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Abstract

We consider the delay differential equation #(t) = —ux(t) + f(z(t — 7)), where p, 7T are positive
parameters and f is a strictly monotone, nonlinear C*-function satisfying f(0) = 0 and some convexity
properties. It is well known that for prescribed oscillation frequencies (characterized by the values
of a discrete Lyapunov functional) there exists 7* > 0 such that for every 7 > 7" there is a unique
periodic solution. The period function is the minimal period of the unique periodic solution as a
function of 7 > 7. First we show that it is a monotone nondecreasing Lipschitz continuous function
of 7 with Lipschitz constant 2. As an application of our theorem we give a new proof of some recent
results of Yi, Chen and Wu [14] about uniqueness and existence of periodic solutions of a system of

delay differential equations.

1 Introduction
Consider the delay differential equation

&(t) = —pa(t) + 6.f (x(t — 7)), (1)

where ;1 >0, § € {—1,1} and f: R — R is a strictly increasing, odd C!-function such that the function

£ g}cég) is strictly monotone decreasing on (0, c0) and there exists £* € (0, 00) such that f(£*) = p&*.
These hypotheses are assumed throughout the paper. The cases 6 = —1 and 6 = 1 are regarded as the
negative and positive feedback cases, respectively. This equation is often applied in models of neural
networks and time delay appears due to finite conduction velocities or synaptic transmission. In this
topic the feedback functions of type f(§) = aarctan(8€) are widely applied and satisfy the assumptions
above. For a general overview of neural networks we refer the reader to [I5].

In neural systems, periodic solutions are of great importance. From the papers of Cao, Krisztin and
Walther [1 [, [5, [6] and from the monograph of Krisztin, Walther and Wu [7] we get a very detailed and
clear picture of the periodic orbits of equation . For our purposes, their most important result is that
they have proven that if the feedback is positive, then there exists a threshold 7* > 0 such that for every
T > 7" there exists, up to time translation, exactly one periodic solution of equation 7 which changes
signs at least once and at most twice on any interval with length 7.

In Section [3|we investigate the minimal period of this slowly oscillating periodic solution, as a function

of 7, and in Theorem [3.2] we prove that this function is a monotone nondecreasing Lipschitz continuous
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function with Lipschitz constant 2. The proof is based on Proposition [3.I] which can be intuitively
formulated as follows: “the greater the parameter 7 is, the greater amplitude the slowly oscillating
periodic solution has”.

In Section [] we investigate the following system of delay differential equations:

iOt) = —pa®(t) + f2'(1),
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—px™ () + f(2"(1)),
—pa"(t) + 6 f(2°(t — 1)),
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where p, 6 and f have the same properties as in equation and 2 < n € N. This can be a model of a
unidirectional ring of interacting neurons. Based on Theorem and some ideas of Yi, Chen and Wu [14]
we obtain results on uniqueness and absence of periodic solutions. In the paper [I4], the results are only
proven for the case of positive feedback and n = 2. We generalize these results for the case of negative
feedback and n > 3, too (case n = 1 is worked out by Chen and Wu [2]). In terms of the period function,
we also reformulate their conjecture concerning uniqueness and absence of “relatively slowly oscillating”

periodic orbits of , and we hope that this formulation may be the key to the proof of the conjecture.

2 Preliminaries

First of all, let us clarify some notations. R,R; and N denote the set of reals, nonnegative reals and
nonnegative integers, respectively. If A, B C R, then C(A, B) denotes the set of real-valued functions
with domain A and range contained in B. C! denotes the set of continuously differentiable real-valued
functions with domain R. For a simple closed curve ¢, int(c), ext(c) and |c| denote the interior, exterior
and the trace of ¢, respectively. Now, in this section we recall some earlier definitions and results.

The natural phase space for is C([-7,0],R) equipped with the maximum norm. Let this be
denoted in the sequel by C.. If z is a solution of on some interval, then we let x; , € C; be defined
by

x-(0) =x(t+0) forall 0¢[—7,0],

at least where it makes sense.
According to Mallet-Paret and Sell [II], we define discrete Lyapunov functionals in order to charac-

terize the periodic solutions of (I)). For every 7 > 0 let
VI 0\ {0} — {0,2,4,...,00}, V. C-\ {0} — {1,3,5,...,00},

be defined as follows:

V(o) sc(ip, [-7,0]), if sc(p, [—7,0]) is even or infinite,
r \P)=
sc(p, [-7,0)) + 1, if sc(ip, [-7,0]) is odd,
_ sc(p, [—1,0]), if sc(p, [—7,0]) is odd or infinite,
Vi) =

SC(@? [_7-7 O]) + 17 lf SC(‘P? [_7', 0]) is even,



where sc: C — N is defined as follows:
sc(p) = sup{k € N: there is a strictly increasing finite sequence (s°)f C [~7,0]
with (st 1)p(s?) < 0 for all i € {1,2,...,k} } < oo.
By definition, let sup () = 0.

Definition 2.1. We say that X: [0,7,] > t — (x(¢),4(t)) € R? is the D-trajectory of the periodic

C'-function z, where T, denotes the minimal period of z.

The proposition below follows from general results of [I2] and contains a list of some very important

properties of periodic solutions of .

Proposition 2.2. Let x: R — R be a nonconstant periodic solution of with minimal period T, > 0,
and let X denote the D-trajectory of x. Then the following statements are true.

(i) (i) X is a simple closed curve, and if x has a zero, then 0 € int(X).

(i) There are tg € R and t; € (to,to + Ty) such that 0 < &(t) for all to <t < t1, x(R) = [z(to), z(t1)]
and &(t) <0 for all ty <t < tg+ Ty.

(iti) If x has a zero, then z(t + L) = —x(t) for all t € R.
(iv) (iv) There exists k € N such that
VIi(zy,)=2k forall teR if §=1,
V() =2k+1 forall teR if 6=-1.

According to Proposition whenever x is a solution of we shall write V. *(z) instead of
VE(xy,) for all t € R.

Proposition 2.3. Let 7> 1 and § € {—1,1}. Let an odd C'-function g: R — R be given which satisfies
9'(0) = f'(0) and

7 _ f©
9(&) = f(&)
Let x and z be nonconstant periodic solutions of &(t) = —px(t)+f(x(t—1)) and 2(t) = —ux(t)+dg(z(t—

g(&) > f(&) and forall €>0.

T)), respectively, with minimal periods T,, > 0 and T, > 0. Let X and Z denote the D-trajectories of
x and z, respectively. In the case § = 1, suppose that V' (z) = V¥ (2) > 2. If § = —1, suppose that

Vi (x) = V.7 (2). Then the following situation cannot occur:

|Z| C | X|Uext(X), |Z| N |X]| # 0, r|Z] Cext(X) forallr > 1.

For the proof of the case § = 1 we refer the reader to [6]. The same argument can be applied for the
case § = —1, too. See also [I] for the case 6 = —1 and V] (z) = V7 (2) = 1. The foregoing proposition is

T

the key to the next theorem on uniqueness and absence of periodic orbits of .

Proposition 2.4. Let 6 € {—1,1} be fized. For every k € N\ {0} there exists 7(k,d) > 0 such that for

every fized T > 7(k, ) there exists, up to time translation, a unique periodic solution x of for which



(i) V. (z) = 2k — 1 if the feedback is negative,
(ii) VI (x) = 2k if the feedback is positive.

Proof. Uniqueness is contained in [5] [6]. For the case § = —1, existence can be found, e.g., in [9]. For
the case § = 1, existence is given in [8], or the technique applied in Proposition 3.1 of [4], combined with
the Poincaré-Bendixson theorem of Mallet-Paret and Sell [I2] can give a solution whose w-limit set is the

required periodic orbit. O

Let 7* denote 7(1,1).

Definition 2.5. For each 7 > 7*, let T(7) denote the minimal period of the unique solution guaranteed

by Proposition 2.4 in case 6 = 1 and k = 1. T: (7*,00) — R, is called the period function for equation
with 6 = 1.

3 The period function and periodic orbits

Proposition 3.1. Let 6 € {—1,1}, 0 < 71 < 72 and let € denote the sign of 6. Assume that x;, i € {1,2},

18 a nonconstant periodic solution of
£(t) = —pa(t) + 6.f (x(t — 7))

with minimal period T,, > 0. Let X1 and Xy denote the D-trajectories of x1 and x2, respectively. If
VE(x1) = Vi, (w2) > 0, then

| X2 Cext(X1)U|X1] and |Xa| Next(Xy) # 0.

Proof. In part a) we show that | X3| C ext(X1) U|X;| and in part b) prove that |Xs| Next(X;) # 0.
a) Let uy(t) = z1(mt) and ua(t) = x2(mt) for all ¢ € R. Then u; and up are nonconstant periodic

solutions of
U1 (t) = —paur(t) +0f1(ua(t — 1)) and da(t) = —pruz(t) + df1(ua(t — 7)),

respectively, where p11 = 7,7 = 22 and fi: R — R is defined by f1(&) = f(€) for all £ € R. Let Uy
and Us denote the D-trajectories of u; and ug, respectively. Note that |U;| is a vertical scaling of | X;| by
7 for i € {1,2}.

Now, assume to the contrary that | X2|Nint(X;) # 0. By the note above |Us| Nint(U;) # () also holds,

thus there exists 8 > 1 such that
ﬁ‘Ugl C ext(Ul) U |U1| and 5|U2| n |U1| =+ 0.

Finally let wa(t) = Buz(t) for all t € R. Then wy is a nonconstant periodic solution of wa(t) = —pwa(t)+
0g1(wa(t — 7)), where g1 : R — R is defined by ¢1(§) = Bfl(%) for all £ € R. For the D-trajectory Wy of
w2,

|[Wa| Cext(Uy)U|Uy| and |Wo|N|U1| #0
hold and it is easy to check that gi(0) = f1(0), VF(v1) = VE(ws2) > 0. We claim that
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g1(§) > f1(§) and for all & >0,
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which contradicts Proposition[2.3]and proves that | Xs| C ext(X;)U|X;|. To prove the above claim, recall

that £ — 6;‘1{7((55)) is strictly monotone decreasing on (0, 00). Using lime_,o £f1(€)/f1(§) =1 we infer

§f1()
f1(8)

For every £ > 0, the function (0,00) 2 u +— u fl(%) € R is strictly increasing since its derivatives at u > 0

<1 forall £>0.

are given by £ (f/ )f/ (f/ )
_ &) /)
ey N

This fact and 8 > 1 combined imply g1(£) = 5f1(&/8) > f1(€) for all € > 0. Using again that £ — 5f1((§))

) > 0.

is strictly decreasing we obtain

916) _1(E/B)f1(E/8) _ 181 _ fi()
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b) Assume to the contrary that |Xs| Next(X;) = 0. According to part a), |Xa| = |X1| follows.
Proposition (i) and (ii) yield that there exist constants c, a1, a2 € R such that

I&lﬁl$1(f) =z1(a1) = —c = x3(az) = I}élﬂgl‘g(t),

I{?ﬁi{xl(ﬂ =21(a1 +T(11)/2) = c=x3(az + T(12)/2) = r?glémcg(t),
Z1(a1) = 1(a1r + T(11)/2) = &2(az) = &2(az +T(12)/2) = 0.
We may assume that a; = az = 0. Let z7 ' and 25 ' denote the inverses of the functions
[0,T(11)/2] 3t — z1(t) e R and [0,T(72)/2] 5t x2(t) € R,
respectively. Then the domain of 27 ' and 25 is [~c, ¢]. From |X;| = | X3| we infer that the functions

¢1: [—c, ] du— a'cl(xfl(u)) €R and ¢y:[—c,c]d>ur sbg(xgl(u)) eRrR

satisfy ¢1(u) = ¢a(u) for all u € [—¢, ] and ¢1(u) > 0, ¢pa(u) > 0 for all u € (—¢, ¢). Thus on one hand

we have
—c ¢1 / ¢2

c du zi(T(r)/2)  qq T(7i)/2 () T(7;)
—e $i(u) /x,i(m bi(u) /0 ¢i(wi(t)) 2

holds for ¢ € {1,2}, and thus T(m) = T(m2). Let T = T(r1) = T(m2). Now for any b € (—c,c), let
t1(b) = 21 (b) and to(b) = x5 *(b). Then

B t1(b) :i‘l(t) B z1(t1(b)) du
““’)‘/0 asl(zl(t))dt‘/_c 51 (0)

B x2(t2(b)) du B t2(b) x() B
‘/_c ¢2<u>‘/o ol t = 12O)

On the other hand

Using Proposition again

(@1(t), 1(t)) = (22(t), 2(t))



follows for all ¢ € R. Thus

—pa1(t) +0f (@1t — 71)) = #1(t) = d2(t) = —paa(t) + 0 f (22(t — 72))
= —px1(t) + 6 f (1t — 72))

holds for all ¢ € R. By the monotonicity of f we obtain x1(t — 1) = x1(t — 7o) for all t € R. Hence there
exists m € N such that 7, = 7 + mT. From VE(21) = VI (z2) we get m = 0 and thus 71 = 7> which

contradicts the assumption 71 < 75. This contradiction completes our proof. O
Theorem 3.2. The period function T of with positive feedback satisfies
0<T(r2) —T(m1) < 2(12 — 1)
for all 7,79 € (7%, 00) with 71 < Ts.
Proof. Let 7" < 1 < 75. Suppose that x; is the unique periodic solution of
z(t) = —px(t) + fx(t —7)), i€{l,2},

such that V;, (z;) = 2. Let X; be the D-trajectory of z; for i € {1,2}. According to Proposition we
have
| Xo| C | Xi|Uext(X1) and |Xa]Next(X;) # 0. (3)

In part a) we prove that T' is monotone nondecreasing, then in part b) we show that T(m) — T(m1) <
2(rg — 7)) for all 7* < 71 < 7o.
a) Assume that T'(72) < T'(m1). Since, for i € {1,2},

Ti(t) = —pai(t) + f(zi(t — 7)) = —pai(t) + f(2i(t — (1 +1-T(7))))
holds for every [ € N, thus z; is a nonconstant periodic solution of
&=—px(t)+ flat—(n+1-T(r)))), €N,

too, and by Proposition VTT-HT(Tl)(xl) = VT-;_+IT(T2)(.’1:2) =2(141) for all € N. Since T'(12) < T(),
thus there exists I* € N such that 7 +* - T'(m2) < 7 +I* - T(71). Again, by Proposition [3.1| we have

| X1 C | Xo|Uext(Xy) and | X3|Next(Xz) # 0, (4)

which is a contradiction to (3). This contradiction proves that 7" is monotone nondecreasing.
b) Now assume to the contrary that T'(72) —T(71) > 2(7 — 71). Since f is odd and the solutions have

a special symmetry, we have
Ti(t) = —pai(t) + f(zi(t — 7)) = —pai(t) + f(—2i(t — (. — T(7:)/2))) =
= —pz;(t) — f(@i(t — (1 = T(7:)/2)))
for i € {1,2}. Hence, for ¢ € {1,2}, z; is a nonconstant periodic solution of
o(t) = —pa(t) — f(a(t — (1 — T(7)/2)))

too, and by Proposition [2.2]it is clear that 7, — T'(7;)/2 > 0 for ¢ € {1,2} and

V1) 2(®1) = Vo, (7 2(%2)-



If T(m) — T(71) > 2(12 — 71), then 5 — @ <7 - @, thus Propositionﬂ leads to
| X1] C | X2|Uext(X2) and |Xi]Next(Xs3) #0, (5)

which contradicts (3). Therefore T'(5) — T(71) > 2(2 — 71) cannot occur.
If T(m5) — T(m1) = 2(12 — 11), then 7 and x5 are both nonconstant periodic solutions of the same

delay differential equation:

#(t) = —pa(t) — f(a(t - 7)),
where 7 =71 —T(11)/2 = 72 — T(72)/2. Then by the uniqueness of such nonconstant periodic solutions,
we obtain |X;| = |Xs|, which contradicts (3)). This contradiction proves that T'(r2) — T'(11) < 2(m2 — 71),

and therefore the proof is complete. O

4 Application: periodic orbits of a delayed system

Consider the system of delay differential equations

it) = —pa®(t) + f(z' (1)),

(6)
"Nt = —pa" () + f(a (1)),
@m(t) = —pa"(t) +6f(z0(t - 1)),

where u,d and f have the same properties as in equation and 2 <neN.
For a system of the form (6] the natural phase space (according to [II]) is C(K,R), where K =
[-1,00] U{1,2,...,n}. We shall use the shorter form: C'(K).
If 2 is a solution of () on some interval, then we let z; x € C(K) be defined by
20(t +0) for 6 €[-1,0],

Qﬁt,K(a) =
2?(t) for 6¢e{1,2,...,n},

where it makes sense. Again, according to [11] we define now Lyapunov functionals similarly as before:

Vi C(K)\ {0} — {0,2,4,...,00}, Vi : C(K)\ {0} — {1,3,5,..., 00},

by
sc(e, K) if sc(y,K) is even or infinite,
Vi () =
sc(p, K) +1 if sc(p,K) is odd,
B sc(p, K) if sc(p,K) is odd or infinite,
Vi () =

sc(p,K) +1 if sc(p,K) is even,

where sc(p, K) denotes the sign changes of ¢ just as before. The following proposition is the analogue of
Proposition [2.2] and is also based on results in [12].

Proposition 4.1. Let x: R — R"™! be a nonconstant periodic solution of @ with minimal period
T, >0, and for each j € {0,1,...,n} let X7 denote the D-trajectory of the coordinate-function x7. Then

the following statements are true.



(i) For each j € {0,1,...,n}, X7 is a simple closed curve.

(ii) For each j € {0,1,...,n}, there are t% €eRand t) € (té,té + T) such that 0 < @7 (t) for all
th<t<t], 2(R) = [2/(8]), 2 (t])], and ©(t) < O for all t] <t <t} + T,.

(iii) If 2° has a zero, then x(t+ L) = —ax(t) for allt € R. Moreover, 0 € int(X7) for all j € {0,1,...,n}.
(iv) There exists k € N such that
Vi (zex) =2k forall teR if §=1,

Vi (xex) =2k+1 forall teR if §=-1.

(v) For every monconstant periodic solution y: R — R of @ with minimal period T, > 0 and
Yk # Tsx for allt,s € R we have |Y7| N |X7| =0 for all j € {0,1,...,n}, where Y7 denotes the

D-trajectory corresponding to y.

Just as before in the case of equation , if z is a solution of @, then we shall write V]Ki(x) instead
of Vi () for all t € R. The following two propositions from [I4] are not hard to prove but they play

an essential role in the sequel.

Proposition 4.2. Assume that z: R — R™""! is a solution of @ Theny = (4°,...,4"): R >t
(z'(t),...,2"(t),62°(t — 1)) € R" is also a solution of (6]).

Proposition 4.3. Let z: R — R"™! be a nonconstant periodic solution of (@ with manimal period
T, > 0.

(i) If the feedback is positive and Vi (z) > 2, then there exists ay. € [0,Ty) such that (x1(t),...,2"(t),2°(t—
1) =(@"(t+ay),..., 2"t +ay)) for all t € R.

(ii) If the feedback is megative, then there exists a— € [0,T,) such that (zt(t),...,2"(t),—2(t — 1)) =
(2%t +a_),...,2"(t+a_)) for all t € R.

Proof. The argument exposed in [14] for § = 1 applies for both cases. O

We also need the following lemma, which guarantees that 0 is contained in the interior of the D-

trajectory of the coordinate-functions of periodic solutions.
Lemma 4.4. Suppose that x is a nonconstant periodic solution of @

(i) In the case of negative feedback for every j € {0,1,...,n}, a has sign changes on each interval
(t*,00) for all t* € R.

(i1) If the feedback is positive, then exactly one of the following statements is true:
a) z7(t) >0 for all j € {0,1,...,n} and t € R;
b) z9(t) <0 for all j € {0,1,...,n} and t € R;

c) for each j € {0,1,...,n}, z7 has a zero.



Proof. (i) Let us assume to the contrary that there exists j € {0,1,...,n} such that 0 < 27(t) for all
t € R (the case 0 > 2/ (t) is similar). By Proposition we may assume that 7 = 0. Since the equation
"(t) = —ua™(t) — f(2°(t — 1)) holds for all t € R, we have

z"(t) < —px™(t) for all t € R. (7)

Since z™ is periodic, there exists t* € R such that #"(t*) = 0. Now, from inequality we obtain
z"(t*) < 0. Again, by inequality 2"(t) < a"(t*)er =Y < 0 for all t* < t follows. Using the
periodicity of ™ we have that z"(¢) < 0 for all ¢+ € R. By induction we obtain that z*(t) < 0 for all
teRandi€ {n—1,n—2,...,0}. This together with the assumption 2°(¢) > 0 for all + € R means that
20(t) = 0 for all t € R, which contradicts the fact that = is a nonconstant periodic solution of @ This
contradiction proves our claim.

(ii) See [14]. O

Remark 4.5. By the method of steps it is obvious that for any given ¢ € C(]—7,0],R) there exists
exactly one solution z: [—7,00) — R of that satisfies x|[_; o) = @. It is also clear that in the case
0=1,if p € C([-7,0],R;) and ¢ # 0, then we have x(t) > 0 for all large ¢.

The following proposition was proven in [I4] only for the case of positive feedback and n = 2.
Proposition 4.6. Let x be a nonconstant periodic solution of @ with minimal period T,,.

1) In the case of positive feedback, if ay € |0,1,) an € N are such that (z(t),...,z2"(t), 2" (T — =
In th f feedback, if 0,7, dkeN h th ! " 0 1
(2t + ay),...,2"(t+ o)) and Vi (x) = 2k + 2, then

(k+1)T, — 1

= n+1

(ii) In the case of negative feedback, if a— € [0,T,) and k € N are such that (x(t),...,a"(t), —a°(t—1))
=@'t+a_),....a"(t+a_)) and Vi () =2k + 1, then

n+1 ’

Proof. The proof for the two cases are similar, hence we only prove ([i). First, note that
Pt—1)=a"t+a)=a""t+2a,) = =2+ (n+1)ay) forall tecR.
From Proposition 4.3 it follows that z*(t) = 2°(t + 1 + (n + 1)) holds for all i € {0,1,...,n}. Thus

there exists m € N such that mT, = 1+ (n + 1)ay or equivalently:

T,—1
=270 foran appropriate m € N.

o+ n+1

We claim that m = k + 1. Note the following:
#0(t) = —pa’(t) + f(2'(t) = —pa®(t) + f(2°(t + ay))
= —puz’(t) + f(2°(t = (Tx — ay))).

We claim that



If this is not the case, then (T, — a4) € (0,73 /2). By Proposition there exists ¢y such that 2° has no
zeros on the interval [tg,to + T — a4 ]. Remark implies that 2° has no zeros on R, either. Then, from
Lemma we obtain Vi (z) = 0, a contradiction which proves the claim. It follows from Proposition

that 2% cannot be constant on any interval and hence we may choose t* such that
re- x(j) = 29 (t*) = 2°(t* + jay ) #0 forany j€{1,2,...,n}. 9)
By combining (§) and (9 with Proposition (i), (ii) and Vi (z) = 2k + 2, we obtain that
sc(zp i, K) = sc(z?, [t* — 1,t* + nay]) € {2k + 1,2k + 2}.
From this and the special symmetry of the solutions we have
(k+ E)Tx <nay+1<(k+1)T;.

2

Using ay = mgifl we obtain

1
(n+1)(k+ i)T“” —l<nmT, <(n+1)(k+1)T, — 1.
One can see that for given n, k € N and T, > 0 there is only one m € N for which the above inequalities
hold. By rearrangement we obtain the following two inequalities for m:

(k+ )T, -1  mT, -1
<
n n+1

(10)
and

mnTi_11 . (k;+17)1Tz—1. 1)
Now it suffices to show that for m = k + 1 both and hold. Let us assume to the contrary that
this is not the case. Since trivially holds for m = k + 1 we obtain that fails to be true, thus we

have

(k+ 3T, —1 _(E+ )T, -1
n - n+1

or equivalently
n—1

2
a) If (k: — ”771) T, > 1, then by an appropriate choice of t* € R, we can assume that sc(z?, [t*—1,¢*]) <
2k — n. Note that

(k-

)T > 1. (12)

sc(zp i, K) <sc(z?, [t* — 1,t*]) +n = 2k

which is a contradiction to Vil (z) = 2k+2, thus (k — 251) T, > 1 cannot occur and therefore (k — 251) T, =
1.
b) If (k — an) T, =1and fails, then it also follows that m > k + 2, thus

(h+2)To =1 _ (k+ )T — 1

n+1 n

must hold, which is equivalent to
1< (k+1-n)T;.

10



Now using n > 2 and we obtain
n—1 1
2

=1 <0

1<(k+1-n)T, = (k- —(n=-1))T, <1,

)7+ (15

which is a contradiction. This contradiction proves the claim that m = k 4+ 1 and thus the proof is

complete. O

Suppose that z is a nonconstant periodic solution of @ with § = 1 and with minimal period T, and
k € N is such that Vi (z) = 2k + 2. By using first Proposition and then Proposition and we

obtain
@0(t) = —pa®(t) + f(a' (1) = —pa®(t) + f(2°(t + ay))
= —pa®(t) + f(2°(t = (Tw — ay))) = —pa®(t) + f(2°(t = 74))

for all t € R, where 7, = ("7:)# € (L,

—pa(t) + f(x(t — 74)) with V& (%) = 2 and with a strong relationship between 7, and T(7,):

T,]. Thus 2° is a nonconstant periodic solution of i(t) =

_ (n—Fk)T(t4) +1
n+1 '

Analogously, if = is a nonconstant periodic solution of @ with § = —1 and with minimal period 7T, and
k € N is such that Vi (z) = 2k+1, then 2° is a solution of i(t) = —pux(t)+ f(z(t —7-)) with V7 (2°) =2
and
(n—k+HT(r-)+1

n+1 '
Conversely, it is easy to check that if £ € N and y is a nonconstant periodic solution of with § =1

such that V" (y) =2 and 7 = % hold, then

T _ =

2o () = @), o2l (1), (1)

(k+1)T(r)-1 (k+1)T(r)-1

= t),... t+7- .. t .
(@), y(t+7 o )eeyltEn o)
is a nonconstant periodic solution of @ with 6 = 1. From a similar argument as in the proof of
Proposition 4.6/ we obtain Vi (z4) = 2k + 2. Analogously
o (t) = (22 (0), ..., 2l (t),. .., 2" (t)
- (k+3)T(r) —1 (k+3)T(r) -1
= t),... t ), ... t —_—
(w0, y(t+3 )yt )
is a nonconstant periodic solution of @ with § = —1 and Vi (z_) = 2k + 1. The above argument leads

to our next theorem.

Theorem 4.7. There is a bijection between the nonconstant periodic solutions of @ with V]g(x) = 2k+2
and § =1 and the intersections of the following two curves

(n—k)(+1

(t%,00) 7 (1,T(1)) and RBCH( I

)

Analogously, there is a bijection between the nonconstant periodic solutions of @ with Vi (x) =2k +1

and § = —1 and the intersections of the curves

n—k+3)(+1
n+1

(t",00) 37 (1,T(7)) and RBCH(( ,C).

11



Lemma 4.8. The following statements hold:

21 — arccos(+t- ) 2
(1) ™ = O and lim T(r) = S — )
Fop— e " FOF -

(ii) lim ) _y,

T—>00 T

Proof. Statement (i) can be obtained by using the local Hopf bifurcation theorem [3] and a simple
calculation for the value of 7*. To prove statement (ii), let us recall that if x is the unique periodic

solution of
i(t) = —px(t) + f(a(t — 7)),

with V. (z) = 2, then x is also the unique periodic solution of the equation

@(t) = —pa(t) — f(a(t — (7 = T(7)/2))),

with V"7 /2(x) = 1. Mallet-Paret and Nussbaum [I0] showed in case of negative feedback that, for
analogously defined period function, the quotient in statement (ii) tends to 2 as 7 — oco. Combining
T(r)

lim ——2 =9
rheor —T(r)/2

which is equivalent to our claim. O

these we obtain that

Theorem 4.9. In the positive feedback case the following statements hold.

(i) If N> k> 2L and
_ K
(2k +2)m — (n + 1) arccos 7o _
FOF -

then there exists a unique periodic solution x of @ with V]Ig'(a:) = 2k + 2. Otherwise there is no

)

such solution.

(ii) If N>k < 5L and
_ K
(2k + 2)7 — (n + 1) arccos o _
PP 2

then there ezists a periodic solution x of (6) with Vi (z) = 2k + 2.

Proof. First we prove statement (i). We distinguish three different cases according to the value of k.
a) If k£ > n, then by Theorem and Theorem we obtain that the inequality
2 - (n+ 1) =1
For=2 T ek

(13)

is a necessary and sufficient condition for the existence and uniqueness of nonconstant periodic solutions
of @ with V' = 2k + 2. After using statement of Lemma and by a rearrangement of we
obtain the desired form.

b) If k = n, then again by Theorem and Theorem we obtain that the inequality

1
< 14
< (14)
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is a necessary and sufficient condition for the existence and uniqueness of nonconstant periodic solutions
of @ with VHQ' = 2k + 2. Using again statement (i) of Lemma the desired form is obtained.
c) If ”T_l < k < n, then by Theorem and Theorem we obtain that the inequality

27 o (n+1)r* =1

FOPE—@ ok
is a necessary and sufficient condition for the existence and uniqueness of nonconstant periodic solutions
of @ with Vi = 2k + 2. Using again statement () of Lemma the desired form is obtained and so

statement (i) is proven.
Statement (ii) follows from Theorem m Theorem and statement (i) of Lemma O

(15)

By the same argument we obtain an analogous theorem for the negative feedback case.
Theorem 4.10. If the feedback is negative, then the following two statements hold.

(i) Let N> k> 2. If
_ TR
(2k + 1)m — (n + 1) arccos HOR
O

then there exists a unique periodic solution x of @ with Vi (x) = 2k + 1. Otherwise there is no

)

such solution.

(ii) Let N>k < 5. If

(2k + 1)m — (n + 1) arccos f’l(LO)
TR 2
then there exists a periodic solution z of (6) with Vi (z) = 2k + 1.

<1,

From Theorem and the theorem above it is clear that in order to prove statement (i) of Theo-
rems [£.9] and for all k € N it is sufficient to prove that

Conjecture 4.11. (7%,00) 3 7+ T'(7)/7 is a monotone nonincreasing function of 7.

Using the idea of Theorem 1.2 in [I3], T(7)/7 # 4/3 can be shown for all 7 > 7*. Then by the
continuity of 7" and that lim, .« T(7)/7 = 5—2=—— < 4/3, we obtain that T(7)/T < 4/3 for all
7o

7 > 7*. Since the conjecture can be formulated as

T(re) =T (m) _ T(m1)

T2 —T1 T1

<

for all 7,75 € (7%,00), 71 < T2,

hence it is obvious that Conjecture [I.11] is a stronger statement than what we have already proven in
Theorem [3.2

An equivalent formulation of the above conjecture is that the period function of the delay differential
equation

#(t) = 7 (—palt) + f((t — 1))

is a monotone nonincreasing function of 7. Numerical simulations are in a good agreement with this
conjecture, too.

As a confirmation of our conjecture we mention that if the feedback function is chosen to be the
sign-function, which can be regarded as a limit of sigmoid functions with whom we have dealt in the

whole paper, then Conjecture can be proven.
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