Boundedness and Periodic Solutions of Functional Differential Equations

by Géza Makay M. S. Attila József University, Szeged, Hungary

A Dissertation Submitted in Partial Fulfillment of the requirements for the Degree of Doctor of Philosophy

Department of Mathematics in the Graduate School Southern Illinois University at Carbondale July, 1993

AN ABSTRACT OF THE DISSERTATION OF

Géza Makay, for the Doctor of Philosophy degree in Mathematics, presented on June 30, 1993, at Southern Illinois University at Carbondale.

TITLE: Boundedness and Periodic Solutions of Functional Differential Equations

MAJOR PROFESSOR: Dr. Theodore A. Burton

This dissertation concerns mainly finite or infinite delay differential equations of the form x^′ = f(t, x_t). First, we prove uniform boundedness and uniform ultimate boundedness for these equations; these properties are usually used for proving that there is a T -periodic solution. We also give examples illustrating the different properties and showing applications of our theorems. Later we present theorems showing dissipativeness of finite delay differential equations. We also restate a consequence of a (seemingly not very well known) result of Hale and Lopes and prove it in a short elementary way. This result shows that a dissipative T -periodic finite delay differential equation has a T -periodic solution. Since the dissipativeness is a weaker property than uniform ultimate boundedness, this last result is better than the one using uniform boundedness and uniform ultimate boundedness. Last, but not least, we consider linear differential and integral equations. For these special equations we need even less (the existence of a bounded (uniformly continuous) solution) to prove that there is a T -periodic solution. Examples are given to show how to find a bounded solution for these equations.

ACKNOWLEDGEMENTS

I am deeply indebted to my advisor, Professor Theodore A. Burton for his professional guidance in preparation of this dissertation. His insight and knowledge contributing to my mathematical development have been invaluable. His valuable comments and suggestions, generosity with his time and concern with the progress of this work were key elements in the completion of this study.

I wish to express my sincere appreciation to Professors Ronald Grimmer, Mary Wright and Marvin Zeman for all their professional help I received during my stay at Southern Illinois University.

I also would like to thank to Professors John W. Hooker and Kenneth Johnson for serving as members of my dissertation committee.

0. Introduction

Differential equations are functional equations in which the derivative of the unknown function appears as well as the value of the function. Many phenomena in physics, biology and chemistry are described by differential equations. Differential equations can be used to study any time-dependent process for which the speed of change in the process’s status can be written as a function of the current and any previous status. The above classical view of the investigators is coming from applications: the future behavior of an object is completely determined by its present and past history. From applications we also know that many processes are periodic: a running engine, the Earth going around the Sun, populations of predator and prey, for example. Thus, it is of prime importance to consider periodic differential equations and find conditions implying a periodic behavior of the solution. This dissertation is devoted to this subject.

Let us introduce our notation in view of the above remarks. Suppose that we can describe the status of a process by a d-dimensional real vector x, which is changing with time, usually denoted by t. So, the status of the process at a time t is x(t), where x is a function mapping an interval of real numbers into the ddimensional real vectors. The present and past of the process at time t is a function x_t defined by x_t(s) := x(t+s) for s ≤ 0 as long as x(t+s) is defined. Thus, x_t is a function mapping an interval [−h, 0] into R^d, where h is a non-negative number or ∞. In the later case we naturally mean [−h, 0] = (−∞, 0]. We separate the differential equations into two classes.

If the future status of the process depends only on the present and recent past of the process, then we say that the differential equation is of finite delay. In this case we denote by h the time-displacement so that if t_0 ∈ R and t ≥ t_0 then x(t) depends only on x(s) for s ∈ [t_0 − h, t_0]. In this case x_t(s) := x(t + s) for s ∈ [−h, 0] and x_t ∈ C := {ϕ : [−h, 0] → R^d : ϕ is continuous}, the set of “past functions”. The requirement, that ϕ must be continuous, is not really a restriction since we always use the derivative of x in the differential equation. To be able to talk about any kind of continuity we need a topology on C; in this case we use the norm ‖ϕ‖ := sup_{s∈[−h,0]} |ϕ(s)|, where |·| is an arbitrarily fixed norm in R^d. Now we are ready to write down the finite delay differential equation

x^′(t) = f(t, x_t )

where^′ denotes the derivative with respect to t and f is a function mapping R×C into R^d. In the unknown function x the argument t is usually suppressed, so the above equation is written as x^′ = f(t, x_t). (1)

The other case is when the future status of the process depends on the present and the whole past status of the process. In this case we are talking about infinite delay differential equations. Using a notation similar to the one above let C := {ϕ : (−∞, 0] → R^d : ϕ is bounded and continuous}, ‖ϕ‖ := sup_{s≤0} |ϕ(s)| and x_t ∈ C is defined by x_t(s) := x(t + s) for s ≤ 0. The infinite delay differential equation x^′ = f(t, x_t) (2)

formally looks the same as the finite delay equation, but x_t has a different meaning in this case.

In both cases to start a process we need an initial time (denoted by t_0) and a “past”, that is a function ϕ ∈ C. We are looking for a function x which satisfies the differential equation for t > t_0 and x_{t0} = ϕ. From the above inexact observations we expect a unique solution x(t, t_0, ϕ) defined for t ∈ [t_0 − h, K] for some K > t_0 for the so called initial value problem

x^′ = f(t, x_t) x_{t0} = ϕ.

Mathematically, it has been proved [2] that if f is continuous (with the topology defined on C) then x(t, t_0, ϕ) really exists for some K > t_0. Also, if f is locally Lipschitz in ϕ (i.e., if for all (t, ϕ) ∈ R × C there are a δ > 0 and an L > 0 such that if t^′ ∈ R and ϕ^′, ϕ^{′′} ∈ C with |t − t^′| < δ, ‖ϕ − ϕ^′‖ < δ and ‖ϕ − ϕ^{′′}‖ < δ then |f(t^′, ϕ^′) − f(t^′ , ϕ^{′′})| ≤ L‖ϕ^′ − ϕ^{′′}‖) then x(t, t_0, ϕ) is unique and depends continuously on t_0 and ϕ (in our terminology, it depends continuously on the initial data). We always assume in the following that there is a unique solution of the initial value problem which depends continuously on the initial data.

We have mentioned before the importance of periodic processes. A periodic process in our terminology is a T -periodic solution of an initial value problem for some T > 0. Clearly, one cannot expect a T -periodic solution unless f is T - periodic in t. Thus, in most of the cases we assume that f(t + T, ϕ) = f(t, ϕ).

We now summarize our results. We will give all the necessary definitions in the appropriate chapter.

In the first chapter we consider a conjecture coming from the theory of ordinary differential equations by which one hopes to prove uniform boundedness and uniform ultimate boundedness for functional differential equations. We are interested in uniform boundedness and uniform ultimate boundedness, because these conditions are often used to prove the existence of a T -periodic solution for a T - periodic differential equation (see e.g. [3, 7]). We show by an example that this conjecture is false, we cannot prove uniform ultimate boundedness. This example also solves an old problem on the asymptotic stability of functional differential equations. We also consider theorems generalizing a result of Burton [4]. We use Liapunov functionals to prove uniform boundedness and uniform ultimate boundedness at some point for general (non-periodic) finite and infinite delay differential equations. We see from [4] that this is enough to have a periodic solution. We also give examples illustrating the different properties and applications of our theorems.

The next chapter concerns T -periodic finite delay differential equations. The first two theorems show dissipativeness for these equations generalizing a result of Pliss [23]. In the rest of this chapter we restate a consequence of a (seemingly not very well known) result of Hale and Lopes [12] and prove it in a short elementary way. This result shows that a dissipative T -periodic finite delay differential equation has a T -periodic solution. Using this theorem we can prove theorems using Liapunov functionals with weaker conditions than the ones in the previous chapter, that show the existence of a periodic solution. We also give an example showing that dissipativeness is a weaker property than uniform ultimate boundedness.

In the last chapter we consider T -periodic linear differential equations with finite or infinite delay. We show that if there is a bounded solution of the equation, then there is a T -periodic solution as well. We will see that dissipativeness is a stronger property than the existence of a bounded solution and hence this result is better than the one in the previous chapter, but it works only for linear equations. We give a proof for finite delay differential equations, which is different from that of the result of Chow [8] and works for infinite delay differential equations as well. We also prove that for linear integral equations the existence of a uniformly continuous bounded solution implies the existence of a T -periodic solution. At the end examples are given showing how to prove the existence of a bounded solution (and hence a T -periodic solution) for ordinary and infinite delay differential equations.

1. Uniform boundedness and uniform ultimate boundedness

In this chapter we study some conditions in connection with uniform boundedness (UB) and uniform ultimate boundedness (UUB). We give the definitions of some properties (called UB and UUB at a time t_0), that are weaker than UB and UUB. Then we prove theorems for finite and infinite delay equations using Liapunov functionals, that ensure these properties. We also give examples to illustrate the connections and differences between the definitions. The importance of this work can be seen by noting that if solutions are UB and UUB at t_0 and the right-hand side of the equation is T -periodic in t, then there is a T -periodic solution (see e.g. [3] for the finite and [7] for the infinite delay case). Also, there are several spaces that can be considered in the infinite delay case, He, Huang and Wang [15] show some of them and prove theorems using Liapunov functionals to ensure UB and UUB. Hering [16, 17] worked with spaces and methods to prove UB and UUB similar to those we are concerned with here.

1.1. Definitions, preliminary remarks

The following definitions and theorems can be stated in the infinite delay case also; for simplicity we consider the finite delay case only.

First, we introduce our definitions of uniform boundedness and uniform ultimate boundedness. They can be found with t_0 = 0 in [3] but we need them for arbitrary t_0.

Definition. We say that the solutions of (1) are uniform bounded at t_0 (UB(t_0)) if for all B_1 > 0 there is a B_2 > 0 such that t ≥ t_0 and ϕ ∈ C with ‖ϕ‖ < B_1 imply |x(t, t_0, ϕ)| < B_2.

Definition. We say that the solutions of (1) are uniform ultimate bounded at t_0 (UUB(t_0)) if there is a B > 0 such that for all B_3 > 0 there is a K > 0 such that t ≥ t_0 + K, ϕ ∈ C with ‖ϕ‖ < B_3 imply |x(t, t_0, ϕ)| < B.

These conditions are clearly generalizations of the properties known as uniform boundedness and uniform ultimate boundedness, since in those we have the constants B_2, B and K independent of t_0 and the estimations for all t_0. With h = 0 these definitions work for ordinary differential equations as well.

We are also going to use a functional V mapping R × C into R, which is usually called a Liapunov functional. For simplicity we always assume that V is continuous and locally Lipschitz in ϕ. We define the derivative of V with respect to the equation (1) or (2) by

V^′(t, x_t) := lim sup_{δ→0} 1 δ {V (t + δ, x_{t+δ}(·, t, ϕ)) − V (t, x_t(·, t, ϕ))} , where x is a solution of the appropriate equation. We note that if V has continuous first partial derivatives then we can compute V^′ by the chain rule for any fixed solution x of (1) or (2), because V^′ is actually the derivative of the function v(t) := V (t, x_t) with respect to t. Although we do not know the solution we know that x^′ = f(t, x_t) and we can use this in the chain rule. The beauty of this procedure is that V does not have anything to do with our equation, but V^′ does. The main idea of Liapunov’s direct method we are using here is that using V as a measuring functional we can tell something about the solution. Generally we ask that V is non-negative and V^′ is (although not necessarily non-positive) “negative enough” to show that solutions are bounded, uniformly bounded, uniformly ultimately bounded, stable or asymptotically stable.

We also use non-negative, continuous and monotone increasing functions W with W (0) = 0. These functions are called wedges, the set of these functions is denoted by K.

In this chapter we are working with Liapunov functionals to prove UB and UUB at some t_0. The following theorem gives the reason to do so.

Theorem 1.1. Suppose that f(t + T, ϕ) = f(t, ϕ) and for all B > 0 there is an L > 0 such that (t, ϕ) ∈ R × C with ‖ϕ‖ ≤ B implies |f(t, ϕ)| ≤ L. Also, assume that the solutions of (1) are UB and UUB at t_0. Then there is a T -periodic solution of (1).

Proof. The proof is the same as that of Theorem 4.2.2 in [3], the only difference is that instead of starting the solutions at 0 we need to start them at t_0.

Actually, that theorem is the same as this one with t_0 = 0 and does not use the stronger UB or UUB.

One can state a similar theorem for infinite delay equations too. The condition on f we have in this theorem is called the boundedness condition. Note that if f is locally Lipschitz (in the sense of definition 3.5.3 in [3] and not our definition in the introduction), then we have this condition. To distinguish between the two definitions in the following we call our local Lipschitz condition weak and the other one strong. If we do not state which one we are using, we are using the weak one.

Another interesting connection between these properties is shown in the following

Theorem 1.2. If the solutions of (1) are uniformly bounded, if they are uniformly ultimately bounded at t_0, and if the right-hand side of (1) is T -periodic in t, then the solutions are uniformly ultimately bounded.

Proof. Let B > 0 be that of uniform ultimate boundedness at t_0. Since (1) is T -periodic, using a translation argument it is easy to prove that the solutions are uniformly ultimately bounded at any t_n = t_0 + nT with the same bound B. Moreover, K is independent of n in the uniform ultimate boundedness. Let B_3 > 0 be given, define B_4 to be the B_2 of uniform boundedness for B_1 = B_3. For this B_4 we find a K > 0 from the uniform ultimate boundedness at t_n (for any n). Now, let (t_0, ϕ) ∈ R × C be given with ‖ϕ‖ < B_3. Choose the smallest t_n with t_0 ≤ t_n. From the uniform boundedness we have ‖x_{tn} (·, t_0, ϕ)‖ < B_4 and hence from the uniform ultimate boundedness | |x(t_n + t, t_0, ϕ) | | < B for t ≥ K. This proves that if (t_0, ϕ) ∈ R × C with ‖ϕ‖ < B_3 then |x(t_0 + t, t_0, ϕ)| < B for t ≥ K + T , which was to be shown.

1.2. Examples

Using a similar result [Theorem 4.1.16, 3] of the theory of ordinary differential equations one can observe the following

Conjecture A. Suppose that there are a functional V : R × C → R, functions W_i ∈ K and a constant U ≥ 0 such that (i) W_1(|ϕ(0)|) ≤ V (t, ϕ) ≤ W_2(‖ϕ‖), (ii) V^′(t, ϕ) ≤ −W_3(|ϕ(0)|) for |ϕ(0)| ≥ U and (iii) W_1(r) → ∞ as r → ∞.

Then the solutions of (1) are uniformly bounded and uniformly ultimately bounded.

Many authors are investigating how one can get uniform boundedness and uniform ultimate boundedness using Liapunov functionals; a good reference list can be found in [5]. We will prove that the conjecture is false; we cannot prove uniform ultimate boundedness.

We also study the asymptotic stability (see e.g. [3]) of the zero solution of equation (1) using Liapunov functionals. In this topic the following two theorems are basic :

Theorem A (see [13, Theorem 4.1]). Suppose that for every M > 0 there is an L(M) > 0 such that [t ∈ R, ϕ ∈ C_M := {ϕ ∈ C : ‖ϕ‖ ≤ M}] =⇒ |f(t, ϕ)| ≤ L(M). Also, assume that there are M > 0, a functional V : R × C_M → R and functions W_1, W_2, W_3 ∈ K such that (i) W_1(|ϕ(0)|) ≤ V (t, ϕ) ≤ W_2(‖ϕ‖), (ii) V^′(t, ϕ) ≤ −W_3(|||ϕ|||) for all t ∈ R, ϕ ∈ C_M , where

|||ϕ||| = √∫_0 −h |ϕ(s)|^2 ds. Then the zero solution of equation (1) is uniformly asymptotically stable.

Theorem B ([11, Theorem 5.2.1]). Suppose that all conditions but (ii) of Theorem A hold, and (ii)’ V^′(t, ϕ) ≤ −W_3(|ϕ(0)|) holds. Then the zero solution of equation (1) is uniformly asymptotically stable.

The first not numbered condition of Theorem A is the boundedness condition. A classical question (see [2, p. 252]) asks whether the boundedness condition can be dropped from Theorems A and B. The first attempt to answer this question is by the author [21]. Kato answered the question, as it is stated, in one of his talks [20]. The answer is no; he gave an example satisfying conditions (i), (ii) and (ii)’, but the zero solution of his equation is not asymptotically stable. Here we radically simplify his equation.

Let us define the right-hand side of the equation in the following way: Let h = 1 and g : [0, ∞) → (0, ∞) be a continuously differentiable function such that 1. g(n) = 1 +^1_{2n} and g^′(n) = 0;

2. g is monotone decreasing on the interval [n, n +^1_2 ] and monotone increasing on the interval [n +^1_2 , n + 1]; 3. ∫_{n+1} n g(s)ds ≤^1_{2n} ;

4. g(s) ≤ 2 for s ∈ [0, ∞), where n = 0, 1, 2, ... . Clearly, there is such a function g. Now let α_n = g(n + 1)/g(n) and p_n = α_n/(1 − α_n) and define f on the interval [n −^1_2 , n +^1_2 ] by

f(t, ϕ) := g^′(t) g(t) ϕ(0), if 0 ≤ ϕ(0) ≤ α_n‖ϕ‖ or t ∈ [n, n + 1 2 ] −p_n g^′(t) g(t) (ϕ(0) − ‖ϕ‖), if ϕ(0) ≥ α_n‖ϕ‖ and t ∈ [n − 1 2 , n] −f(t, −ϕ), if ϕ(0) < 0 (I) First, we need to verify that f is a continuous functional; in particular we need to verify the continuity when we change definitions in the definition of f. If ϕ(0) = α_n‖ϕ‖, then by the first and second part of the definition f(t, ϕ) = g^′(t) g(t) ϕ(0) = α_n g^′(t) g(t) ‖ϕ‖ = −p_n g^′(t) g(t) (α_n − 1)‖ϕ‖ = − p_n g^′(t) g(t) (ϕ(0) − ‖ϕ‖), so they give the same result. When t = n then g^′(t) = 0, so by either the first or second part of the definition f(t, ϕ) = 0. Similarly, if ϕ(0) = 0, then the first or third part gives f(t, ϕ) = 0. Thus, f is continuous.

(II) It is clear that f satisfies a local Lipschitz condition in its second variable.

This and (I) imply that there is a unique solution of the initial value problem and it depends continuously on the initial data.

(III) Let us examine the behavior of the solutions. We consider the case when ϕ(0) ≥ 0; the case for ϕ(0) < 0 can be handled similarly. First, note that the supremum norm of a solution is monotone non-increasing because (a) if t ∈ [n, n +^1_2 ] then f(t, ϕ) = (g^′(t)/g(t))ϕ(0) ≤ 0 because g is monotone decreasing on the interval [n, n +^1_2 ], or (b) if ϕ(0) is near ‖ϕ‖ (the second case in the definition of f), then f becomes smaller and smaller as ϕ(0) goes to ‖ϕ‖ and f(t, ϕ) = 0 when ϕ(0) = ‖ϕ‖. Next, note that if we start the solution at time t_0 with an initial function ϕ, for a time t with t_0 ≤ t < t_0 + 1 and t an integer, the solution obeys the equation on [t_0, t] and (by the definition of α_n) x(s) will stay below α_n‖x_s‖ as s ∈ [n − 1, n). Therefore the solution of our equation obeys the first part of the definition of f on the interval [t, ∞), so x(s) = cg(s), where c is a constant (c = x(t)/g(t)).

Now let us define the Liapunov functional V (t, ϕ) = ‖ϕ‖ + ∫_∞ t |x(s)| ds + ∫_∞ t ∫_s s−1 x^2(u)duds, where x(u) = x(u; t, ϕ) is a solution of our equation with x_t(·; t, ϕ) = ϕ. We need to check that the integrals exist in the definition of V . First, we use the facts that ‖x_s‖ is monotone non-increasing and x_t = ϕ to obtain ∫_∞ t |x(s)| ds ≤ ∫_{t+1} t |x(s)| ds + ∫_∞ t+1 |x(s)| ds ≤ ‖ϕ‖ + ∫_∞ t+1 |x(s)| ds. On the other hand, on the interval [t + 1, ∞) the solution is of the form x(s) = cg(s), where c < ‖ϕ‖, because ‖g_s‖ > 1 for all s ≥ 0 and ‖x_s‖ is monotone nonincreasing. Since ∫_∞ t+1 g(s)ds ≤ ∫_∞ 1 g(s)ds = ∑_∞ i=1 ∫_{i+1} i g(s)ds ≤ ∑_∞ i=1 1 2^i = 1 we

have ∫_∞ t |x(s)| ds ≤ ‖ϕ‖ + ∫_∞ t+1 |x(s)| ds = ‖ϕ‖ + ∫_∞ t+1 cg(s)ds ≤ ‖ϕ‖ + c ≤ 2‖ϕ‖.

Changing the order of integration in the double integral and using the boundedness of g, a similar argument shows that ∫_∞ t ∫_s s−1 x^2(u)duds ≤ 4‖ϕ‖^2. Hence we have proved the existence of the integrals in V and that ‖ϕ‖ ≤ V (t, ϕ) ≤ 3‖ϕ‖ + 4‖ϕ‖^2, so condition (i) of Theorems A and B and Conjecture A is satisfied. Also, condition (iii) of Conjecture A holds. A similar argument shows that V is continuous and satisfies a local Lipschitz condition in its second variable.

To prove conditions (ii) and (ii)’ compute V^′(t, x_t) ≤ d dt (‖x_t‖) − |x(t)| − ∫_t t−1 x^2(u)du ≤ − |x(t)| − |||x_t|||^2, because ‖x_t‖ is monotone non-increasing.

Hence V satisfies all the conditions of Conjecture A and Theorems A and B. All that is left to prove is that the solutions are not uniformly ultimately bounded and the zero solution is not asymptotically stable.

Since Mg(s) is a solution of our equation, Mg(n) ≥ M for all n = 0, 1, 2, ... and M can be any large number we know that the solutions are not uniformly ultimately bounded even with U = 0 in Conjecture A. This proves that the conjecture is false.

Also, εg(s) is a solution starting at t_0 = 1 with initial function εg_1(s) = εg(1 + s). This solution satisfies ‖εg_1‖ = 2ε and it does not go to 0 because εg(n) ≥ ε. This shows that the boundedness condition cannot be dropped from Theorems A and B.

To see the point in defining UB and UUB at a time t_0 we give another example, where the solutions are not UB or UUB but they are UB and UUB at 0. To this end we need the function g : C × [−h, 0] × [−h, 0] → R defined by g(ϕ, α, β) = sup α≤s0≤...≤s_n≤β n∑ k=1 max{0, ϕ(s_k) − ϕ(s_{k−1}) − 1}.

For this definition to make sense we always assume that α ≤ β. Kato [19] defined a function g very similar to our function g and proved that it is continuous and locally Lipschitz in ϕ. It is also clear that g is continuous in α and β too. To clarify matters we note that g is a function, which gives the “large increasing variation” of ϕ on the interval [α, β]. We also define a function, which is (more or less) a sign function:

f(s) :=

1, if s ≥ 1 s, if s ∈ [−1, 1] −1, if s ≤ −1 Now we are ready to define the right-hand side of our equation. Let t ∈ [2n, 2n + 2] for some integer n, then

F (t, ϕ) := min{g(ϕ, 2n − t, 0) − 1, 4 |ϕ(0)|^2}f(ϕ(0)), if t ∈ [2n, 2n + 1] min{g(ϕ, −1, 2n + 1 − t) − 1, 4 |ϕ(0)|^2}f(ϕ(0)), if t ∈ [2n + 1, 2n + 2] where h = 1 and T = 2. It is clear that F is continuous and locally Lipschitz, since g and f are. But, unfortunately, Kato used the weak local Lipschitz condition that does not imply that g (and hence F ) satisfies the boundedness condition. To ensure that F satisfies the boundedness condition we put 4 |ϕ(0)|^2 into the argument of the minimum in the definition of F . Since 4 |ϕ(0)|^2 satisfies the boundedness condition, so does F . But 4 |ϕ(0)|^2 is a good enough right-hand side for a differential equation to ensure that the solution blows up fast, so in our example we can be sure that the big influence of g will be in effect as we describe it in the following.

Let us consider how solutions of our example behave. First, note that if x(t) = x(t, t_0, ϕ) ever becomes 0, then it remains 0 forever after. Thus, solutions do not change sign. To be definite, consider a solution x(t) = x(t, t_0, ϕ) with ϕ(0) > 0, so x(t) ≥ 0 for all t ≥ t_0. Since g ≥ 0 and f ≤ 1, x^′(t) ≥ −1. Define n to be the integer with t_0 ∈ (2n − 2, 2n]. From the definition of F we see that x^′(2n) = −f(x(2n)) ≤ 0 and hence x(t) is monotone decreasing for t ∈ [2n, ∞). Moreover, if x(t) > 1 then x^′(t) = −1 and x is a linear function, if x(t) ≤ 1 then x^′(t) = −x(t) and x is an exponentially decreasing function. A similar proof works if ϕ(0) < 0. Therefore, if we start our solution at t_0 = 2n then the above consideration proves that the solutions are UB(t_0) (for every B_1 > 0 let B_2 := B_1) and UUB(t_0) (let B := 1, then for B_3 > 0 we may choose K := B_3 − 1).

But the solutions are not UB or UUB at any other point (we will prove it for only one), and hence they are not UB or UUB. To see this, we take a function ϕ which is oscillatory with amplitude greater than 1. If we start the solution at t_0 = 2n + 1, our function g in the definition of F is applied to a segment containing [−1/2, 0] of ϕ while t is in [2n + 1, 2n + (3/2)] and it gives larger and larger numbers as ϕ has higher and higher frequency. (Note that although g satisfies the weak local Lipschitz condition, ϕ may be bounded by 1, but g is not bounded for these ϕ’s.) The minimum makes everything a little bit complicated, but one can argue as follows. From the above we know that g(x_t, −1, 2n+1−t) ≥ g(ϕ, −1/2, 0) for t ∈ [2n + 1, 2n + (3/2)], where x(t) = x(t, t_0, ϕ) is the solution. We can choose ϕ so that g(ϕ, −1/2, 0) > 1 and ϕ(0) > 1. From the definition of F it is clear that x(t) is monotone increasing on the interval [2n + 1, 2n + (3/2)]. Thus, in the following, we do not have to worry about the function f, since it is 1 along this solution on the intervals considered here. We claim that the solution satisfies x^′(t) = g(x_t, −1, 2n + 1 − t) − 1 for t ∈ [2n + (5/4), 2n + (3/2)]. If this is not true, then since g(x_t, −1, 2n + 1 − t) is monotone decreasing, but 4 |x(t)|^2 is monotone increasing we must have x^′(t) = 4 |x(t)|^2 on the interval [2n + 1, 2n + (5/4)]. But the solution of this equation (with t_0 = 2n + 1 and ϕ(0) > 1) blows up before 2n+(5/4), which is not possible, since x^′ ≤ g(x_t, −1, 2n+1−t)−1 ≤ g(ϕ, −1, 0)−1 (a fixed constant for every ϕ) for t ∈ [2n + 1, 2n + (3/2)]. This contradiction shows that x^′(t) = g(x_t, −1, 2n+1−t)−1 ≥ g(ϕ, −1/2, 0)−1 for t ∈ [2n+(5/4), 2n+(3/2)]. Hence, the solution can be as large as one wants at t = 2n, because one can have any large number of the form g(ϕ, −1/2, 0) with bounded ϕ’s. Therefore, the solutions are not UB(t_0). Also, since the solution is very large at t = 2n and cannot decrease faster than a linear function with slope 1, we cannot find a suitable B in the definition of UUB(t_0).

The above example shows that there are differential equations with solutions that are not UB or UUB but UB(t_0) and UUB(t_0) for some t_0. Since we also have |x(t, t_0, ϕ)| → 0 for all (t_0, ϕ) ∈ R × C, the example shows that dissipativeness (see the next chapter) does not imply UB or UUB. With some changes we will show that dissipativeness does not imply UB or UUB at any t_0.

1.3. Finite delay differential equations

We see from the previous section that Conjecture A is false, and hence we need more conditions to prove uniform boundedness and uniform ultimate boundedness for (1). Also, we need only uniform boundedness at t_0 and uniform ultimate boundedness at t_0. In order to prove this we modify Theorem 4.2.11 in [3] to fit our needs.

Theorem 1.3. Suppose that there are a functional V : R × C → R, a sequence t_n ∈ R with h ≤ t_n − t_{n−1} ≤ k for some k > 0 and constants a, b, M, U > 0 such that (i) W_1(|ϕ(0)|) ≤ V (t, ϕ) and V (t_n, ϕ) ≤ W_2(‖ϕ‖) (ii) V^′(t, x_t) ≤ M (iii) V^′(t, x_t) ≤ −a |x^′(t)| − b for |x(t)| ≥ U, where W_1(r) → ∞ as r → ∞. Then the solutions of (1) are uniformly bounded and uniformly ultimately bounded at t_n for any n. Also, B_2 of the uniform boundedness and B, K of uniform ultimate boundedness does not depend on n.

Proof. First, we prove uniform boundedness. Clearly, the proof is the same for any n, and we will see that B_2 does not depend on n, so we prove everything for t_0. Let B_1 > 0 be given; we need to find a B_2 > 0 such that ϕ ∈ C with ‖ϕ‖ < B_1 implies |x(t, t_0, ϕ)| < B_2 for t ≥ t_0. Define L ≥ B_1 so that −aL + Mk < −α for some α ∈ (0, bh). Define B_2 by

B_2 := W^{−1}_1 ( W_2(U + L) + Mk ( 2 + W_2(U + L) α ))

and suppose for contradiction that |x(t)| = |x(t, t_0, ϕ)| ≥ B_2 for some t ≥ t_0.

Using (i) we find that V (t) := V (t, x_t) ≥ W_1(|x(t)|) ≥ W_1(B_2). Let

β :=

W_1(B_2) − W_2(U + L) M = k ( 2 + W_2(U + L) α )

and integrate (ii) from s ∈ [t − β, t] to t to get V (t) − V (s) ≤ M(t − s) or V (s) ≥ V (t) − M(t − s) ≥ W_1(B_2) − Mβ = W_2(U + L). Thus, using (i) we obtain ‖x_{tn} ‖ ≥ W^{−1}_2 (V (t_n)) ≥ U + L for all t_n ∈ [t − β, t]. Define N to be the largest positive integer so that t_N ≤ t. Since ‖x_{t0} ‖ < B_1 ≤ U + L there is an N > 0 such that ‖x_{tn} ‖ ≥ U + L for n = N + 1, ..., N, but ‖x_{tN} ‖ < U + L. Note that from the above observation we know that N − N ≥ β k − 2 =

W_2(U + L) α . (1.1)

Let S_n = [t_{n−1}, t_n]. Since ‖x_{tn} ‖ ≥ U + L for n = N + 1, ..., N there is a t^′_n ∈ S_n such that |x(t^′_n)| ≥ U + L. There are two cases.

Case 1. If |x(s)| ≥ U for s ∈ S_n then integrating (iii) we obtain V (t_n) − V (t_{n−1}) ≤ ∫_{tn} t_n�1 [−a |x^′(s)| − b]ds ≤ −bh < −α. Case 2. If |x(s)| = U for some s ∈ [t_{n−1}, t_n] then without loss of generality we may assume that |x(u)| ≥ U for all u between s and t^′_n and hence integrating (ii) and (iii) we have V (t_n) − V (t_{n−1}) ≤ − | | | | | ∫_t0_n s [a |x^′(v)| + b]dv | | | | | + Mk ≤ −aL + Mk ≤ −α again.

In any case we find that V (t_n)−V (t_{n−1}) ≤ −α for n = N +1, ..., N. By the choice of N we have

V (t_N ) = V (t_N ) + N∑ n=N+1 (V (t_n) − V (t_{n−1})) ≤ V (t_N ) − α(N − N ) ≤ W_2(‖x_{tN} ‖) − α(N − N ) < W_2(U + L) − α(N − N) ≤ 0 by (1.1), which is a contradiction to the fact that 0 ≤ V (t, x_t) and hence it proves that the solutions are uniformly bounded at t_0.

Consider now the uniform ultimate boundedness. Once again, we will prove everything for t_0 only. The definition of L is slightly different now, we do not have B_1 to ask for L ≥ B_1. So, choose L > 0 large enough to have −aL + Mk < −α for some α ∈ (0, bh). Let B > 0 be the B_2 of the uniform boundedness (at t_n for any n) for B_1 := U + L. Let B_3 > 0 be given; we need to find a K > 0 such that if ϕ ∈ C, ‖ϕ‖ ≤ B_3 and t ≥ t_0 + K then |x(t)| = |x(t, t_0, ϕ)| < B. In order to do this we need to prove only that ‖x_{tn} ‖ < U + L for some t_n ∈ [t_0, t_0 + K], since then from the uniform boundedness at t_n we obtain |x(s)| < B for all s ≥ t_0 + K ≥ t_n. Define K := (W_2(B_3)/α + 1)k and suppose for contradiction that ‖x_{tn} ‖ ≥ U + L for all t_n ∈ [t_0, t_0 + K]. Let S_n := [t_{n−1}, t_n] for n = 1, 2, .... From here on, we do the same as we did in the proof of the uniform boundedness: find a t^′_n ∈ S_n with |x(t^′_n)| ≥ U + L and using the two cases we prove that V (t_n) − V (t_{n−1}) ≤ −α for n = 1, 2, ... with S_n ⊂ [t_0, t_0 + K]. The last estimate works out with a slight difference:

V (t_N ) = V (t_0) + N∑ n=1 (V (t_n) − V (t_{n−1})) ≤ W_2(B_3) − αN < 0

if N > W_2(B_3)/α, and we have this by our definition of K. This is a contradiction to the fact that 0 ≤ V (t_N ) and hence it proves that the solutions are uniformly ultimately bounded at t_0.

Remark. Note that conditions (ii) and (iii) of the theorem are equivalent with the following: There are constants U, M > 0 such that (ii)’ V^′(t, x_t) ≤ −W_3(|x(t)|) + M and (iii)’ V^′(t, x_t) ≤ −W_4(|x^′(t)|) + M for |x(t)| ≥ U, where W_3(U) > M and W_4 is convex downward.

Proof. Assume that (ii)’ and (iii)’ hold. Then for any α ∈ [0, 1] we have V^′(t, x_t) ≤ −αW_3(|x(t)|) − (1 − α)W_4(|x^′(t)|) + M. As W_4 is convex downward there is a constant c > 0 such that W_4(r) ≥ cr − 1. Substituting this into the above estimate, assuming that |x(t)| ≥ U and reordering we have V^′(t, x_t) ≤ (−αW_3(|x(t)|) + M) − (1 − α)(c |x^′(t)| − 1) = −(1 − α)c |x^′(t)| + (−αW_3(U) + M + (1 − α)),

so taking α sufficiently close to 1 we have the desired (iii) estimate. Clearly, (ii) holds.

To prove the opposite direction note that (iii) implies (iii)’. For (ii)’ define W_3 by W_3(U) = 1, W_3(r) = M + b + 1 for r ≥ U + 1 and linear everywhere else. Then by (ii) V^′(t, x_t) ≤ M ≤ −W_3(|x(t)|) + (M + 1)

for |x(t)| ≤ U. Similarly, by (iii) V^′(t, x_t) ≤ −b ≤ −W_3(|x(t)|) + (M + 1) for |x(t)| > U. Thus (ii)’ is satisfied, and the proof is complete.

We now give an example for Theorem 1.3. Let a, b, c : R → R be continuous functions, h > 0, and consider x^′(t) = −a(t)x(t) + b(t)x(t − h) + c(t). (1.2) Suppose that there are constants k > 0, B > 0 and α > 0 such that for p := 1 + α we have (i) −a(t) + p |b(t + h)| ≤ min{−α, −αa(t)}, (ii) |c(t)| ≤ B and (iii) there is a sequence t_n ∈ R with h ≤ t_n − t_{n−1} ≤ k with ∫_{tn} t_n−h |b(s + h)| ds ≤ B. Then the solutions of (1.2) are uniformly bounded and uniformly ultimately bounded at t_0.

Proof. Define V (t, x_t) = |x(t)| + p ∫_t t−h |b(s + h)| · |x(s)| ds.

Clearly, we have |x(t)| ≤ V (t, x_t) and V (t_n, x_{tn} ) ≤ ‖x_{tn} ‖ + p ∫_{tn} t_n−h |b(s + h)| ‖x_{tn} ‖ds ≤ (1 + pB)‖x_{tn} ‖. Also, differentiating V we find V^′(t, x_t) ≤ −a(t) |x(t)| + |b(t)| |x(t − h)| + |c(t)| + p |b(t + h)| |x(t)| − p |b(t)| |x(t − h)| ≤ [−a(t) + p |b(t + h)|] |x(t)| + (1 − p) |b(t)| |x(t − h)| + B ≤ −α[a(t) |x(t)| + |b(t)| |x(t − h)|] + B. Using (i) from this last estimate we have V^′ ≤ −α |x^′(t)| + (1 + α)B and V^′ ≤ −α |x(t)|+B, which is enough for Theorem 1.3 by the remark. Thus, the solutions of (1.2) are uniformly bounded and uniformly ultimately bounded at t_0.

This result implies the existence of a T -periodic solution if the functions a, b and c are T -periodic. There are other ways to prove the existence of a periodic solution for this special kind of differential equation. We will consider again this equation in a more general form in the last chapter.

1.4. Infinite delay differential equations

Consider now (2), the functional differential equation with infinite delay. Let the function g : (−∞, 0] → [1, ∞) be continuous and monotone decreasing with g(s) → ∞ as s → −∞ and g(0) = 1. We define the norm ‖ϕ‖_g := sup_{s≤0} |ϕ(s)| /g(s). Definition. Solutions of (2) are uniformly bounded at t_0, if for all B_1 > 0 there is a B_2 > 0 such that ϕ ∈ C, ‖ϕ‖ < B_1 and t ≥ t_0 imply |x(t, t_0, ϕ)| < B_2.

Definition. Solutions of (2) are g-uniformly bounded at t_0, if for all B_1 > 0 there is a B_2 > 0 such that ϕ ∈ C, ‖ϕ‖_g < B_1 and t ≥ t_0 imply |x(t, t_0, ϕ)| < B_2.

Definition. Solutions of (2) are uniformly ultimately bounded with bound B at t_0, if for all B_3 > 0 there is a K > 0 such that ϕ ∈ C, ‖ϕ‖ < B_3 and t ≥ t_0 + K imply |x(t, t_0, ϕ)| < B.

Definition. Solutions of (2) are g-uniformly ultimately bounded with bound B at t_0, if for all B_3 > 0 there is a K > 0 such that ϕ ∈ C, ‖ϕ‖_g < B_3 and t ≥ t_0 + K imply |x(t, t_0, ϕ)| < B.

Since ‖ϕ‖_g ≤ ‖ϕ‖, g-uniform boundedness is a stronger condition than uniform boundedness and the same is true for uniform ultimate boundedness. The next theorem proves uniform boundedness and uniform ultimate boundedness for infinite delay equations.

Theorem 1.4. Suppose that there are a functional V : R × C → R, wedges W_i and constants M, U, a, b > 0 such that (i) W_1(|ϕ(0)|) ≤ V (t, ϕ) ≤ W_2(‖ϕ‖_g) (ii) V^′(t, x_t) ≤ −a |x^′(t)| − b for |x(t)| ≥ U (iii) V^′(t, x_t) ≤ M, where W_1(r) → ∞ as r → ∞. Also, assume that g(s) ≥ −μs for all s ≤ 0 and some μ > 0. Then the solutions of (2) are g-uniformly bounded and uniformly ultimately bounded.

Proof. First, we prove the g-uniform boundedness. Let B_1 > 0 be arbitrary and L ≥ B_1 be large enough to have μ ( −a(U + L) + M μ ) ≤ −2b and ( −a(U + L) + M μ ) ≤ −2aU. The last estimation clearly implies aU + M/μ ≤ aL; we will need this later. Also, define B_2 by b(W_1(B_2) − W_2(U + L)) M > W_2(U + L) + aL. While these definitions are complicated, they will simplify later work. Suppose for contradiction that there is such a (t_0, ϕ) ∈ R × C such that ‖ϕ‖_g < B_1 and |x(t, t_0, ϕ)| ≥ B_2 for some t ≥ t_0. Using the very same idea as we used in Theorem 1.3, we can prove that if

β :=

W_1(B_2) − W_2(U + L) M then s ∈ (t − β, t] implies ‖x_s‖ ≥ ‖x_s‖_g ≥ W^{−1}_2 (V (s)) > U + L. Let v_0 ∈ [t_0, t] be the largest number such that ‖x_{v0} ‖_g ≤ U + L (since ‖x_{t0} ‖_g < B_1 ≤ U + L we can find such a v_0). It is not difficult to see from the definition of v_0 and the monotonicity of g that |x(v_0)| = U + L. It is also clear by the above observation and the definition of B_2 that t − v_0 ≥ β > W_2(U + L) + aL b . (1.3)

Let w_0 = u_0 = v_0, η_0 = 1 and V_0 := V (v_0)+aLη_0. We now define the sequences η_n and u_n ≤ v_n ≤ w_n by induction. The sequences will have the following property: either (a) v_n = t and V (v_n) − V_0 ≤ −b(v_n − v_0) or (b) η_n ≥ 1, η_n(U + L) is the maximum of |x(s)| on the interval [u_n, v_n], V (v_n) − V_0 ≤ −b(v_n − v_0) − aLη_n and sup_{s≤−(wn−un)} |x(w_n + s)| /g(s) ≤ U + L. Clearly, (b) holds for n = 0. In our induction step we prove that if (b) holds for η_n, u_n, v_n and w_n, then we can define η_{n+1}, u_{n+1}, v_{n+1} and w_{n+1} so that either (a) or (b) holds. To define u_{n+1}, v_{n+1}, w_{n+1} we consider two cases.

Case 1. If |x(s)| ≥ U for all s ∈ [v_n, t] then define v_{n+1} = t. Clearly, (ii) implies V (v_{n+1}) − V (v_n) ≤ −b(v_{n+1} − v_n) and hence (a) holds for v_{n+1}.

Case 2. If there is a u_{n+1} ∈ (v_n, t) such that |x(u_{n+1})| = U and |x(s)| ≥ U for s ∈ [v_n, u_{n+1}], then let η(U + L) be the maximum of |x(s)| on the interval [v_n, u_{n+1}] and w_{n+1} := u_{n+1} + (η + η_n)/μ.

Case 2/a. If w_{n+1} ≥ t then we define v_{n+1} = t.

Case 2/b. If w_{n+1} < t then ‖x_{wn+1} ‖_g > U + L. By the above definitions we obtain the followings: sup s≤−(w_n+1−u_n) |x(w_{n+1} + s)| g(s) ≤ sup s≤−(w_n−u_n) |x(w_n + s)| g(s) ≤ U + L sup −(w_{n+1}−u_n)<s≤−(w_{n+1}−v_n ) |x(w_{n+1} + s)| g(s) ≤ η_n(U + L) η + η_n ≤ U + L sup −(w_{n+1}−v_n)<s≤−(w_{n+1}−u_{n+1}) |x(w_{n+1} + s)| g(s) ≤ η(U + L) η + η_n ≤ U + L because w_{n+1} − v_n ≥ w_{n+1} − u_{n+1} = (η + η_n)/μ and hence g(s) ≥ η + η_n in the last two estimates. Now putting these together we find

U + L < ‖x_{wn} ‖_g = sup −(w_{n+1}−u_{n+1})<s≤0 |x(w_{n+1} + s)| g(s) ≤ sup −(w_{n+1}−u_{n+1})<s≤0 |x(w_{n+1} + s)| ,

and hence we can find a v_{n+1} ∈ (u_{n+1}, w_{n+1}] such that |x(v_{n+1})| > U + L.

Now, in both Case 2/a and 2/b we estimate V (v_{n+1}) − V_0. In the following we will use several times that v_{n+1} − u_{n+1} ≤ w_{n+1} − u_{n+1} = (η + η_n)/μ without even mentioning it. Define |x(s_1)| = η_{n+1}(U + L) to be the maximum of |x(s)| on the interval [u_{n+1}, v_{n+1}], and let s_2 ∈ [u_{n+1}, s_1] be the largest number with |x(s_2)| ≤ U (in Case 2/a we do not have to do this, in this case we must drop the integral from s_2 to s_1 and −aLη_{n+1} from the following estimations). Integrating (ii) and (iii) we have

V (v_{n+1}) − V_0 ≤ V (v_{n+1}) − V (v_n) + V (v_n) − V_0 ≤ ∫_{un+1} v_n −a |x^′(s)| − bds + ∫_{s1} s2 −a |x^′(s)| − bds + ∫_{vn+1} u_n+1 Mds − b(v_n − v_0) − aLη_n ≤ −a(η(U + L) − U) − b(u_{n+1} − v_0) +

M(η + η_n) μ − aLη_n − aLη_{n+1} ≤ aU − b(u_{n+1} − v_0) + η ( −a(U + L) + M μ ) + ( M μ − aL ) η_n − aLη_{n+1} ≤ aU + 1 2 ( −a(U + L) + M μ ) + ( M μ − aL ) η_n − b(u_{n+1} − v_0)+

(v_{n+1} − u_{n+1})μ − η_n 2 ( −a(U + L) + M μ ) − aLη_{n+1} ≤ −b(v_{n+1} − v_0) − aLη_{n+1} + 1 2 ( M μ + aU − aL ) η_n ≤ −b(v_{n+1} − v_0) − aLη_{n+1} by our definition of L. Therefore, we proved that in Case 2/a v_{n+1} satisfies (a), and in Case 2/b η_{n+1}, u_{n+1}, v_{n+1}, w_{n+1} satisfy (b).

This finishes our induction step. Continuing this process we either end up in Case 1 or Case 2/a, or we have sequences u_n, v_n and w_n for all n ≥ 0. Also, by (i) V_0 ≤ W_2(‖x_{v0} ‖_g) + aLη_0 ≤ W_2(U + L) + aL.

Case A. If we end up in Case 1 or in Case 2/a when we started our procedure from v_n, then v_{n+1} satisfies (a) and we have v_{n+1} = t and V (v_{n+1}) − V_0 ≤ −b(v_{n+1} − v_0). Using these and (1.3) we obtain

V (t) ≤ V_0 − b(t − v_0) ≤ W_2(U + L) + aL − bβ < 0,

which is a contradiction.

Case B. If we have the sequences u_n, v_n and w_n for all n ≥ 0, then v_n → v ≤ t as n → ∞ for some v. Then integrating (ii) and (iii) from v_0 to v_n we have

V (v_n) − V (v_0) ≤ M(v_n − v_0) − n−1∑ i=0 ∫_{ui+1} v_i [a |x^′(s)| + b]ds

≤ M(t − v_0) − n−1∑ i=0 aL = M(t − v_0) − anL

a contradiction for large n to 0 ≤ V (v_n).

This finishes the proof of the g-uniform boundedness.

For the uniform ultimate boundedness we define L > 0 as we did in the proof of g-uniform boundedness. Let B := B_2 for B_1 := U + L + 1 in the guniform boundedness. In order to prove uniform ultimate boundedness it is sufficient to prove that for all B_3 > 0 there is a K > 0 such that for every (t_0, ϕ) with ‖ϕ‖ < B_3 there is an s ∈ [t_0, t_0 + K] with ‖x_s(·, t_0, ϕ)‖_g ≤ U + L; then g-uniform boundedness implies the necessary inequality. Let B_3 > 0 be arbitrary, D := B_3/(μ(U + L)), w_0 := t_0 + D and η_0(U + L) to be the maximum of |x(s)| on the interval (−∞, w_0]. As x is bounded by B_3 on (−∞, t_0] and V (s) ≤ V (t_0) + M(s − t_0) ≤ W_2(B_3) + MD, we have |x(s)| ≤ max{B_3, W^{−1}_1 (W_2(B_3) + MD)} =: η(U + L) for s ≤ w_0 and hence η_0 ≤ η, a bound independent of t_0 and ϕ. Define K := D + (W_2(B_3) + DM + aLη)/b + 1 and t := t_0 + K. Suppose for contradiction that there is a (t_0, ϕ) such that

‖x_s‖_g = ‖x_s(·, t_0, ϕ)‖_g > U + L for all s ∈ [t_0, t_0 + K]. Then using the below estimation on g we find

U + L < ‖x_{w0} ‖_g = sup_{s≤0} |x(w_0 + s)| g(s) ≤ max { sup s≤−D |x(w_0 + s)| g(s) , sup −D≤s≤0 |x(w_0 + s)| g(s) }

≤ max { B_3 μD , sup −D≤s≤0 |x(w_0 + s)| g(s) }

≤ max { U + L, sup −D≤s≤0 |x(w_0 + s)| } , and hence we find a v_0 ∈ [t_0, w_0] with |x(v_0)| > U + L. Let u_0 = −∞. From here on the proof is exactly the same as we did before. Note that V (t_0) ≤ W_2(‖ϕ‖_g) ≤ W_2(‖ϕ‖) ≤ W_2(B_3) and hence V (v_0) ≤ W_2(B_3) + (v_0 − t_0)M ≤ W_2(B_3) + DM. We have Cases A and B again.

Case A. If v_{n+1} = t, then from v_0 ≤ t_0 + D we have t − v_0 ≥ K − D > (W_2(B_3) + DM + aLη)/b and hence V (v_{n+1}) − V_0 ≤ −b(v_{n+1} − v_0) implies

V (t) ≤ V_0 − b(t − v_0) < W_2(B_3) + DM + aLη_0 − b

W_2(B_3) + DM + aLη b ≤ 0 a contradiction.

Case B. We get a contradiction as before.

This proves the uniform ultimate boundedness and the proof is complete. Note that with a little more care one can prove the exact counterpart of Theorem 1.3 for infinite delay equations too. The theorem would be the following.

Theorem 1.5. Suppose that there are a functional V : R × C → R, wedges W_i, constants M, U, a, b, k > 0 and a sequence t_n ∈ R with 1 ≤ t_n − t_{n−1} ≤ k such that (i) W_1(|ϕ(0)|) ≤ V (t, ϕ) and V (t_n, ϕ) ≤ W_2(‖ϕ‖_g) (ii) V^′(t, x_t) ≤ −a |x^′(t)| − b for |x(t)| ≥ U (iii) V^′(t, x_t) ≤ M, where W_1(r) → ∞ as r → ∞. Also, assume that g(s) ≥ −μs for all s ≤ 0 and some μ > 0. Then the solutions of (2) are g-uniformly bounded and uniformly ultimately bounded at t_n. Also, B_2 of the uniform boundedness and B, K of uniform ultimate boundedness does not depend on n.

Proof. We only mention the changes one needs to make on the proof of Theorem 1.4. We need to modify the definition of w_{n+1} (starting with w_0) so that w_{n+1} is one of the t_i’s in the interval of length k with the left-end point being the previous definition of w_{n+1}, and hence we have V (w_{n+1}) ≤ W_2(‖x_{wn+1} ‖_g). Also, because we have w_{n+1} ≤ u_{n+1}+(η+η_n)/μ+k only, we need to do the estimation on V (v_{n+1})−V_0 more carefully, we will have some terms containing k too. To get the same estimate as before, instead of cutting the term η(−a(U + L) + M/μ) into two equal pieces we need to use an α ∈ (0, 1) to cut it. According to this α we need to modify the definition of L too.

2. Dissipative systems

In this chapter we consider the finite delay differential equation (1) with the assumption that f(t + T, ϕ) = f(t, ϕ). The solutions of an ordinary differential equation are called dissipative if there is a bounded neighborhood of 0 in R^d such that all the solutions go into this neighborhood at some time and stay there forever after. Pliss [23, Theorem 2.1] showed that solutions of a T -periodic ordinary differential equation are dissipative if and only if there is an r > 0 such that for each (t_0, x_0) there is a τ > t_0 with |x(τ, t_0, x_0)| < r.

It is a beautiful result and an exact counterpart of it would have great application in functional differential equations. However, we show that an exact counterpart is false, but that a variation of it is true. Hale and Lopes [12] proved that dissipativeness implies the existence of a periodic solution. We will give a simpler proof of their more general result for this special case. We also use Liapunov functionals to prove dissipativeness.

2.1. Main theorems on dissipativeness

Definition. Equation (1) is said to be dissipative or point dissipative, if there is an r > 0 such that

lim sup t→∞ |x(t, t_0, ϕ)| < r for all t_0 and ϕ ∈ C.

Theorem 2.1. The solutions of equation (1) are dissipative iff there is an r > 0 such that for all (t_0, ϕ) ∈ R × C there is a τ ≥ t_0 + h such that ‖x(·, t_0, ϕ)‖^{[τ−2h,τ]} < r. Proof. This proof is very similar to that of Theorem 2.1 in [23]. The major difference is the way we ensure compactness for the functions in the proof. That is why we need the solution to be ”small” on an interval of length twice the delay.

The necessity is clear. We prove the sufficiency by way of contradiction. Suppose that there are functions ϕ_1, ϕ_2, ... ∈ C, constants t^{(1)}_0 , t^{(2)}_0 , ... ∈ R and r_1, r_2, ... → ∞ such that

lim sup t→∞ | | |x(t, t^{(k)}_0 , ϕ_k) | | | > rk.

We may assume that r_k > r. By the given condition there is a τ_k ≥ t^{(k)}_0 + h such that ‖x(·, t^{(k)}_0 , ϕ_k)‖^{[τk −2h,τk ]} < r. From the above assumption there is a t_k > τ_k such that | |x(t_k, t(k)_0 , ϕ_k) | | > r_k and hence there exists a Θ_k ∈ [τ_k, t_k] such that

‖x(·, t^{(k)}_0 , ϕ_k)‖^{[Θk−2h,Θk ]} = r and ‖x(·, t^{(k)}_0 , ϕ_k)‖^{[t−2h,t]} > r for all t ∈ (Θ_k, t_k).

From the periodicity of f in t there are Θ_k, t_k, ϕ_k such that 0 ≤ Θ_k < T , t_k > Θ_K , ϕ_k = x_{Θk} (t^{(k)}_0 , ϕ_k) with ‖ϕ_k‖^{[−2h,0]} = r, |x(t_k, Θ_k, ϕ_k)| > r_k and ‖x(·, Θ_k, ϕ_k)‖^{[t−2h,t]} > r for all t ∈ (Θ_k, t_k). Since ‖x(·, t^{(k)}_0 , ϕ_k)‖^{[Θk−2h,Θk ]} = r and f is bounded for ϕ bounded we have |ϕ^′_k| ≤ M, where M depends only on r and f. Hence ϕ_k ∈ {ϕ ∈ C : ‖ϕ‖ = r, |ϕ(u) − ϕ(v)| ≤ M |u − v|}. Thus, by compactness (using Ascoli’s Theorem) without loss of generality we may assume that Θ_k → Θ and ϕ_k → ϕ. Now for this Θ and ϕ there is a τ ≥ Θ + h such that ‖x(·, Θ, ϕ)‖^{[τ−2h,τ]} < r. Let R > r be such that |x(t, Θ, ϕ)| < R for all t ∈ [Θ, τ ]. By the continuous dependence of the solutions on the initial conditions there is a k_0 such that for all k ≥ k_0 we have |x(t, Θ_k, ϕ_k)| < R for all t ∈ [Θ_k, τ ] and ‖x(·, Θ_k, ϕ_k)‖^{[τ−2h,τ]} < r. Let k ≥ k_0 be fixed so that r_k > R, then |x(t_k , Θ_k, ϕ_k)| > r_k implies t_k > τ . Therefore, ‖x(·, Θ_k, ϕ_k)‖^{[t−2h,t]} > r for all t ∈ (Θ_k, t_k] and this contradicts ‖x(·, Θ_k, ϕ_k)‖^{[τ−2h,τ]} < r. The proof is complete.

Remark. Note that the same proof works for any set of solutions of (1); in particular we can prove the following

Proposition. The solution x : [t_0 − h, ∞) → R^d of (1) is bounded iff there is an r > 0 such that for all K ≥ t_0 +h there is a τ ≥ K such that ‖x(·)‖^{[τ−2h,τ]} < r.

We do not use the proposition in the following, but this statement is interesting as it is. It says that either the solution is bounded or lim_{t→∞} ‖x(·)‖^{[t−2h,t]} = ∞. A very similar proof shows in the case of ordinary differential equations that the solution is either bounded or lim_{t→∞} |x(t)| = ∞.

We now give an example which shows that the solutions of a general differential equation can be zero on an interval of length less than the delay, but they are not dissipative.

Let ε > 0 be given and h = 1. Consider a function ϕ : [0, 1] → R such that ϕ(0) = 1, ϕ(t) = 0 on the interval [^ε_2 , 1 −^ε_2 ] and ϕ has a smooth 1-periodic extension to the interval [0, ∞). Consider the differential equation x^′(t) = x([t])ϕ^′({t}), where [·] is the greatest integer function and {t} = t − [t]. Clearly, if x(t) is a solution, then x(t + 1) is a solution too (T = 1). It is also clear that the solutions of this equation are not dissipative; to see this, if we start the solution at t = 1 with the initial function Mϕ for an arbitrary M > 0 we get the solution as the 1-periodic extension of Mϕ to the interval [0, ∞). Hence we are unable to find a number r independent of the solutions, such that every solution tends to the rball. It is also obvious that for every solution there is an interval of length 1 − ε (say the interval [[t_0] + 1 +^ε_2 , [t_0] + 2 −^ε_2 ]) on which the solution is zero. This finishes our example.

One can construct an example so that every solution becomes bounded by 2 on an interval of length less than twice the delay, but the equation is not dissipative. This example is much too complicated to present here. It involves the function g defined by Kato in [19] we used before. We use that function at the end of this chapter to give another example.

We know then that in the very general case we cannot expect to relax the condition in Theorem 2.1. However, if we have a growth condition on f we can prove dissipativeness from a weaker condition. To do this we need the following Generalized Bellman’s Lemma. Let Y (t), H(t) be positive, continuous functions on the interval [a, b], k ≥ 0 and ω : R → R be a positive, continuous, non-decreasing function. Then the inequality Y (t) ≤ k + ∫_t a H(s)ω(Y (s))ds (a ≤ t ≤ b) implies the inequality

Y (t) ≤ Ω^{−1} ( Ω(k) + ∫_t a H(s)ds ) (a ≤ t ≤ b^′ ≤ b) where Ω(u) = ∫_u u0 ds ω(s) (u_0 > 0, u ≥ 0)

and Ω^{−1} means the inverse function of Ω(u) (Ω^{−1}(u) certainly exists owing to the monotonicity of Ω(u)). (Of course, t must be in a subinterval (a,b’) of (a,b) so that the argument Ω(k) + ∫_t a H(s)ds will be within the domain of definition of Ω^{−1}.)

The proof of this lemma can be found in [1].

Theorem 2.2. Consider again equation (1) and suppose that there are nonnegative, T -periodic functions H and G which are integrable over one period, together with a positive, continuous and non-decreasing function ω such that ∫_∞ (1/ω(s))ds = ∞ and |f(t, ϕ)| ≤ H(t)ω(‖ϕ‖) + G(t). Then the solutions of equation (1) are dissipative iff there is an r > 0 such that for all (t_0, ϕ) ∈ R × C there is a τ > t_0 such that ‖x_τ (·, t_0, ϕ)‖ < r.

Proof. The necessity is clear. Let us integrate equation (1) from τ to t (t ≥ τ ): x(t) − x(τ ) = ∫_t τ f(s, x_s)ds, and hence |x(t)| ≤ |x(τ )| + ∫_t τ |f(s, x_s)| ds ≤ r + ∫_t τ H(s)ω(‖x_s‖)ds + ∫_t τ G(s)ds. Taking the supremum of both sides in t on the interval [τ, p] and using the property that ‖x_τ ‖ < r we have ‖x_p‖ ≤ r + ∫_p τ H(s)ω(‖x_s‖)ds + ∫_p τ G(s)ds ≤ [ r + ∫_{τ+h} τ G(s)ds ] + ∫_p τ H(s)ω(‖x_s ‖)ds, if p ∈ [τ, τ + h]. Now using the generalized version of Bellman’s Lemma we get

‖x_p‖ ≤ Ω^{−1} ( Ω ( r + ∫_{τ+h} τ G(s)ds ) + ∫_p τ H(s)ds ) .

Applying this inequality for p = τ + h we find

‖x_{τ+h}‖ ≤ Ω^{−1} ( Ω ( r + ∫_{τ+h} τ G(s)ds ) + ∫_{τ+h} τ H(s)ds ) .

Using the periodicity of H and G and the fact that they are integrable on one period we can find an M > 0 such that ∫_{t+h} t G(s)ds ≤ M and ∫_{t+h} t H(s)ds ≤ M for all t. Taking into account the inequality ‖x_τ ‖ < r we arrive at ‖x(·)‖^{[τ−h,τ+h]} ≤ Ω^{−1}(Ω(r + M) + M) and the conditions of Theorem 2.1 are satisfied. This completes the proof.

Remark. Once again we note that the same proof works to establish the following

Proposition. Suppose that there are non-negative, T -periodic functions H and G which are integrable over one period, together with a positive, continuous and non-decreasing function ω such that ∫_∞ (1/ω(s))ds = ∞ and |f(t, ϕ)| ≤ H(t)ω(‖ϕ‖) + G(t). The solution x : [t_0 − h, ∞) → R^d of (1) is bounded iff there is an r > 0 such that for all K ≥ t_0 there is a τ ≥ K such that ‖x_τ ‖ < r. Also, observe that Example 1 shows that we cannot expect a better condition in the theorem’s statement.

2.2. Periodic solutions of dissipative equations

We now show how to use the dissipativeness of the solutions in proving the existence of a periodic solution. In the following we restate some results of Hale and Lopes [12]. Their results are more general than necessary for our purposes. The author was surprised to discover (again) that dissipativeness itself is enough to prove the existence of a T -periodic solution. We introduce the following properties.

Definition. Equation (1) is said to be point dissipative (at t = 0), if there is an r > 0 such that lim sup t→∞ |x(t, 0, ϕ)| < r for all ϕ ∈ C.

Definition. Equation (1) is compact dissipative (at t = 0), if there is an r > 0 such that for each compact subset K of C there is a P > 0 such that |x(t, 0, ϕ)| < r for all ϕ ∈ K and t ≥ P . Definition. Equation (1) is compact uniform bounded (at t = 0), if for each compact subset K of C there is a B > 0 such that |x(t, 0, ϕ)| < B for all ϕ ∈ K and t ≥ 0.

In the following we assume that all solutions can be continued for all future times. The property, that (1) is point dissipative, implicitly implies this condition, but we want to be clear on this point.

Lemma. If (1) is point dissipative at t = 0, then lim sup_{t→∞} |x(t, t_0, ϕ)| < r for all (t_0, ϕ) ∈ R × C, so (1) is dissipative in the sense of the first definition of dissipativeness.

Proof. For a given (t_0, ϕ), let mT ∈ [t_0, t_0 + T ) and ψ := x_{mT} (·, t_0, ϕ). Then x(t, t_0, ϕ) = x(t, mT, ψ) = x(t − mT, 0, ψ) and hence lim sup t→∞ |x(t, t_0, ϕ)| = lim sup_{t→∞} |x(t − mT, 0, ψ)| < r from point dissipativeness at t = 0, and the proof is complete.

Theorem 2.3. If (1) is dissipative (point dissipative), then it is compact uniform bounded.

Proof. Suppose that this is not the case. Then we find a compact set K in C and sequences ϕ_n ∈ K and t_n ≥ 0 such that |x(t_n, 0, ϕ_n)| → ∞. Let r > 0 be the number in the definition of point dissipativeness and L > 0 be such that |f(t, ϕ)| ≤ L for ‖ϕ‖ ≤ r. Without loss of generality, we may adjoin to K the compact set {ϕ ∈ C : ‖ϕ‖ ≤ r, |ϕ(u) − ϕ(v)| ≤ L |u − v|}, and still call it K.

We can also assume that n is so large that x_{tn} (·, 0, ϕ_n) is not in K, because K is bounded and |x(t_n, 0, ϕ_n)| → ∞. Since ϕ_n = x_0(·, 0, ϕ_n) ∈ K, we can define τ_n so that ψ_n := x_{τn} (·, 0, ϕ_n) ∈ K, but x_t(·, 0, ϕ_n) ∉ K for t ∈ (τ_n, t_n]. Using a translation argument we find a t_n ∈ [0, T ] such that x(t, t_n, ψ_n) = x(t+(τ_n −t_n), τ_n, ψ_n) = x(t + (τ_n − t_n), 0, ϕ_n). Since K and [0, T ] are compact, there are subsequences, say ψ_n and t_n again, such that ψ_n → ψ and t_n → t. Using the lemma for this t and ψ we find a P ≥ t such that | |x(t, t, ψ) | | < r for t ≥ P . Let M > 0 be a number with | |x(t, t, ψ) | | < M on the interval [t, P ]. Take any n large enough to have | |x(t, t_n, ψ_n) | | < M for t ∈ [t_n, P ], |x(t_n, 0, ϕ_n)| = | |x(t_n − (τ_n − t_n), t_n, ψ_n) | | ≥ M and | |x(t, t_n, ψ_n) | | < r for t ∈ [P, P +2h]. Then we must have t_n −(τ_n −t_n) > P +2h and also x_{P +2h}(·, t_n, ψ_n) ∈ {ϕ ∈ C : ‖ϕ‖ ≤ r, |ϕ(u) − ϕ(v)| ≤ L |u − v|} ⊂ K. But this is a contradiction to the choice of τ_n, because we must have x_t(·, t_n, ψ_n) ∉ K for t ∈ [t_n, t_n − (τ_n − t_n)]. This contradiction shows the required compact uniform boundedness.

Theorem 2.4. If (1) is dissipative (point dissipative), then it is compact dissipative.

Proof. Let r > 0 be the number from point dissipativeness. From the previous theorem we find an R > 0 such that ϕ ∈ {ψ ∈ C : ‖ψ‖ ≤ r : |ψ(u) − ψ(v)| ≤ L |u − v|} implies |x(t, 0, ϕ)| < R, where L is from the proof of the previous theorem. We claim that (1) is compact dissipative with R. Suppose for contradiction that there is a compact set K and sequences ϕ_n ∈ K and t_n → ∞ such that |x(t_n, 0, ϕ_n)| ≥ R. As K is compact, there is a subsequence of ϕ_n, say ϕ_n again, such that ϕ_n → ϕ ∈ K. For this ϕ we find an m > 0 such that |x(t, 0, ϕ)| < r for t ∈ [mT − 2h, mT ]. Then, using the continuous dependence of the solutions on the initial data take n large enough to have |x(t, 0, ϕ_n)| < r for t ∈ [mT − 2h, mT ] and t_n > mT . Using the compact uniform boundedness we find that |x(t, 0, ϕ_n)| = |x(t, mT, x_{mT} (·, 0, ϕ_n))| = |x(t − mT, 0, x_{mT} (·, 0, ϕ_n))| < R for all t ≥ mT , which is a contradiction to t_n > mT and |x(t_n, 0, ϕ_n)| ≥ R. This contradiction shows the compact dissipativeness.

Theorem 2.5. If (1) is point dissipative, then it has a T -periodic solution.

Proof. From Theorems 2.3 and 2.4 we know that (1) is compact uniform bounded and compact dissipative. Since from here on the proof of this theorem is very similar to the usual proof of the existence of a T -periodic solution assuming uniform boundedness and uniform ultimate boundedness (see [3, Theorem 4.2.2]), we will give only a sketch of the proof. Let r > 0 be the number from compact dissipativeness and |f(t, ϕ)| ≤ L for ‖ϕ‖ ≤ r. Let S_0 := {ϕ ∈ C : ‖ϕ‖ ≤ r, |ϕ(u) − ϕ(v)| ≤ L |u − v|} and define P : C → C by P ϕ := x_T (·, 0, ϕ). From the compact uniform boundedness we find B_1 > 0 such that ‖P^n(S_0)‖ < B_1 for n ≥ 0. Define L_1 > 0 such that ‖ϕ‖ ≤ B_1 implies |f(t, ϕ)| ≤ L_1 and let S_1 := {ϕ ∈ C : ‖ϕ‖ < B_1, |ϕ(u) − ϕ(v)| ≤ L_1 |u − v|}. Once again using the compact uniform boundedness we define B_2 and L_2 such that if S_2 := {ϕ ∈ C : ‖ϕ‖ ≤ B_2, |ϕ(u) − ϕ(v)| ≤ L_2 |u − v|} then P^n(S_1) ⊂ S_2 for all n ≥ 0. Also, from compact dissipativeness we find an m > 0 such that P^n(S_1) ⊂ S_0 for n ≥ m. Now all the conditions of Horn’s fixed-point theorem (see [18] or [3, Section 3.4]) are satisfied, and hence there is a fixed point of P , which is (of course) a T -periodic solution of (1). The proof is complete.

To satisfy the condition of this theorem we do not need the dissipativeness as it is stated at the beginning of this chapter, we need only point dissipativeness at t = 0. In the very same way as one proves the propositions stated after Theorems 2.1 and 2.2, one can prove that

Theorem 2.6. The solutions of equation (1) are point dissipative at t = 0 iff there is an r > 0 such that for all ϕ ∈ C and K ≥ h there is a τ ≥ K such that ‖x(·, 0, ϕ)‖^{[τ−2h,τ]} < r. Also, if we have the growth condition on f used in Theorem 2.2, we can prove a similar result with ‖x_τ (·, 0, ϕ)‖ < r in it.

We now review our Theorem 1.3. In view of Theorem 2.5 we do not need uniform boundedness and uniform ultimate boundedness at some t_0 to prove the existence of a T -periodic solution.

Theorem 2.7. Suppose that there are a functional V : R × C → R and constants a, b, M, U > 0 such that (i) 0 ≤ V (t, ϕ), (ii) V^′(t, x_t) ≤ M and (iii) V^′(t, x_t) ≤ −a |x^′(t)| − b for |x(t)| ≥ U. Then the solutions of (1) are dissipative.

Proof. By Theorem 2.1 we need only to prove that there is an r > 0 such that for every (t_0, ϕ) ∈ R × C there is a τ ≥ t_0 + h such that ‖x(·, t_0, ϕ)‖^{[τ−2h,τ]} < r. Define L > 0 such that aL − 2Mh > 0, and let r := U + L. Suppose for contradiction that there is (t_0, ϕ) ∈ R × C such that ‖x(·, t_0, ϕ)‖^{[t−2h,t]} ≥ r for all t ≥ t_0 + h. Define t_n = t_0 + 2nh and S_n := [t_{n−1}, t_n]. From our assumption we can find a t^′_n ∈ S_n such that |x(t^′_n)| = |x(t^′_n, t_0, ϕ)| ≥ r = U + L. We have two cases.

Case 1. If |x(t)| > U for all t ∈ S_n, then using (iii) V (t_n) − V (t_{n−1}) ≤ ∫_{tn} t_n�1 V^′(s)ds ≤ −b(t_n − t_{n−1}) = −2bh.

Case 2. If there is a t ∈ S_n such that |x(t)| = U then we may assume that |x(s)| ≥ U for s between t and t^′_n and hence by (ii) and (iii)

V (t_n) − V (t_{n−1}) ≤ M(t_n − t_{n−1}) − | | | | ∫_t0_n t a |x^′(s)| ds | | | | ≤ 2Mh − aL < 0.

In both cases we have proved that V (t_n) − V (t_{n−1}) ≤ −α < 0 for some α > 0. Therefore, V (t_n) ≤ V (t_0)−nα < 0 for a large enough n which is a contradiction to (i). This contradiction shows that there is an n > 0 with ‖x(·, t_0, ϕ)‖^{[tn −2h,tn]} < r. The proof is complete.

Note that we can replace b by a function b : R → R integrable on any finite interval with lim_{t→∞} ∫_t 0 b(s)ds = ∞ and we do not need to change much in the proof. In this case we argue that we cannot have Case 2 infinitely many times, and hence there is an N > 0 such that Case 1 holds for n ≥ N and so V (t_n) − V (t_N ) ≤ − ∫_{tn} t_N b(s)ds, a contradiction for large n.

If we consider this theorem purely as a tool to prove the existence of a T - periodic solution, then this theorem is better than Theorem 1.3 and better than Theorem 4.2.11 in [3]. Although we do not work with ordinary differential equations we mention that one can prove a theorem similar to Theorem 4.1.16 in [3]. For this theorem we really need that the solutions can be continued for all future times.

Theorem 2.8. Suppose that there is a functional V : R × R^d → R such that (i) 0 ≤ V (t, x), (ii) V^′(t, x_t) ≤ −W (|x(t)|) for |x(t)| ≥ U. Then the solutions of the ordinary differential equation, say x^′ = f(t, x), are dissipative.

This theorem (considering it again as a tool for proving the existence of a T -periodic solution) is better than Theorem 4.1.16 in [3].

2.3. A dissipative but not uniformly ultimately bounded equation

Now we give an example, which is point dissipative, and hence compact dissipative and compact uniformly bounded, but not uniformly bounded or uniformly ultimately bounded. We are using a function g similar to that defined by Kato [19]. Let h ≥ 2,

g(ϕ) = sup −h≤t_0≤...≤t_n≤0 n∑ k=1 max{0, ϕ(t_k) − ϕ(t_{k−1}) − 1} and f(s) :=

1, if s ≥ 1 s, if s ∈ [−1, 1] −1, if s ≤ −1 We define α > 0 so that αh ≤ 1, β > 0 and let the right-hand side of the equation be F (t, ϕ) := min{αg(ϕ) − β, |ϕ(0)|^2}f(ϕ(0)).

Clearly, F is independent of t and hence T -periodic for any T . We could have a T -periodic perturbation in F (and define α smaller and β larger), but it would make things much too complicated.

Kato proved that g is continuous and locally Lipschitz in ϕ. But (as we mentioned earlier) he uses the weak local Lipschitz condition that does not imply that g (and hence F ) takes bounded sets into bounded sets. To ensure that F takes bounded sets into bounded sets we put |ϕ(0)|^2 into the argument of the minimum in the definition of F . It is also clear that F is continuous. Now we look at the solutions’ behavior, which will show that the equation is point dissipative but not uniformly bounded or uniformly ultimately bounded.

Let ϕ ∈ C be given and consider the solution x(t) := x(t, 0, ϕ). We show that this equation is point dissipative with r = 1. Clearly, if x(t) ever becomes 0, then it will remain 0 forever after. Therefore, the solution does not change sign for t ≥ 0. Suppose that ϕ(0) > 0, the other case can be handled similarly.

We claim that x(t) will become monotone decreasing in a neighborhood of a point t_0 ≥ 0. Suppose for contradiction that x(t) is monotone non-decreasing for t ≥ 0. If g(x_t) ever becomes 0 for some t ≥ 0 then x^′(t) is negative and hence x is monotone decreasing in a neighborhood of t. Therefore, we must have g(x_t) > 0 for all t ≥ 0 and hence g(x_t) = x(t) − x(t − h) − 1 and F (t, x_t) = (α(x(t) − x(t − h) − 1) − β)f(x(t)). From g(x_t) > 0 it is clear that x(h) − x(0) − 1 > 0 and hence x(h) > 1. Then for t ≥ h we have F (t, x_t) = α(x(t) − x(t − h) − 1) − β = α ∫_t t−h x^′(s)ds − α − β. So our equation x^′(t) = F (t, x_t) became a very simple integral equation in x^′(t). Choosing αh ≤ 1 we see that x^′(t) is always less than or equal to the average of x^′(s) on the interval [t−h, t] minus α+β. Therefore x^′(t) cannot stay non-negative for all t ≥ h, which is a contradiction to our indirect assumption. This proves that there is a neighborhood of a point t_0 in which x is monotone decreasing.

Since g is independent of the decrease in ϕ, in that neighborhood of t_0 g(x_t) is also monotone decreasing, F (t, x_t) is monotone decreasing and F (t_0, x_{t0} ) < 0, and hence x(t) remains monotone decreasing for all t ≥ t_0. Also, if the solution is monotone decreasing on an interval [t − h, t] then g(x_t) = 0 and hence x^′(t) = −βf(x(t)). Therefore, x decreases linearly with slope −β as long as x(t) ≥ 1 and it decreases exponentially for x(t) < 1. Consequently, x(t) → 0 as t → ∞. This proves that our equation is point dissipative with r = 1.

But the solutions are not uniformly bounded or uniformly ultimately bounded. To see this, take a ϕ oscillating rapidly between −1 and 1 on the interval [−h, 0] and let ϕ(0) = 1. Then g(ϕ) is a large number and g(x_t) remains large for t ∈ [0, h/2], because of the oscillation of ϕ. Also, the higher the frequency of ϕ, the larger g(x_t) is. Suppose that g(x_t) ≥ (M + β)/α for t ∈ [0, h/2]. Then, as long as x^2(t) ≤ M we have F (t, x_t) = x^2(t) by the definition of F . Since h ≥ 2, and the solution of the equation x^′ = x^2 with x(0) = ϕ(0) = 1 blows up at t = 1, we must have a point t ∈ [0, h/2] such that x^2(t) > M or x(t) > √ M . Since we can make M to be any large number we want, we can make x(t) be as large as we want at a point in [0, h/2].

Thus, although ϕ is chosen to be bounded by 1, we do not have a bound on x, that does not depend on ϕ. Hence, the solutions are not uniformly bounded. Also, since x(t) is as large as we want at a point t ∈ [0, h/2] and x^′(s) ≥ −β, we cannot find a time so that by that time all the solutions with an initial function bounded by 1 go below 1. So, the solutions are not uniformly ultimately bounded. This finishes our example.

It seems to be a good idea to summarize the relations among the different properties we used in here. We proved the following implications:

UB ⇒ UB(0) ⇒ compact UB(0), UUB ⇒ UUB(0) ⇒ compact dissipativeness at 0 ⇒ point dissipativeness at 0, point dissipativeness at 0 ⇒ compact dissipativeness at 0, and point dissipativeness at 0 ⇒ compact UB(0).

We gave examples showing that some of the implications cannot be reversed, i. e.

point dissipativeness at 0 ⇏ UB(0), point dissipativeness at 0 ⇏ UUB(0), UB(0) ⇏ UB, and UUB(0) ⇏ UUB.

Also, it is clear that UB ⇏ point dissipativeness at 0.

We also proved that point dissipativeness itself is enough to prove that a T - periodic finite delay differential equation has a T -periodic solution.

3. Periodic solutions of linear equations

In this chapter we consider the functional differential equations (1) and (2) with periodic right-hand side. For one or two dimensional ordinary differential equations Massera [22] proved that if there is a bounded solution of the differential equation and the solutions can be continued for all future times then there is a T -periodic solution. He also proved that a linear ordinary differential system has a T -periodic solution if it has a bounded solution. Chow [8] proved a similar result for linear functional differential equations with finite delay.

We generalize Chow’s Theorem for functional differential equations with infinite delay and for integral equations. Note that his theorems require a condition (the existence of a bounded solution) minimally expected for the existence of a periodic solution, since a periodic solution itself is a bounded solution. From the proof of our theorems it is obvious that we cannot drop or weaken (by taking a growth condition on the right-hand side of the equation, for example) this condition, since we use it to prove the convexity of a set. But our proof uses the linearity only at that particular point, so one might be able to find some conditions to ensure convexity in another way. Next, we are interested in finding a bounded solution for linear differential and integral equations. There are several theorems showing that all solutions are bounded (see e.g. [2]). Also, uniform boundedness, uniform ultimate boundedness or dissipativeness of the solutions implies the existence of a bounded solution. In our examples we show some techniques for finding a bounded solution for an ordinary differential equation and an equation with infinite delay when the equation does not satisfy the above conditions.

There are some related results the reader might want to look at. Yoshizawa [24, Theorem 15.10] proved for ordinary differential systems that if a bounded solution exists with a certain stability property, then there is an mT -periodic solution for some m > 0 integer. To prove the existence of a T -periodic solution using Liapunov functionals see [9]. For results on infinite delay equations see [6] and [14].

3.1. Finite delay equations

We consider equation (1) again. Note that the linearity of f we require later is enough to have a global Lipschitz condition on f. Throughout the proof of the following theorem we insist on not using the linearity of f if we do not have to. One feels that if this theorem is true for linear equations it would be true for “almost linear” equations also, so our work should make these studies easier. Note that the continuity and periodicity of f imply that f takes bounded sets of ϕ into bounded sets (the boundedness condition).

Theorem 3.1. Suppose that f(t, ϕ) is a linear functional in ϕ, so that if x(t) and y(t) are solutions of (1) and 0 ≤ α ≤ 1 is a constant, then αx(t)+(1−α)y(t) is also a solution of (1). If there is a bounded solution of (1) defined on an interval [β, ∞), then there is a T -periodic solution.

Proof. Let M be the maximum of h and T and define S as the Banach space of continuous functions mapping [−M, 0] into R^d with the supremum norm. In the following we will write x(t, t_0, ψ) for the solution of (1) starting at t_0 with the initial function ψ ∈ S with the understanding, that if M > h then we use only the values of ψ on the interval [−h, 0]. Consider the subset U :={ψ ∈ S : |ψ(s)| ≤ r for s ∈ [−M, 0], (a) |ψ(s_1) − ψ(s_2)| ≤ K |s_1 − s_2| for s_1, s_2 ∈ [−M, 0], (b) |x(t, 0, ψ)| ≤ r for t ≥ 0}, (c) where r is the bound for the existing bounded solution and |f(t, ϕ)| ≤ K for ‖ϕ‖ ≤ r (from the boundedness condition on f). First of all, we need to show that this subset is non-empty. Consider the bounded solution. Since f is a T - periodic function in t, we may assume (by a translation argument) that the bounded solution x(t) is defined on the interval [−M − h, ∞) and it satisfies the equation on [−M, ∞). Define ψ_0(s) := x(s) for s ∈ [−M, 0] and ψ_0(s) := x(s − M) for s ∈ [−h, 0]. By definition x(t) = x(t, 0, ψ_0) = x(t, −M, ψ_0) and hence ψ_0 satisfies (a) and (c) in the definition of U. For condition (b) we use the boundedness condition of f to get

|(ψ_0)(s_1) − (ψ_0)(s_2)| = | |x(s_1, −M, ψ_0) − x(s_2, −M, ψ_0) | | = | | | ∫_{s1} s2 x^′(s, −M, ψ_0)ds | | | = | | | ∫_{s1} s2 f(s, x_s (·, −M, ψ_0))ds | | | ≤ | | | | ∫_{s1} s2 Kds | | | | ≤ K |s^1 − s^2| , where we used the boundedness of x. This proves that ψ_0 satisfies condition (b) as well as (a) and (c) in the definition of U, so ψ_0 ∈ U, and hence U is not empty. Next, we prove that this set is convex. If ψ_1, ψ_2 ∈ U then

|αψ_1(s) + (1 − α)ψ_2(s)| ≤ α |ψ_1(s)| + (1 − α) |ψ_2(s)| ≤ r, and |(αψ_1(s_1) + (1 − α)ψ_2(s_1)) − (αψ_1(s_2) + (1 − α)ψ_2(s_2))| ≤ α |ψ_1(s_1) − ψ_1(s_2)| + (1 − α) |ψ_2(s_1) − ψ_2(s_2)| ≤ K |s_1 − s_2| , so conditions (a) and (b) are satisfied for the convex linear combination. For condition (c) we note that by the linearity of the equation (this is the only place we really need it), if ψ_1, ψ_2 ∈ U then

|x(t, 0, αψ_1 + (1 − α)ψ_2)| = |αx(t, 0, ψ_1) + (1 − α)x(t, 0, ψ_2)| ≤ α |x(t, 0, ψ_1)| + (1 − α) |x(t, 0, ψ_2)| ≤ r using condition (c) for ψ_1 and ψ_2, and hence condition (c) is also satisfied for the convex linear combination. Also, this set is precompact by Ascoli’s Theorem. Moreover, it is compact, because it is closed as we now prove. If ψ_n → ψ in the supremum norm and ψ_n ∈ U, then ψ clearly satisfies (a) and (b) in the definition of U. To prove condition (c) suppose for contradiction that |x(t, 0, ψ)| > r for some t > 0. By the continuous dependence of the solution on the initial function we find an n > 0 such that |x(t, 0, ψ_n)| > r, a contradiction to the fact that ψ_n ∈ U, so ψ_n satisfies (c). This proves that ψ satisfies (c) and hence ψ ∈ U. Therefore, U is closed, so it is compact. Now let us define the map P : U → U by (P ψ)(s) := x(s + T, 0, ψ) for − M ≤ s ≤ 0.

First, we prove that P maps into U. By (c) for ψ we find that P ψ is bounded by r and hence P ψ satisfies (a). For condition (c) on P ψ we note that by the T - periodicity of f and the uniqueness of the solution we find that |x(t, 0, P ψ)| = |x(t, 0, x_T (·, 0, ψ))| = |x(t + T, T, x_T (·, 0, ψ))| = |x(t + T, 0, ψ)| ≤ r. To prove (b) for P ψ we do exactly the same as we did proving that ψ_0 ∈ U. Hence, P ψ satisfies the conditions (a), (b) and (c). Thus, P indeed maps U into U. Moreover, P is continuous from the continuous dependence of the solution on the initial function. By Schauder’s fixed point theorem P has a fixed point, i.e. there is a ψ ∈ U with P ψ = ψ. This means that x(s + T, 0, ψ) = ψ(s) for s ∈ [−h, 0] and hence by the periodicity of f and the uniqueness of the solution we find that x(s + T, 0, ψ) = x(s, 0, ψ) for all s ≥ 0. Therefore, x(t, 0, ψ) is a T -periodic solution of (1) and the proof is complete.

Note that this proof does not require that solutions can be continued for all future times, although the linearity implies that. Also, observe that the periodic solution we find in the proof is bounded by the bound of the bounded solution.

3.2. Infinite delay equations

We now consider equation (2), the functional differential equation with infinite delay. We need a Lipschitz-type condition on f to prove uniqueness and continuous dependence in the g-norm. To this end consider the following Lemma. Suppose that there is a monotone decreasing function g : (−∞, 0] → [1, ∞) with g(s) → ∞ as s → −∞ such that whenever an r > 0 is given there is a K > 0 such that |f(t, ψ_1) − f(t, ψ_2)| ≤ K‖ψ_1 − ψ_2‖_g for ‖ψ_i‖_g ≤ r (i = 1, 2), where

‖ϕ‖_g := sup_{s∈(−∞,0]} |ϕ(s)| g(s) .

Then the solution of an initial value problem is unique and for all ε > 0 and M > 0 there is a δ > 0 such that if ‖ϕ_1 − ϕ_2‖_g < δ then ‖x_M (·, 0, ϕ_1) − x_M (·, 0, ϕ_2)‖_g < ε, where x(·, 0, ϕ) is the solution of (2) starting at 0 with the initial function ϕ.

Proof. We prove only the last part of the statement (the continuous dependence of the solution on the initial data), the uniqueness easily follows from that. Integrating the equation we have x(t) − x(0) = ∫_t 0 f(s, x_s)ds. Applying this equality for a solution y and subtracting these we find x(t) − y(t) = x(0) − y(0) + ∫_t 0 f(s, x_s) − f(s, y_s )ds. Thus, using the Lipschitz condition on f |x(t) − y(t)| ≤ |x(0) − y(0)| + ∫_t 0 |f(s, x_s ) − f(s, y_s)| ds ≤ g(0)‖x_0 − y_0‖_g + ∫_t 0 K‖x_s − y_s‖_g ds. Taking the supremum norm on the interval [0, t] on both sides we obtain sup s∈[0,t] |x(s) − y(s)| ≤ g(0)‖x_0 − y_0‖_g + ∫_t 0 K‖x_s − y_s‖_gds. Because g is monotone decreasing we find that g(0) sup_{s∈[0,t]} |x(s) − y(s)| g(s − t) ≤ sup_{s∈[0,t]} |x(s) − y(s)| and g(0) sup_{s≤0} |x(s) − y(s)| g(s − t) ≤ g(0) sup_{s≤0} |x(s) − y(s)| g(s) = g(0)‖x_0 − y_0‖_g, therefore, putting together the last three inequalities we arrive at g(0)‖x_t − y_t‖_g ≤ g(0)‖x_0 − y_0‖_g + ∫_t 0 K‖x_s − y_s‖_gds. Applying Gronwall’s inequality we obtain ‖x_t − y_t‖_g ≤ ‖x_0 − y_0‖_g e^{Kt/g(0)}, which proves the continuous dependence. This completes the proof of the lemma.

Theorem 3.2. Suppose that f(t, ϕ) is a linear functional in ϕ, so that if x(t) and y(t) are solutions of (2) and 0 ≤ α ≤ 1 is a constant, then αx(t)+(1−α)y(t) is also a solution of (2). If there is a bounded solution of (2) defined on the interval (−∞, ∞), then there is a T -periodic solution.

Proof. We do exactly the same as in Theorem 3.1, with only slight changes. Define the Banach space S of continuous functions defined on the interval (−∞, 0] with the norm ‖ · ‖_g. Define the subset U exactly the same way as we did before. The rest of the proof is very similar to that of Theorem 3.1 with M = −∞, we emphasize only some points, where more severe modifications are needed. To prove that U is precompact we cannot use Ascoli’s Theorem, because we have an infinite interval. Instead, consider a sequence {ϕ_n} ⊂ U. Using Ascoli’s Theorem for the interval [−1, 0] we find a subsequence {ϕ^{(1)}_n } converging in the supremum norm. For this sequence we find a subsequence {ϕ^{(2)}n } converging on [−2, 0], etc. Let ψ_n := ϕ^{(n)}_n , then ψ_n converges uniformly on any finite subinterval of (−∞, 0], in particular, it converges pointwise to a function ψ. Since ψ_n ∈ U, ψ_n is bounded by r, and hence ψ is bounded by r, so it is in S. Moreover,

‖ψ_n − ψ‖_g ≤ max { sup s≤−L |ψ_n(s)| + |ψ(s)| g(s) , sup s∈[−L,0] |ψ_n(s) − ψ(s)| g(s) }

≤ max { sup s≤−L 2r g(s) , sup s∈[−L,0] |ψ_n(s) − ψ(s)| } ≤ ε,

where L is chosen large enough so that g(s) ≥ 2r/ε if s ≤ −L, and n large enough so that sup_{s∈[−L,0]} |ψ_n(s) − ψ(s)| ≤ ε. So, this proves that ψ_n → ψ in ‖ · ‖_g norm. Therefore, we have found a subsequence of {ϕ_n} that converges in S, and hence U is precompact. Since U is closed (can be proved as before), U is compact. Defining P and proving everything about it is the same as before; we can find a T -periodic solution.

Note that g can be a bit more general than it is stated in the lemma. With a little care one can modify the proof of the lemma and Theorem 3.2 so that g satisfies only the following conditions: g(s) → ∞ as s → −∞ and sup_{0≤v≤B} sup_{s≤0} g(s)/g(s − v) < ∞ for all B > 0. Naturally, if g is monotone decreasing, then sup_{0≤v≤B} sup_{s≤0} g(s)/g(s − v) ≤ 1 for all B > 0.

3.3. Integral equations

We now consider the integral equation x(t) = F (t, x_t) (3.1) with infinite delay, i.e., F : R × C → R^d is continuous and T -periodic in t, where C is the Banach space of bounded functions ϕ : (−∞, 0] → R^d with the supremum norm. Note that we do not require ϕ to be continuous; solutions of integral equations can have a discontinuity at the initial time (and any time after that) even if the initial function is “nice”. Also, this is the reason why we need to ask in our theorems that there exists a bounded continuous solution. The finite delay case is a special case of (3.1), we emphasize only the differences in the following. We assume that (3.1) has a unique solution x(t, t_0, ϕ) for any (t_0, ϕ) ∈ R × C which depends continuously on the initial data (using the ‖ · ‖_g norm as before, or the ‖ · ‖ norm for the finite delay case), see e.g. [10, Chapters 11-13]. We also need a condition that replaces the boundedness condition on f in Theorems 3.1 and 3.2.

Theorem 3.3. Suppose that for all r > 0 there is a wedge W such that |F (t_1, x_{t1} ) − F (t_2, x_{t2} )| ≤ W (|t_1 − t_2|) for all t_1, t_2 ∈ R and function x with |x(t)| ≤ r (we may call F (t, x_t) equi-continuous in t uniformly for x with |x(t)| ≤ r). Also, assume that F (t, ϕ) is a linear functional in ϕ, so that if x(t) and y(t) are solutions of (3.1) and 0 ≤ α ≤ 1 is a constant, then αx(t) + (1 − α)y(t) is also a solution of (3.1). If there is a bounded solution of (3.1), then there is a T - periodic solution.

Proof. We do exactly the same as in the proofs of Theorems 3.1 and 3.2 with only small changes. Let r be the bound for the existing bounded solution and W the function defined above for this r. We define U a little bit differently this time: U :={ψ ∈ S : |ψ(s)| ≤ r for s ∈ [−M, 0], (a)

|ψ(s_1) − ψ(s_2)| ≤ W (|s_1 − s_2|) for s_1, s_2 ∈ [−M, 0], (b) |x(t, 0, ψ)| ≤ r for t ≥ 0}. (c) For the rest of the proof we need to be careful only when we use the boundedness condition on f in the proof of Theorem 3.1 or 3.2. Instead, we say (when proving that U is not empty, for example) that

|(ψ_0)(s_1) − (ψ_0)(s_2)| = | |x(s_1, −M, ψ_0) − x(s_2, −M, ψ_0) | | = | |F (s_1, x_{s1} (·, −M, ψ_0)) − F (s_2, x_{s2} (·, −M, ψ_0)) | | ≤ W (|s_1 − s_2|). Also, Ascoli’s theorem can be applied, since condition (b) implies the equicontinuity of the functions in U. The remainder of the proof is exactly the same as before.

Although the equi-continuity of F in t uniformly in x may seem to be a strong condition, we show that the continuity, periodicity and linearity of F imply this condition, if F is really an integral form. Consider x(t) = ∫_t −∞ c(t, s)x(s)ds + f(t), where c and f are continuous, T -periodic functions (for c it means c(t+T, s+T ) = c(t, s)), and ∫_t −∞ |c(t, s)| ds is continuous and finite for t ∈ R. Let r > 0 be given, x be any function with |x(t)| ≤ r, suppose that t_1 < t_2 and consider

|F (t_1, x_{t1} ) − F (t_2, x_{t2} )| ≤ r ∫_{t2} t1 |c(t_2, s)| ds + r ∫_{t1} −∞ |c(t_1, s) − c(t_2, s)| ds+ |f(t_1) − f(t_2)| .

Clearly, it is enough to prove the upper bound on |F (t_1, x_{t1} ) − F (t_2, x_{t2} )| for small |t_1 − t_2|, since for larger numbers it follows from that. Let us look closely at the terms in the upper bound. Since c(t, s) is T -periodic and continuous, |c(t, s)| ≤ C for all t ∈ R, s ∈ [t − 1, t] and some C > 0. Consequently, ∫_{t2} t1 |c(t_2, s)| ds ≤ C |t_1 − t_2| for |t_1 − t_2| ≤ 1. To prove the bound on the second term, we only need to find a δ > 0 for each ε > 0 such that if |t_1 − t_2| < δ then

46 ∫_{t1} −∞ |c(t_1, s) − c(t_2, s)| ds < ε (we can then define a W by W (δ) := ε). Since c is T -periodic, so is ∫_t −∞ |c(t, s)| ds. Also, ∫_t −∞ |c(t, s)| ds is continuous and finite and hence we can find a K > 0 (independent of t) such that ∫_{t−K} −∞ |c(t, s)| ds < ε/4 for all t. Then the periodicity and continuity of c imply that for some small enough δ > 0 if |t_1 − t_2| < δ then we have |c(t_1, s) − c(t_2, s)| < ε/2K for s ∈ [t_1 − K, t_1]. Putting together these remarks we arrive at ∫_{t1} −∞ |c(t_1, s) − c(t_2, s)| ds ≤ ∫_{t1−K} −∞ |c(t_1, s)| + |c(t_2, s)| ds+ ∫_{t1} t1−K |c(t_1, s) − c(t_2, s)| ds < 2 ε 4 + ∫_{t1} t1−K ε 2K ds = ε. This proves the bound on the second term. Clearly, f is continuous and T - periodic, so it is uniformly continuous and hence the third term has the necessary upper bound too. Thus, we see that we do not need any extra conditions on this equation to show that F (t, x_t) is equi-continuous for |x(t)| ≤ r.

But there are some quite innocent-looking examples (the linear difference equation x(t) = a(t) + b(t)x(t − h), for example), for which this condition is not satisfied. For these equations we can prove the following

Theorem 3.4. Suppose that F (t, ϕ) is a linear functional in ϕ, so that if x(t) and y(t) are solutions of (3.1) and 0 ≤ α ≤ 1 is a constant, then αx(t) + (1 − α)y(t) is also a solution of (3.1). If there is a bounded, uniformly continuous solution x of (3.1), then there is a T -periodic solution.

Proof. We need a definition for the proof.

Definition. We say that the function y : R → R^d is in the equi-continuity class of the uniformly continuous function x : R → R^d, if y is also uniformly continuous and whenever δ > 0 is of the uniform continuity for ε > 0 for x then the same δ works for y in the definition of uniform continuity for ε. Once again, we define U in a different way. Let r be the bound of the uniformly continuous solution x(t), and define U :={ψ ∈ S : |ψ(s)| ≤ r for s ∈ [−M, 0], (a) the solution x(t, 0, ψ) is in the equi-continuity class of x, (b) |x(t, 0, ψ)| ≤ r for t ≥ 0}. (c) Clearly, the functions in U are equi-continuous. The rest of the proof is the same as that of Theorem 3.3.

3.4. Examples

Since either uniform boundedness, or uniform ultimate boundedness, or dissipativeness, or boundedness of all solutions implies the existence of a bounded solution, we shall give examples not satisfying these properties. Moreover, we demonstrate how our theorem works for functional differential equations with infinite delay.

Let us consider the system x^′(t) = A(t)x(t) + f(t), where A is a d × d matrix of continuous, T -periodic functions and f is a d dimensional vector of continuous, T -periodic functions. Suppose that all eigenvalues of A(t) + A^T (t) have positive real parts for all t ∈ R. Then there is a T -periodic solution of this equation.

Proof. As A is continuous and T -periodic we find an α > 0 such that x^T A(t)x ≥ αx^T x = α |x|^2. Also, we can find a B > 0 such that |f(t)| ≤ B. Thus, there is an M > 0 such that if |x| ≥ M then x^T (A(t)x + f(t)) ≥ α |x|^2 − B |x| > 0, i.e., if a solution of the differential equation ever gets outside the M-ball it stays outside the M-ball. Let us pick an x_0 ∈ R^d on the surface of the M-ball, and consider the solution x : (−∞, ∞) → R^d with x(0) = x_0. Thus, as x(0) is on the boundary of the M-ball, x(s) must be in the M-ball for s ≤ 0. The compactness of the M-ball implies that the set {x(−mT ) : m ≥ 0} has a limit point x_1 in the M-ball. Consider the solution x(t, 0, x_1). We claim that this solution remains in the M-ball. Suppose for contradiction that |x(K, 0, x_1)| > M for some K > 0.

Let ε > 0 be small enough so that |x(K, 0, x_1)| > M + ε. By the continuous dependence of the solution on the initial data we find a δ > 0 such that |x_1 − y| < δ implies |x(K, 0, x_1) − x(K, 0, y)| < ε and hence |x(K, 0, y)| > M. As x_1 is the limit point of the set {x(−mT ) : m ≥ 0} we find an m ≥ 0 such that mT > K and |x_1 − x(−mT, 0, x_0)| < δ. Thus, we must have |x(K, 0, x(−mT, 0, x_0 ))| > M. On the other hand, the periodicity of the equation implies that x_0 = x(0, −mT, x(−mT, 0, x_0)) = x(mT, 0, x(−mT, 0, x_0 )), and hence x(s, 0, x(−mT, 0, x_0 )) remains in the M-ball for s ∈ [0, mT ]. This is a contradiction to the fact that |x(K, 0, x(−mT, 0, x_0 ))| > M, which proves that x(t, 0, x_1) is bounded by M for all t ≥ 0. Since we have a bounded solution, by Theorem 3.1 we have a T -periodic solution as well.

Note that we cannot prove that the solution x(t, 0, x_1) itself is T -periodic or even periodic of some period. Also, note that if the eigenvalues of A(t) + A^T (t) have negative real parts, then we can prove uniform boundedness and uniform ultimate boundedness, which implies the existence of a T -periodic solution.

As our next example consider the functional differential equation with infinite delay

x^′(t) = a(t)x(t) + n∑ i=1 b_i(t)x(t − h_i(t)) + ∫_t −∞ c(t, s)x(s)ds + f(t), where a, b_i, h_i, c and f are continuous and T -periodic functions, h_i(t) ≥ 0 and ∫_t −∞ |c(t, s)| ds < ∞ for all t ∈ R. Note that these conditions are enough to ensure the existence of a g satisfying the conditions of the lemma, so we have uniqueness and continuous dependence of the solutions in the initial data in the ‖ · ‖_g norm. Suppose that a(t) − ∑_n i=1 |b_i(t)| − ∫_t −∞ |c(t, s)| ds ≥ α for all t ∈ R and some α > 0. Then there is a T -periodic solution of this equation.

Proof. From continuity and periodicity we find a B > 0 such that |f(t)| ≤ B for all t. This implies that if ϕ(0) ≥ M := 1 + (B/α) and ‖ϕ‖ ≤ ϕ(0), then a(t)ϕ(0) + n∑ i=1 b_i(t)ϕ(−h_i(t)) + ∫_t −∞ c(t, s)ϕ(s − t)ds + f(t) ≥ ( a(t) − n∑ i=1 |b_i(t)| − ∫_t −∞ |c(t, s)| ds ) ϕ(0) − B ≥ αM − B = α > 0.

Similarly, if ϕ(0) ≤ −M and ‖ϕ‖ ≤ |ϕ(0)|, then

a(t)ϕ(0) + n∑ i=1 b_i(t)ϕ(−h_i(t)) + ∫_t −∞ c(t, s)ϕ(s − t)ds + f(t) ≤ −α < 0.

Consider the set

S := {ϕ : (−∞, 0] → R : ϕ is a constant function}.

Denote by

S^+ := {ϕ ∈ S : x(t, 0, ϕ) > M for some t ≥ 0, and x(s, 0, ϕ) > −M for s ∈ [0, t]} and S^− := {ϕ ∈ S : x(t, 0, ϕ) < −M for some t ≥ 0, and x(s, 0, ϕ) < M for s ∈ [0, t]}. By the continuous dependence of the solution on the initial condition if ϕ ∈ S^+, ψ ∈ S and ‖ϕ − ψ‖_g = |ϕ(0) − ψ(0)| /g(0) is small enough, then |x(t, 0, ϕ) − x(t, 0, ψ)| is arbitrarily small on a compact t-interval. Since for some t ≥ 0 we have x(t, 0, ϕ) > M, for small enough ‖ϕ − ψ‖_g we obtain x(t, 0, ψ) > M. Similarly, x(s, 0, ψ) > −M for s ∈ [0, t] too, so ψ ∈ S^+. This proves that S^+ is an open set in S. A similar proof gives that S^− is also open in S. Clearly, S^+ and S^− are disjoint and from the above estimations S^+ ⊃ {ϕ ∈ S : ϕ ≥ M} and S^− ⊃ {ϕ ∈ S : ϕ ≤ −M}, so S^+ and S^− are not empty. This implies that S^+ ∪ S^− does not cover all S and hence there is a ϕ ∈ S with ‖ϕ‖ = |ϕ(0)| < M and ϕ ∉ S^+ ∪ S^−. From our first note in this proof it can be seen that if x(t, 0, ϕ) is ever equal to M (−M respectively) for the first time then x(t, 0, ϕ) becomes strictly monotone increasing (decreasing) and hence ϕ ∈ S^+ (ϕ ∈ S^−). Therefore, we must have |x(t, 0, ϕ)| < M for all t ≥ 0, so we have found a bounded solution. Using Theorem 3.2 we prove the existence of a T -periodic solution.

Note that as the function a(t) − ∑_n i=1 |b_i(t)| − ∫_t −∞ |c(t, s)| ds is continuous and T -periodic, if it is greater than zero, then we can find an α > 0 bounding it away from zero. Also, if we had a(t) + ∑_n i=1 |b_i(t)| + ∫_t −∞ |c(t, s)| ds ≤ −α < 0, we could prove uniform boundedness and uniform ultimate boundedness, which, of course, implies the existence of a T -periodic solution. Also, observe that for a class of continuous functions ϕ : (−∞, 0] → R we can use the above proof to find a β ∈ R such that x(t, 0, βϕ) is a bounded solution. For example, if |ϕ(0)| ≥ ‖ϕ‖ then we can do this. So far this last note does not have any practical use, but we are in a new territory searching for just one bounded solution, and it may be important later.

References

[1] I. Bihari, A generalization of a lemma of Bellman and its application to uniqueness problems of differential equations, Acta Math. Hung., (1956), 81- 94. [2] T. A. Burton, Volterra Integral and Differential Equations, Academic Press, Orlando, Florida, (1983).

[3] T. A. Burton, Stability and periodic solutions of ordinary and functional differential equations, Academic Press, Orlando, Florida, (1985).

[4] T. A. Burton, Boundedness in functional differential equations, Funkcial.

Ekvac., 25 (1982), 51-77.

[5] T. A. Burton, Uniform boundedness for delay equations, Acta Math.

Hung., 56 (1990), 259-268.

[6] T. A. Burton & L. Hatvani, On the existence of periodic solutions of some non-linear functional differential equations with unbounded delay, Nonlinear Anal., 16 (1991), 389-398.

[7] T. A. Burton & B. Zhang, Uniform ultimate boundedness and periodicity in functional differential equations, Tohoku Math. J., 42 (1990), 93-100.

[8] S.-N. Chow, Remarks on one dimensional delay-differential equations, J.

Math. Anal. Appl., 41 (1973), 426-429.

[9] R. Grimmer, Existence of periodic solutions of functional differential equations, J. Math. Anal. Appl., 72 (1979), 666-673.

[10] G. Gripenberg, S.-O. Londen & O. Staffans, Volterra integral and functional equations, Cambridge University Press, (1990).

[11] J. Hale, Theory of functional differential equations, Springer-Verlag, New York-Heidelberg-Berlin, (1977).

[12] J. K. Hale & O. Lopes, Fixed point theorems and dissipative processes, J.

Differential Equations, 13 (1973), 39-402.

[13] L. Hatvani, On the asymptotic stability of the solutions of functional differential equations, Coll. Math. Soc. J. Bolyai, 53 (1988), 227-238.

[14] L. Hatvani & T. Krisztin, On the existence of periodic solutions for linear inhomogeneous and quasi-linear functional differential equations, J. Differential Equations, 97 (1992), 1-15.

[15] M. He, Q. Huang & K. Wang, Phase spaces C_g, C_h and g-uniform boundedness of FDE(ID), J. Math. Anal. Appl., 138 (1989), 473-490.

[16] R. H. Hering, Boundedness and stability in functional differential equations, dissertation at SIUC, (1988).

[17] R. H. Hering, Boundedness and periodic solutions in infinite delay systems, J. Math. Anal. Appl., 163 (1992), 521-535.

[18] W. A. Horn, Some fixed point theorems for compact maps and flows in Banach spaces, Trans. Amer. Math. Soc., 149 (1970), 391-404.

[19] J. Kato, An autonomous system whose solutions are uniformly ultimately bounded but not uniformly bounded, Tohoku Math. J., 32 (1980), 499-504.

[20] J. Kato, On the conjecture in the Liapunov method for functional differential equations, First World Congress of Nonlinear Analysts, (August 1992).

[21] G. Makay, On the asymptotic stability of the solutions of functional differential equations with infinite delay, accepted for publication in J. Differential Equations.

[22] J. L. Massera, The existence of periodic solutions of systems of differential equations, Duke Math. J., 17 (1950), 457-475.

[23] V. A. Pliss, Integral manifolds of periodical systems of differential equations, Science, Moscow, (1977).

[24] T. Yoshizawa, Stability theory and the existence of periodic solutions and almost periodic solutions, Springer-Verlag, (1975).

VITA

Graduate School Southern Illinois University

Géza Makay Date of Birth: July 28, 1968 305 Robinson Circle, B-D, Carbondale, IL 62901 Thököly u. 32/A, Szeged, H-6726, Hungary

Attila József University (University of Szeged) Master of Science in Mathematics Differential Equations

Special Honors and Awards:

Southern Illinois University Doctorate Fellowship, 1992

Dissertation Title:

Boundedness and Periodic Solutions of Functional Differential Equations

Major Professor: Dr. Theodore A. Burton

Publications:

[1] T. A. Burton & G. Makay, Asymptotic stability for functional differential equations, accepted for publication in Acta Math. Hung., 65 (1-2) (1995).

[2] G. Makay, On the asymptotic stability in terms of two measures for functional differential equations, J. Nonlinear Anal., 16 (1991), 721-727.

[3] G. Makay, A simple proof for Sturm’s separation theorem, Amer. Math.

Monthly, 99 (March 1992), 218-219.

[4] G. Makay, On the asymptotic stability of the solutions of functional differential equations with infinite delay, accepted for publication in J. Differential Equations.

[5] G. Makay, An example on the asymptotic stability for functional differential equations, accepted for publication in the J. Nonlinear Anal.

Table of contents Abstract. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .i Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii 0. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1. Uniform boundedness and uniform ultimate boundedness . . . . . . . . . . . . . . . . . . . 5 1.1. Definitions, preliminary remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2. Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.3. Finite delay differential equations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .14 1.4. Infinite delay differential equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2. Dissipative systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.1. Main theorems on dissipativeness .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.2. Periodic solutions of dissipative equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.3. A dissipative but not uniformly ultimately bounded equation . . . . . . . . . 34 3. Periodic solutions of linear equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 3.1. Finite delay equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 3.2. Infinite delay equations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .41 3.3. Integral equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 3.4. Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 Vita . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

iii