" and the set

T=J d.o

7€[0,1)

forms an invariant torus in the spa€ex S under the dynamics generated by the associated
mapsaG (¢).

Theorem 3. If the conditions of the Neimark—Sacker bifurcation are satisfteeh for any
family of systems generated by the solution n@ys) : C x St — C x S* corresponding to
Eq.(1) a unique invariant torus bifurcates from the periodic solut{fnr) as the parameter

7 passes through the critical valye. The direction of the appearance of the invariant torus
is determined by the sign of the coefficién,tj), which can be computed explicitly

7. An application
In this section we consider the equation
2(1) = yr@)(—=mz(t) + g(z(t — 1)), (27)

wherey is a real parameter; > 0,7 : R — Randg : R — R areC*-smooth functions,
r satisfies'(r + 1) = r(¢) for all t € R andg(0) = 0. When the functiom(z) is a constant
function, (27) is an autonomous equation. A comprehensive study of that equation can
be found in[8-11] and[15,16] under both positive feedbacKg(¢) > 0 for all ¢ # 0)
and negative feedbackg(¢) <0 for all ¢ # 0) conditions. Monotonicity properties of
the feedback are also required for certain results. The structure of the global attractor was
described for a wide range of parameters, but even complicated behavior of the solutions is
possiblg13]. The periodic orbits, appearing when the system goes through Hopf bifurcation,
play an important role in the dynamics. In some specific applications in neural network
theory the same equation occurs witt) = k1 tanh(k2&), k1 > 0, k2 > 0 (see[19] and
references therein).

A more realistic model can be (27), where) is a periodic function.

Theorem 4. Assume thab < [, r(s) ds, ¢/(0) <0, g”(0) = 0 and ¢"0) # 0. Then in

the case og””’(0) < 0 the dynamical system generated by the time-one map related to Eq.
(27) undergoes a subcriticain the case ofg”’(0) > 0 a supercritical Neimark—Sacker
bifurcation as the parameterpasses throughy increasingly.

Remark that the conditiog”(0) = 0 is satisfied by the functions(¢) = arctar¢) or

g(& =tanh(¢). The theorem describes a situation when only the sigr{’@0) determines
the direction of the appearance of the invariant circle. Let us define

0 t
r=/ r(s)ds, 61(1)=/ r(s) ds.
1 1
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Using the notations of the previous sections we have
a(t)=—mr(t), f@t, x(t—=1)=r)gx—1),
fe@,00=r1)g'(0), fee(t,00=r1)g"(0), feze(t,00=r(1)g"(0),

a=—mr, [=gOr, cu)=-—ygmru), bu)="7y.g O)r(u).

Lemma 5. Suppose thaiu| = 1. Then the eigenfunction corresponding to the center sub-
space satisfies(H(t)| =1 andxu(t);‘(u(t) =1forallr € [-1,0].

Proof. The characteristic equation of (27) is

A=—mry+ g Q)yrye* (28)
and the eigenfunctions have the form

1u(s) = g/l=m+g (0 q()] (29)
thus it is enough to show that

Re(—m + g'(0)e*) = 0.
By the characteristic equation (28)

A0
—m + g/(O)e_;‘ =—=i—,
ry ory

a purely imaginary number.[]

If 0 <y <y then all the Floquet multipliers are inside the unit circle and the stationary
solution 0 is stable. We study the first bifurcation, whepasses through,. Using (29)
and Lemma 5, we conclude

t
- t —_n r _ [ —
W (g Zigr Tyug) (1) = €2 ~Tomr () du [ e Fa=yomr@ du,, ()

% 8"(0) 10 ()7 (5) 7y (5) O

t
zyog/”(o)e*"/omﬂl)/ e?og’(o)ﬁoq(s)r(s) ds
1

708" (0)ig

(g (1) — €701, (30)

- Vog’”(o)e*"/omqa)(eVog'(O)ﬁoq(t) —1)

_ 8" (O)ug
g’ (0)
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Denote the above function bWy(z) for short. Letx = y if and only if xy > 0. The
assumptiorg” (0) = 0 implies thatV = 0. Now by Theorem 1, Theorem 2 and (30) we get

1 1
d(70) = 3Re| — Ry, (Wo(1))
Ho

0 . o
sre( (ot (oo [ 2o O
Ho \Ho+ 70r8'(0) 1 @)

1 ,a0+y0rg’(0) > <g///(0)uo —vomq (0)
=R 0) — e Vomdq
e< <|uo+vorg or) e %@ -

fo 708" (07 ()" (0) 1o (1, (5) — €791, (5)
+ ds
1 8'(0)[7,,5 ()12
= —g" (O Re((fig + 1078’ (0) (1o — €770
0

+ / 708 (O)r(s)(L — e 7m0z, ds>)

-1
— 8" (O)Re((fig + 7078'(0)) (1o — €779 + 708 (O)r

1 ﬁ e_yomr ))

2g "(0)

Introduce the notations

. arccosw)
’(0) €10, w= sin(arccosw)) >0,
then
—w
= 0
0T

By Lemma 1, one has

,uozw—i\/l——wz, [LO:w—i-i\/l——wz.
Adverting the relations

208 Or = —w, ygmr = —ww,
the expression in the argument of Re can be written as

~ 1-— iv1— Zeww
(U)—f-i\/l—wz—w)(w_i,/l_wZ_eww_w_i_ (w+1 w; )
w

w—iv1—w?—
= (WHivV1-w2—F) (w—ivV1-w2—e"" —F — (w — iv/1— w?) + "*)
=w+iv1l—w?—w)(-),

which has the real part

w(w — w).
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To finish the proof we only need some elementary calculus. The function

arccos?é)
sin(arccosé))

fO=

[Ty

has the derivative
B 1 Earccosl)
1-&  1-&¥

flo=-1

which is negative or{—1, 0]. Since f(0) = % >0 and f(¢) is monotone decreasing on
(=1,01, f(&) > 5 >00n(-1, 0) and the aforesaid real part is positive for amg (-1, 0).
Henced(yg) = —¢”(0). O
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