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Abstract

We consider a differential equation with a state-dependent delay motivated by a
queueing process. The time delay is determined by an algebraic equation involving
the length of the queue for which a discontinuous differential equation holds. The
new type of state-dependent delay raises some problems that are studied in this
paper. We formulate an appropriate framework to handle the system, and show
that the solutions define a Lipschitz continuous semiflow in the phase space. The
second main result guarantees the existence of slowly oscillating periodic solutions.
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1 Introduction

We consider a system which is composed of a delay differential equation and auxiliary
equations defining the delay. The delay differential equation satisfies a negative feedback
condition analogously to earlier works by Mallet-Paret and Nussbaum [20, 21], Arino,
Hadeler, Hbid and Magal [2, 19], Krisztin and Arino [14], Walther [31, 33, 30, 29]. In [20,
29] the state-dependent delay was an explicitly given function (i.e., no auxiliary equation).
Walther [31, 30] studied problems where the state-dependent delay was defined by an
algebraic relation, and in a suitable phase space it was possible to eliminate this auxiliary
equation. Arino, Hadeler, Hbid, Magal [2, 19] and Hu, Wu [11] considered an equation
where the auxiliary equation for the delay was given by an ordinary differential equation.
Here we study a differential equation with a state-dependent delay where the delay is
defined by two auxiliary equations: an algebraic equation and a differential equation with
a discontinuous right hand side. The considered system is interesting from the theoretical
point of view since previous results do not seem applicable here. On the other hand,
the system is a prototype of rate control problems with delays appearing naturally in
queueing processes.

The particular model, that motivated our study, was introduced by Ranjan, La and
Abed in [26, 25]. The problem is specified for a simple computer network, however,
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analogous models appear, e.g., in more general computer networks, in road networks,
in biological networks, or in general in those processes where a bottleneck phenomenon
slows down the performance or capacity of a system, see, e.g., [27, 5, 8]. The model is
a fluid model, although data are usually discrete. When we talk about data transfer, we
can think of a liquid flowing in a pipe. In the derivation of the model sometimes it is
helpful to use a discrete version of the phenomenon and to mention units of data. In
these cases the continuous model equations are obtained by taking limits. We hope this
does not cause confusion. So, consider a network containing a single user and a single
server. The user’s transmission rate satisfies the bound 0 < a < z(t) < b, where b is a
user-specific physical limitation, and the lower bound a is due to the fact that the user
needs to probe the congestion level of the network by continuously transmitting data. The
server processes the incoming data by the capacity ¢ € (a,b). Kelly [12] introduced the
utility U(z) and the price p(z) per unit flow of the processing, when the rate is . Under
natural conditions on the functions U(-) and p(-), there is an optimal rate z, € (a,c)
(balancing between the utility and the price of processing) as the unique maximum of the
expression U(x) — [ p(y) dy subject to the constraint 0 < z < ¢, see Kelly et al. [13]. In
addition, [13] proposed an end user rate control algorithm as the differential equation

i(t) = k[z(®)U" (2(t)) — (t)p(x(t))] (1.1)

where xU’(z) is the price per unit time the user is willing to pay for the processing,
xp(x) is the price charged by the server, k > 0 is a gain parameter. The solutions of
equation (1.1) converge monotonically to x, as t — co. On the other hand, nonmonotone
convergence and nonconvergent oscillation around x, arise in some rate control problems.
Equation (1.1) neglects the feedback delays appearing naturally in the system.

The rate control model of Ranjan, La and Abed [26, 25] takes the feedback delays into
account. As the rate z(t) can be larger than the capacity of the server, the data arriving
at the server may form a single waiting line (a queue) before processing. Let y(t) denote
the length of the queue at time ¢. Suppose that it is bounded from above by ¢ > 0, and
the units of data reaching the queue with length ¢ are lost. Then, assuming that the
transmission time from the user to the server is ro > 0, it is natural that for the length
y(t) of the queue the differential equation

x(t—1p) — ¢ if 0 <y(t) <q,
y(t) = § fx(t —ro) —c* if y(t) =0, (1.2)
—lx(t —ro) —c]7 ify(t)=gq

is satisfied. Here, equation (1.2) is required to hold almost everywhere, and ut =
max{u,0}, v~ = max{—u, 0} denote the positive and negative parts of u, respectively.

Suppose that a unit of data, whose processing was completed and the user received an
acknowledgement about it at time ¢, arrived at the queue 7(¢) time earlier, i.e., at time
t — 7(t), and found a queue with length y(t — 7(¢)). As the capacity of the server is c,
the given unit of data spent waiting time z(¢) = (1/c)y(t — 7(¢)) in the queue before its
processing started. Let r; denote the sum of the processing time and the transmission
time from the server to the user. Then 7(t) = z(t) 4+ r1, and this gives the algebraic
equation

(1) = =yt = =(0) — ) (13)

between y and z.



With the waiting time z(¢) and the transmission delays rg, r1, the user at time ¢
receives an acknowledgement from the server about the processing of that unit of data
which was sent at time ¢t — ro — 2(t) — 1. The server determines a price for a unit rate
when it arrives at the server, i.e., at time ¢t — z(t) — r;. When the processing of a unit
ends, the server sends a signal to the user including the identification of the processed
unit and the price information p(z(t — z(t) — r1)). Then the user is able to estimate the
price for the rate of data sent at t —ro— z(t) — 7y as x(t —ro— 2(t) — ry)p(x(t — 2(t) — r1)).
This led Ranjan, La and Abed [26, 25] to the rate control equation

(t) = k[z()U"(2(t) — 2(t —ro — 2(t) = r)p(a(t — 2(t) — r1))] (1.4)

with a gain parameter £ > 0. See figure 1. For similar models we refer to [1, 3].
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Figure 1: The process in time.

In this paper we consider rate control equations (like (1.4)) with delay, where the
delay is determined by two auxiliary equations, by (1.3) and (1.2), or only by (1.2).
The primary aim of this paper is to find a suitable framework to study the above types
of rate control systems. We define a phase space where the corresponding initial value
problem has a unique maximal solution. The solutions define a continuous semiflow,
and the solution operators are Lipschitz continuous. We believe that this approach can
be extended to handle a wide class of systems modeling networks with queueing delays.
Observe that neither the classical results for equations with constant delay [7, 9] nor the
recently developed results for equations with state-dependent delay [10, 29] are applicable
here.

The papers of Ranjan et al. [17, 15, 16, 23, 24, 25, 26] and [1, 3] consider similar
systems, starting from discrete ones, through ordinary and delay differential equations
with constant or state-dependent delays, to general network systems. They examine
these models from the engineering point of view, comparing the different rate control
schemes, like the TCP (transmission control protocol) and its modifications. In these
papers, they prove local and global stability of equilibria, show bifurcations, and plot
numerical solutions related to their results. However, as far as we know, they do not
study the problem of existence, uniqueness, continuous dependence with a mathematical
rigor.

The secondary aim is to apply the developed framework, and to show that the rate
control defined by System (1.4), (1.2), (1.3) may lead to a slowly oscillating periodic rate
around the optimal rate z,, provided that the stationary solution x = z,, y =0, 2 =0 is
unstable and 7y = 0. This answers affirmatively a conjecture of Ranjan and his coauthors
(24, 22].

Before giving an overview on the main steps toward the results, some notation is
introduced. N denotes the set of positive integers, R and C stand for the set of real and
complex numbers, respectively. For n € N, R" is the n-dimensional Fuclidean space with
norm | - |. For a closed and bounded interval I let C; denote the Banach space C(I,R)
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equipped with the norm ||¢||; = maxser |¢(s)|. For Banach spaces £, F with norms || - ||¢,
| - |7, the norm on € x F is ||(u,v)|| = ||ulle + ||v|lz, v € E, v € F.

Set r =19+ r; + ¢q/c > 0 as an upper bound for the delays. If I C R is an interval,
v : I — R is continuous, r > 0, £ and ¢ — r are in I, then u; € C_, ) is defined by
u(s) = u(t+s), s € [-r,0].

For a Lipschitz continuous ¢ : [ — R, defined on the interval I, let

lip(p) = Gls:g) . w € [0,00) and
p(t) — ¢(s)

slope(@)—{ :sGI,tEI,s#t}QR.

t—s

First we consider a slightly more general system than (1.4), (1.2), (1.3), that is, in the
equation we allow more general dependence on the length of the queue than that of (1.4),
(1.2), (1.3), and equation (1.3) may or may not hold. Consider the equation

x(t) = F<xt7yt) (1-5)

together with (1.2) in the phase space X x Y where X, Y and F are defined as follows. An
upper bound K > 0 for the absolute value of the right hand side of equation (1.5) comes
from the nature of the problem. Then, by z(t) € [a,b] and the bound K, the subset

X = {90 € C[—r,O] ‘ 90([_707 0]) C [CL, b]? hp(gp) < K}

of C_,0 will contain all possible segments x;. Analogously, by y(t) € [0,q], z(t) € [a,b]
and equation (1.2), for the segments y;, it is natural to introduce the subset

Y = {2/) S C[—T,O} ‘ w([—ﬁ 0]) - [07Q]7 Slope(w> - [CL - C7b - C]}

of Ci_0. On X C Ci_0, Y C C_rg), X XY C C_y ) X Cl_yg We use the induced
subspace topologies and the corresponding norms. By the Arzela—Ascoli theorem, X, Y
and X x Y are compact subsets of C|_,.q and C|_.o x C[_, ), respectively. Assume that
the map F': X x Y — R has the following properties:

(F1) there exists an L > 0 such that, for all p!, ©* € X, 1 ? €Y,
P8 = P 03] < L (16! = @ g+ 191 = 92 )

(FQ) max(pp)eX xy |F(<P,¢)| < K;

(F3) there exists my € (0,71] such that F(p, ') = F(p,v¢?) provided ¢ € X, ¢! € Y,
¢2 € Y> and Tﬂl’[—r,fm] = ¢2|[77",7r2};

(F4) F(p, ) >0if o € X, p €Y, ¢(0) = a, and F(p,v) < 0if ¢ € X, ¢ € Y and
(0) = b.

A solution of System (1.5), (1.2) in the phase space X XY on [—r,w), w < 0o, with initial
condition zp = p € X, yo = ¢ € Y is a pair of functions

r=2"Y:[-r,w) =R and y=9y*":[-rw) =R

such that



(i) 2 € X for all t € [0,w), g = ¢;

(i) z is differentiable on (0,w);

)

)

(iii) y, € Y for all ¢t € [0,w), yo = ¥;

(iv) equation (1.5) holds on (0,w);
)

(v

The solution (z,y) = (2%, y#¥) on [—r,w) is called maximal if any other solution (7, 7)
with Ty = ¢, yo = ¢ is a restriction of (z,y).

In section 3 we show that, under hypotheses (F1)-(F4), for each (¢,9) € X x Y,
system (1.5), (1.2) has a unique maximal solution (z#¥,y#¥) : [-r,0c0) — R? The
solutions define the continuous semiflow

equation (1.2) holds almost everywhere in (0,w).

B :[0,00) X X XY 3 (t,0,) s (:z:f’d’,yf’w) €X XY,

and, for each ¢ > 0, the solution operators ®(¢,-,-) : X x Y — X x Y are Lipschitz
continuous (theorem 3.4). In order to sketch the main steps of the proof, let (¢,v) € X xY
be given. As, by (F3), the value of F(¢,%) does not depend on w‘[, a standard

T270]7
contraction argument yields 7' € (0,73] and a unique z : [-r,T] — R so that equation

(1.5) holds on (0,7, for arbitrary extension of yo = ¢ to y : [-r,7] — R. Next we
redefine y : [—r,T] — R on (0,7] such that y, € Y for all ¢t € [0,7T], and equation (1.2)
holds almost everywhere on [0,7] with = : [—r,T7] — R obtained in the first step. In
order to appropriately redefine y : [—r,T] — R on [0, T], we extend the right hand side of
(1.2) to an upper semicontinuous multivalued map, and apply a standard result from [6]
for differential inclusions. These two steps combined give a unique solution (z#¥,y#¥)
on [—r,T]. By the method of steps the solution can be uniquely extended to a maximal
solution on some [—r,w). Global existence, i.e., w = 0o, follows from (F4).

In order to see that System (1.4), (1.2), (1.3) is a particular case of System (1.5), (1.2)
introduce Z = [0,q/c] C R as a state space for the variable z(t). A crucial fact is the
existence of a unique Lipschitz continuous map (lemma 3.5) o : Y — Z, with Lipschitz
constant 1/a, such that

o) = <bl-o(w)=r)  (WEY).

Then, for a solution (z,y) : [-r,00) — R? of System (1.5), (1.2) in the phase space X x Y,
defining 2(t) = o(y), t > 0, equation (1.3) is always satisfied for all ¢ > 0.
Define a map G : X x Z — R such that

(G1) there exists an Lg > 0 such that, for all ¢!, ¢? € X, ¢}, (% € Z,
G, ") = (% A < Lo (0" = Pl +1¢H = )

(GQ) maX(@,g)eXxZ ‘G(QD, C)‘ S K;

(G3) G(p,¢) >0if o € X, C € Z, ¢(0) = a, and G(p,() < 0if ¢ € X, ( € Z and
p(0) =0



hold. If we define F' by
F: X XY 3 (p,¢) = Glp, o)) €R,

then it is straightforward to check that hypotheses (F1)—(F4) are satisfied provided Lg <
Lmin{1,a}. In this case System (1.5), (1.2) is equivalent to the system composed of the
equations

z(t) = G(xy, 2(1)), (1.6)

(1.2) and (1.3). Then, in the phase space X x Y, for each (¢,9) € X x Y, System (1.6),
(1.2), (1.3) has the unique solution x?¥[—r,00) — R, y¥¥ : [-r,00) = R, 2#¥ : [0,00) —
R where (x¢’¢, yW/’) is the solution of System (1.5), (1.2) with the above choice of F’, and
20 (t) = a(yf™), t 2 0.

Defining the map G as

G: X xZ3(p,¢) = &[p0)U' (9(0) = (=¢C—ro—r)p(p(=¢C—m))] €R, (1.7)

System (1.4), (1.2), (1.3) will be a particular case of System (1.6), (1.2), (1.3), see section
d.

In section 3 we show that System (1.6), (1.2), (1.3) can be studied not only in the
phase space X x Y, but also in X x Z with a different notion of solution. For given
(p,¢) € X x Z, the pair of functions x : [—r,00) = R, 2 : [0,00) — R is called a solution
of System (1.6), (1.2), (1.3) in the phase space X x Z if x; € X and z(t) € Z for all t > 0,
zo = ¢, 2(0) = ¢, x is differentiable and equation (1.6) holds on (0, c0), moreover, there
exists a function y : [—-r,00) — R with y € Y, 2(t) = o(y;) for all t > 0, and equation
(1.2) is satisfied almost everywhere on [—( — 11, 00).

The key technical result (see section 3) to show that System (1.6), (1.2), (1.3) is well
posed in X x Z is that there is a unique Lipschitz continuous map v : X x Z — Y so
that ¥ = v(¢p, () satisfies 1(s) = ¢ for s € [-r, —( — 1], and equation (1.2) holds with
z(t) = @(t), y(t) = ¥(t) a.e. in [=C — r1,0]. In particular, { = (1/¢)(—( — r1). This
means that the past of the length of the queue (that is ¢» € Y) can be recovered from the
past of the rate (that is ¢ € X) and from the present waiting time (that is ¢ € Z). The
maps

h:XxZ3(p,0)— (p,7(0,0) e X XY, k: X XY 3 (p,0) = (p,o)) e X xZ

are Lipschitz continuous, h is injective, and ko h = idx«z, ho l{;‘h(XXZ) = idp(xxz). Then

(see theorem 3.10), for each (¢, ) € X x Z, there exists a unique solution 2% : [—r, 00) —
R, 2%¢ : [0,00) — R of System (1.6), (1.2), (1.3) in the phase space X x Z satisfying the
initial condition z£¢ = ¢, 2#¢(0) = ¢. Moreover,

U:[0,00) x X X Z 5 (t,p,() —~ <mf’g,z‘p’<(t)) eXxZ
is a continuous semiflow on X x Z, and V(t, ¢, () = k(®(t, h(p,())) for all t > 0.

In the second part of the paper we study a particular system including the model of
Ranjan et al. [26, 25], and show that the optimal equilibrium may be unstable, and in



that case a slowly oscillatory periodic solution appears. Namely, we consider the system

o) = —f(v(t)) — g(v(t —2(t) = 1) (1.8)
v(t)—d if0<y(t) <q

y(t) = o(t) —dI*  ify(t) =0 (1.9)
—[v(t) —d]” ify(t) =¢

A(t) = %y(t C ) — 1) (1.10)

with reals ¢, ¢ as before, and A < 0 < d < B, and nonlinearities f,g in C'([A, B],R)
satisfying 0 < f(£)/¢€ < f1, 0 < g(§)/€ < gy for all £ € [A, B] \ {0} for some f; > 0,
g1 > 0.

Assume ry = 0, r; = 1 in equation (1.4). Condition 7y = 0 guarantees a single delay
in equation (1.4), r; = 1 can be achieved by rescaling the time. Then, under natural
conditions on U, p in equation (1.4), the rate control System (1.4), (1.2), (1.3) will be a
particular case of System (1.8), (1.9), (1.10), see Sections 4-5.

Under suitable conditions on f, g, see section 4, proposition 4.1 shows that System
(1.8), (1.9), (1.10) is well posed in the phase space X x Z where

X ={p€Clg | wl(l-r0]) € [A,B], lip(p) < K1},

and r =1 + Q/C, KO = (fl + 91) maX{—A,B}, Kl = T’Ko.

A solution (v, z) of System (1.8), (1.9), (1.10) is called slowly oscillatory if for any two
zeros t1, ty of v with t; < t3 the inequality z(t3) + 1 < t3 — ¢; holds. This means that the
distance between consecutive zeros of v is larger than the delay.

Inspired by [20] and [19], introduce

W = {(gp,C) EXXZ ‘ ‘70|[—r,—<—1] =0, s+ @(s)e® is nondecreasing, ¢(0) > 0}

and Wy = W U {(0,0)}. Then, for each (p,() € W, the solution v = v¥¢ : [-r, 00) — R,
z = 2% :[0,00) — R is slowly oscillatory with an infinite number of zeros of v. The
second zero ty of v in (0, 00) determines t5 > t5 so that to = t5 — 2(t5) — 1, and a return
map P : Wy — W, can be defined by P(0,0) = (0,0), and P(p,¢) = ['(O(t5, ¢, ()) for
(p,¢) € W where I' : X x Z — X x Z is given by I'(p,¢) = ($,(), with &(s) = ¢(s)
for s € [-¢ — 1,0}, and @(s) = p(—( — 1) for s € [-r,—( — 1]. A nontrivial fixed point
of P corresponds to a slowly oscillating periodic solution. A classical tool, that we apply
here as well, is Browder’s non-ejective fixed point theorem. A large part of section 4 is
devoted to the construction of a suitable subset of X x Z where Browder’s theorem is
applicable. We remark that, although the papers [20, 21, 2, 19, 31, 33, 30, 29] consider a
similar approach to get slowly oscillating periodic solutions, none of them can be directly
applied here, because of the particular definition of the state-dependent queueing delay.
Some steps of the proof are analogous, and other parts require new ideas.

It is a crucial result that P(y,() cannot decay too fast: there are constants 6 > 0,
p > 0 with v#¢(t3) > 6 ((0))” for all (¢,¢) € W. This fact allows to construct a C*-
function « on [0,¢/c] such that a(0) = 0, &/ > 0, &” > 0 on (0,q/c|, a(g/c) is small
enough, and the delayed inequality

a(e-9)zo0er  (ce FQD
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holds, provided d < ¢. Defining the compact subsets

Wai, = {(0.¢) € Wo| 0(0) > a(Q)},
Wk = {(.C) € Wo | lin(p) < Ko}

of X x Z, the inclusion P(W, k,) C W, kg, is satisfied. However, W, k, and W, g, are
not convex. Following [19], the subset

(1.11)

Vs = { (:€) € Cloag x Z | $(1=1,0)) € [0, B], lip(¥) < K1,

(1.12)
[—1,0] 3 s — ¥(s)e/1™ € R is nondecreasing, 1(—1) =0, ¥(0) > oz(()}

of C_10 X R is compact and convex. The set V,, x, can be mapped into W, , by the

streching map @ given by Q(¢, ¢) = (¢, () with ¢(s) = ¢(s/(¢ + 1)), s € [-¢ = 1,0], and
<p|[_r _cy = 0. The squeezing map R, defined by R(p,¢) = (v, C) withi(s) = p(((+1)s),
s € [—-1,0], maps W, g, into V, k,. Browder’s theorem can be applied for the map

II:Vok, € (¥,0) = RoPoQ¥,() € Var,

to find a non-ejective fixed point of II in V,, k,. This yields a non-ejective fixed point of
P in W, g, as well. The non-ejective fixed point is nontrivial provided (0,0) € W, g,
is ejective. Ejectivity of (0,0) € W, g, follows in a standard way from that of the zero
solution of the constant delay equation o(t) = —f(v(t)) — g(v(t — 1)).

Finally, section 5 gives examples.

2 Preliminary results

In order to study the queue equation (1.2) we recall a basic result of [6] for differential
inclusions.

Let J = [to,11] C R for some fixed ty,t; € R, ty < t1, and let D C R’ be closed. The
multivalued map

F: JxD — 29\ {0} = {ACRI, A#0}

is called upper semicontinuous if F~1(A) is closed in J x D whenever A C R/ is closed.
Note that the definition of the inverse image

FYA) ={(t,yy e JxD|F(t,yynA+0} (2.1)

is different from that of a single valued map.
Let p(y, D) = infcply — 2| for y € R7. For y € D define

A 1
— VA 4 _ —
Tp(y) = {z eR: l{\rg(l]rjf )\p(y+ Az, D) = 0} :
The following existence result is Theorem 5.1 in [6]:

Theorem A. Suppose that the multivalued map F : J x D — 2% \ {0} is upper semicon-
tinuous, for all (t,y) € J x D the set F(t,y) is closed and convex in R7,

F(t,y)NTp(y) #0 for all (t,y) € J x D,



moreover, there is a Lebesque integrable ¢ : J — [0,00) such that, for all (t,y) € J X D,

sup{lz[ : z € F(t,y)} < c(t)(1+ |y|)

holds. Then, for each yo € D, there exists an absolutely continuous y : J — D such that
y(to) = yo and the inclusion §(t) € F(t,y(t)) holds a.e. on [to,t1].

Assume that &£ is a Banach space, C C & is compact and convex in &£, the map
F : C — C is continuous. A fixed point zy € C of F is said to be ejective if there exists
an open neighborhood U of zy in C such that for each x € U \ {zo} there exists a positive
integer k() such that for the iterate F*(*)(z) € C \ U holds. In section 4 we will apply
the following result of Browder [4] on the existence of a non-ejective fixed point.

Theorem B. Assume that € is a Banach space, C C £ is an infinite dimensional compact
and convex subset of £, the map F : C — C 1is continuous. Then F has a non-ejective
fixed point.

For the application of the above result, we have to guarantee the ejectivity of the
trivial fixed point of a return map. The proof of the ejectivity uses properties of the
linear autonomous equation with constant delay

w(t) = —paw(t) — vw(t — 1) (2.2)

where > 0 and v > 0. We recall some basic results from [7, 9, 32]. It is well known
that every ¢ € Cj_1 uniquely determines a solution w?¥ : [—-1,00) — R of equation
(2.2) with w?|j_1g = ¢, and the solutions define the strongly continuous semigroup
(T'(t))e=0 on [0,00) x Cr_q,9. The spectrum of the generator consists of the solutions
A € C of the characteristic equation A + g + ve ™ = 0. Assume v > e #~!. Then
all points in the spectrum form a sequence of complex conjugate pairs ()\j,)\_j);’ozl with
ReA; > ReAjiq,ImA; € (2§ —2)m, (2§ — 1)7) for all j € N, and Re \; — —o0 as j — 0.
An explicit criterion for Re A\; > 0 is

v >

v
3 where ¢ € (0, ) is the unique solution of p = —¥ cot 9. (2.3)
sin

Let £ and Q denote the realified generalized eigenspaces of the generator associated with
the spectral sets {A\, A1} and {\p, \p : k& > 2}, respectively. Then C_19 = LB Q. A
basis of L is given by the restrictions of the functions

t > RN gin(Im A\ t), t > RN cog(Im A t)

to the interval [—1,0].
Let S C Cl_19 \ {0} be the set of functions with at most one sign change in [—1,0].
The set S is invariant, i.e., T(¢)S C S for all t > 0. Moreover, SN Q = ().

Proposition 2.1. If 4 > 0 and v > 0 are given such that Re \; > 0, i.e., inequality (2.3)
holds, and ¢ € S, then the solution w? of equation (2.2) is unbounded on [—1,00).

Proof. Let ¢ € S and w = w?. From Cj_1 = L® Q, SN Q = 0 and ¢ # 0 it follows
that ¢ = ©% + @2 with ¢ € £\ {0}, 92 € Q. Then w = w; + wg where w,; = w?"
and wo = w?°. As pf € £\ {0}, there exist ky, ky € R with k2 + k2 # 0 so that, for all
t> 1,

we(t) = RN [k sin(Im Ayt) + ko cos(Im Apt)] .

9



The estimate on the complementary space Q (see, e.g., [7] or [9]) implies that there are
0 >0 and M > 0 such that, for all t > —1,

wa(t)] < Melfter=or,

Then, by Re A\; > 0, it easly follows that w is unbounded. O]

3 The solution semiflow

Assume that rg,71,79,q,a,b,c, K, L are given constants as in section 1, and Hypotheses
(F1)—(F4) hold. First we consider System (1.5), (1.2). Condition (F3) means that F'(y, )
does not depend on t|[_,, . Consequently, for given ¢ € X and ¢ € Y, we can find
xz @ [-r,T] — R with zyp = ¢ satistying equation (1.5) on an interval [0,7] for some
T € (0,72), no matter how y|_.q = v is extended to [—r,7T]. This is done in the next
proposition by using a standard fixed point technique. After that = : [—r,T] — R is
obtained, we will be able to determine y : [—r,T] — R satisfying equation (1.2) on [0, 7.
These two results together give a solution of System (1.5), (1.2) on [—r,T]. Repeating
this procedure by time-T steps a global solution will be obtained.

Proposition 3.1. Let T' € (0,r9] be fized such that TL < 1. For every (p,v) € X XY
there exists a unique function x = z(p,v) : [=r,T] — R such that xy = ¢, x; € X for
all t € 0, T), x is differentiable on (0,T], and, for each y : [—r,T] — R with yo = ¥
and y, € Y for allt € [0,T), x satisfies equation (1.5) on (0,T]. Moreover, the Lipschitz
continuity property

It — 902”[—7»,0} +TL|y" — ¢2||[_r,01
1-TL

o (624 — 2 (207 |y <
holds for all (o', "), (9*9¥%) in X X Y.

Proof. Let (¢,1) € X XY be given. Define 3,1 € Ci—rm by @(t) = (1), b(t) = p(t) for
t € [=r,0], and @(t) = (0), (t) = 1(0) for ¢ € [0,T).
The set
M ={ue€ Cypz :u(0)=0, lip(u) < K},

is a complete metric space with distance d(u,v) = [ju — v||jor). Introduce the map
m : M x [a,b] = C[_,1] by

0 if t € [—r,0],

m(u, () = {min{max{u(t), a—&hb—& ifte0,T].

The function m(u,§) is a trivial extension of u to [—r,0], and it cuts the values of u on
[0, 7] so that m(u,§)(t) € [a — &, b— &] is satisfied. Then it is clear that

B+ mu(u, (0)) € X, €Y forall t € [0,7],

and [0,7] 3 t — @+ mi(u,p(0)) € X, [0,7] 5t — Uy € Y are continuous maps. It is
easy to see that

Jm (u0.€) = m (2, €) [y < [t gy (€ M, € M, €€ 0.8

10



Define the map N : X x Y x M — M as follows:

Niewn®) = [ F (5 mno0).0.) s, 1€ (0.7]

By (F1) and (F2), F is continuous and |F'| < K. Therefore, it is obvious that N'(p, ¥, u) €
M.

Now, fix (¢,%) € X x Y. For functions u!,u?> € M, by the definition of ', m, and
by (F1) and the Lipschitz property of m, we have

IV (o000 u) = N (200 0®) [l
[ (B e 00) ) = F (8t m (2, 000) 5.)] s

= max
t€[0,T)

T
< /0 L Hm (u',(0)) —m (u®,¢(0)) H[_T,T} ds <TL Hul - u2||[o,T} :

Since TL < 1, for all (¢,v) € X xY, the map M > u — N (p,v,u) € M is a contraction.
Therefore, as M is a complete metric space, there is a unique fixed point u*(p, ) € M.
Let (¢',¢") € X x Y and u} = u* (¢',¢"), i = 1,2. From the obvious inequality

18" +m (u,0'(0) = &° = m (u, *O) || L,y < l" = [l Ly -
it follows that
lut = w3llom = WV (98" i) =N (9% 0% w5) | 1y
/ [F (B me (i ) 02) = F (84 m (5.620)) 72)] s

0

< max
t€[0,T]

T
< / L( |84 +m (ui, 01(0)) = & = m (w1, *(0) |, 1
+ Hm (uT,902(0)) -m (uz,soz(o))\hfr,ﬂ T H@l B 122 [TT]) ds

STL(Jle! =&l g+t = oy + 1 =021l )

Consequently,

|

We claim that ¢(0) + u*(p,¥)(t) € (a,b) for all (¢,¢) € X xY, t € (0,T].

If to € [0, 7] and ©(0) + u*(, ¥)(to) = a, we have (to) + m(u* (¢, ¥), ¥(0))(to) = a.
Then by (F4), F(@y, + my, (u*(p, 1), ¢(0)),1r,) > 0. By continuity, it follows that there
is a 0 > 0 so that F(p; + mt(u*(go,w),go(()))ﬂzt) > 0 for all t € (to — d,to + 6) N[0, 7).
The fixed point equation for u*(p,) implies that ¢ — u*(p,1)(t) strictly increases in

(to — 0,to + 6) N[0, T]. Hence it is easy to see that

* 1 * TL
ut (1 0%) — ' (02,0 oy < e ([0 = @l + 10 =7l

©(0) + u*(p,9)(t) > a for all t € (0,T].

Analogously, ¢(0) + u*(p,¥)(t) < b holds for all t € (0, 7). So the claim is true.

11



A consequence of the claim is that

m(u” (g, ), 9(0))(t) = u*(, ¥)(t) for all ¢ € [0, T7,

and the function

o _ o(t) if t € [—r,0],
(t) = z(p,¥)(t) {(p(()) Fut(p,)(t) it e[0,T]

satisfies g = ¢, z; € X for t € [0,T], x is differentiable on (0, 7], and equation (1.5)
holds on (0, 7] with the particular choice y = 12 Observe that, by hypothesis (F3), the
above construction gives the same z(p, 1) for any y : [—r,T] — R so that yo = ¢ and
vy €Y fort €[0,7T).

Finally, it is straightforward to get the estimate

o (¢, ") — = (&%, 9%) H[fr,T} <" - sOQHH,O] +[Jum (!, 0h) —u (%, 97) H[O,T]
1

TL
< 7 e =l + =7 197 =¥l g

This completes the proof. n

In the next step we study equation (1.2). Since we need the same type of result in
another situation as well, a slightly more general version is considered.

Let t9,t1 € R with ty < ¢;. Assume that a function & € C([to, 1], [a, b]) is given. Let
y° € [0, g] be fixed. We consider the equation

§(t) — if 0 <y(t) <q,
y(t) = § [6(t) - ]+ if y(t) = 0, (3.1)
—[&(t) =™ ify(t) = ¢

on the interval [ty, ;] with initial condition y(to) = y°.

Proposition 3.2. For each & € C([to,t1],[a,b]) and each y° € [0, q| there exists a unique
Lipschitz continuous functiony = y(&,4°) : [to, t1] — [0, ] such that y(to) = y°, slope(y) C
l[a—c,b—c], and equation (3.1) holds almost everywhere in [ty,t1]. In addition, y(&,y°) is
Lipschitz continuous in &,y°, namely, for all £',£% € C([to, t1], [a,b]) and y*', y>? € [0, q],

w(€, ) = s 8°9) 0y < 80 =872 + (5 — t0) €8 = €y

Proof. Let € € C([to, t1], [a,b]) and 3° € [0, q] be fixed. Define the map h : [to, t1] x [0, q] —
R by
£(t) — if0<y<g,
ht,y) = q [6() — ]+ if y =0,
—[Et) =~ ity =gq.

Then equation (3.1) with y(to) = y° on [tg, ;] can be written as an initial value problem

{y(t) = h(t,y(t)) ae. for t € [to, 1], 52)

12



The remaining part of the proof is divided into three steps. In Steps 1-2 we show
existence, in Step 3 uniqueness and the Lipschitz property are obtained.
Step 1. We extend h to a multivalued function h : [tg, 1] x [0, q] — 28\ {0} as follows:

({c(t)—c}  ifye(0,q),

or y =0 and &(¢)
h(t,y) = or y = ¢ and &(¢)
[£(t) —c,0] if y =0 and &(¢)
[[0,£(t) —¢] ify = q and &(2)

We claim that h is an upper semicontinuous function. To check it, let A C R be
closed, nonempty, and consider its inverse image h(A) defined by (2. 1) with F = h.

=
<c,
<
>

Let (sn,yn)nzo e a sequence in h- (A) converging to (s.,y«) € [to,t1] x [0, q]. We have
to show that (s.,y.) € h™1(A), ie., h(s*,y*) N A is nonempty. By the definition of A,
£(t) — ¢ € h(t,y). Thus &(s,) — ¢ € h(s*, Y«), and, since £ is continuous and A is closed,
we have B

h(Sn,Yn) D &(sp) — ¢ — &(s4) — c € A.
Therefore h=1(A) is closed.

We apply theorem A by choosing j = 1, D = [0,q|, J = [to,t1], F = h. Clearly,
Tp(y) = R for y € (0,q), Tp(0) = [0,00) and Tp(q) = (—o0,0]. It is obvious that the
conditions of theorem A are satisfied with ¢(¢) = max{c — a,b — ¢}. Therefore, there is
an absolutely continuous y = y(&,4°) : [to, t1] — [0, ¢] such that

g(t) € h(t,y(t)) a.e. for t€ [ty t] (3.3)

and y(to) = y°.
Step 2. We show that for the function y = y(&,y°), obtained in Step 1, equation (3.1)
holds almost everywhere, and y(t,) = y°.

Assume that ¢ € (to,1) is given such that y(?) exists and y(t) € h(t, y(t)).
If y(t) € (0,q) then h(t,y(t)) = {£(t) — c}, and consequently y(t) = h(t,y(t )) f
y(t) = 0 then necessarily §(t) = 0. From g(t) = 0 € h(¢,0) it follows that £(t) < ¢,

thus 0 = g(t) = [£(t) — |7 = h(t,y(t)). The case y(t) = q is analogous.

Therefore, y = y(&,4°) satisfies equation (3.2). Then, by the definition of h(t,y) and
&([to, t1]) C la,b], it is clear that (3.1) holds almost everywhere for y, y(to) = »°, and
slope(y) C [a — ¢, b — ¢].

Step 3. Let £1,£% € C([to, 1], [a, b)), y>',y*? € [0, 4], y' = y(&,y"), v* = y(€,9™?).
Then the map [to, 1] 2 ¢t — |y'(t) — yQ(t)| 6 R 1s absolutely contlnuous

Cram. For £, &% € CO([to, ta], [a,0]), y*',y"% €[04, y' = y(§,y™), v* = y(§2,y™?),

% 1y (s) — 4 (s)| < |€'(s) — €(s)|  holds a.e. in [to, t1].

Observe that, for almost all s € (¢, t1), the derivative ¢ (s) exists with g*(s) = h'(s, y'(s)),
where h' is the map constructed as h above with & replaced by &', i = 1,2, moreover,
(to,t1) D s + |y'(s) — y*(s)] € R is differentiable almost everywhere. Fix such an
s € (to,t1). Remark that if a real function « and its absolute value |a| are differentiable
at s, then

(s + 9)[ — [er(s)] a(s +90) — a(s)

d
= < |l — |4
e e LU
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We distinguish 4 cases.
Case 1. y'(s) € (0,q), i € {1,2}. Then, by (3.4) and the definition of h' h?,
d . .
I ' () = 42 (s)| < |5 (s) = 5P(s)| = I€"(s) — €%(9)] -

Case 2. y'(s) € {0,q}, i € {1,2}. In this case ¢'(s) = ¢*(s) = 0, and hence

Ly (s) = 02(5)] < [3(5) — ()] = 0 < [€1(s) — 2.
Case 3. y*(s) = 0, y*(s) € (0,q). Then ¢'(s) = 0 and consequently £!(s) < c¢. In
addition,
L1y s) — 02(5)] = - (42(5) — 0 (5)) = §(5) — ()
=E(s) —c < E(s) — &(s) < [€1(s) — €2(s)|-
Case 4. y'(s) € (0,q), ¥*(s) = q. Then *(s) = 0 and £*(s) > ¢ follow. Hence

- (1%(5) = 4'(9) = 7%(9) = 7' (9
(€)= ¢) = e = €'(9) < €(5) — €1(5) < [¢'(5) — €209)].

The remaining cases can be obtained by changing the indices. This completes the
proof of the claim.

By the definition of the norm, the absolute continuity of ¢ ~ |y'(¢) — y3(¢)|, and by
the above claim, we have

|
=
@
N—r

|
@N
@
=

I

| &lg

19" = 4l = e [ () = 4*(0)
_ ‘0,1 02‘_}_/td}1(>_ 2()‘d
" ielton Y ds 1V T
01 _ 02
<y \+tg[1ta§< / |£1(s) — €2(s)] ds

< ‘y0,1 —y0’2‘ + (t1 — to) Hf - ¢ H[to,tll'

This implies the uniqueness of y(&,4%), and the Lipschitz continuity of y(¢, y") with respect
to & and °. The proof is complete. O]

The following corollary is immediate from lemma 3.2.

Corollary 3.3. Let T > 0. For all € € C(|—r,T),[a,b]) and ) € Y there exists a unique
Lipschitz continuous function y = y(&,¢) : [—r,T] = [0,q] such that y = v, slope(y) C
[a—c,b—c|, and equation (3.1) holds with £(t) = £(t —ro) almost everywhere in [0, T]. In
addition, y(g, W) is Lipschitz continuous in fN,w, namely, for all {1, §~2 € C([-r,T],a,b])
and Yt p? €Y,

v vt &)

S [

[=rT) '

Now we are in a position to prove existence, uniqueness, and continuous dependence
of the solutions of System (1.5), (1.2).
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Theorem 3.4. For each (p,¥) € X XY there exists a unique solution
Y [—r,00) = R, y?¥ : [0,00) = R

of System (1.5), (1.2) on [—r,o0) satisfying the initial condition x5 = o, y&¥ = 1. The
mapping
D :[0,00) X X XY 3 (t,p,0) — (xf’¢,yf’w) eXxY

defines a continuous semiflow on X x Y. In addition, for all (p?,4) € X xY, j=1,2,
t >0, ® has the Lipschitz continuity property

|2 (%07 =@ (6.0% ) [y < (01 07) = (0% 87) [y 7

Proof. Let T € (0,rs], TL < 1 and (p,79) € X x Y. By proposition 3.1 there exists a
unique function z = x(p,v) : [-r, T] — R such that zo = ¢, z, € X for all t € [0,T1], x is
differentiable on (0, T, x satisfies equation (1.5) on (0, 7|, and the function y : [-r, 7] - R
in (1.5) is arbitrary with yo = ¢ and y; € Y for all t € [0,7]. By corollary 3.3, with
E: x(p, 1), we can choose a unique y = y(z(p, ), ) : [-r,T] — R such that yg = 1,
y € Y for all t € [0,7T], and equation (1.2) holds almost everywhere in [0, 7).

The functions z¥% : [—r,00) — R and y#¥ : [0,00) — R are defined as follows.
Set x¢¢(t) = z(p, ¥)(t), le’(t) y(x(p, ¥), )(t) for t € [—r,T]. Hence we can define
Fg=afY e X and ¢ = y£¥ € Y. For ($,1) € X x Y, the functions z(, w) and y(3, )
can be constructed as above. Set 7% (t) = z(3, %) (t — T), y?¥(t) = y(x(3,¥), ¥)(t — T)
for t € [T,2T]. This procedure can be repeated to define 9% and y¥¥ on the interval
[—r,00). The differentiability of z#% on (0,00) follows from the continuity of the map
[0,00) 3 t = F(zf? y?¥) € R. Therefore the pair 29, y#¥ is a solution. In order
to show uniqueness, let 7,7 : [—r,w) — R be another solution with Zo = ¢, yo = ¥,
and 0 < w < oo. Pick a maximal t, € [0,w) such that z(t) = Z(t), y(t) = y(t) for all
t € [—r,to]. Choosing (z4,,ys,) € X X Y as initial pair of functions, proposition 3.1 and
corollary 3.3 give that xz and y are unique on the interval [—r,ty + ¢) for some § > 0,
respectively, a contradiction. So, the uniqueness holds. Define

o) = (3 5fY) (120, pe X, veY).

The semigroup property of ® follows from the existence, uniqueness and from the fact
that System (1.5), (1.2) is autonomous.

Now we prove that ® is Lipschitz continuous in ¢, 1.

Let (o', 9)) € X x Y, ot = 29"V y' = y#¥" i =1,2. For each T > 0 with T" € (0, 73]
and T'L < 1, by using proposition 3.1 and corollary 3.3, we have the estimate

Hml - "E2H[t—r7t+T] + Hyl o y2||[t—r,t+T]
<l =@y + 8" =9y + Tll2* =2
= @+l =2 pumy + " = s

’ ’ ’ [t—rt+T]

1+7T

Sl (H l_xQHt rt]+TLHy _yHt Tt])—i_Hy _yHt 7]
1+T 1+ T2L

=17 17 =g+ T I = vl
1+T

< 177 (et =2y + 11" =97l )
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Hence, for the right-hand upper Dini derivative we find

D (|let = 2| gy + It = 92l

1
= limsup — (th+T fEt+TH r0]+||yt+T yt+TH[_ro]

T—0+
~ [t = a?llp = 1t = 92 )
1/ 14T
<timsup (177 (et = 2l + ot = 52 )

SR W P T

| 1+ 1
< limsup 7 (et = a2l gy + N1t =921l )

= (1 L) ([l = @l gy + 1t = 92 0g)

Then the inequality

D*[ (L+1)t (th—xtll[ vo v = yf”[—rm)]
~(L+ eV (Jfaof =] g + It =92l o)
# D (faf —afll gy + ot =28l ) <0
easily follows for all £ > 0. By Zygmund’s inequality (see e.g., [28, p. 10] or [18, p. 9]) the

function
0,00) 3¢ = e ([lad =22l o+ b = o2llg) €R

is monotone nonincreasing. Consequently,

ot = 2l g + Nt = w2l < @0 (1l = Bl gy + N = 28l )

for all t > 0. This shows the stated Lipschitz property of ®.
The continuity of 9%, y#¥ : [—r, 00) — R implies the continuity of the maps [0, 00) >
t 2P e X, [0,00) 3t yf" €Y, since the topology of Cl—r0) is used on X, Y. Thus,
for each (¢,1) € X x Y, the map [0,00) 3 ¢t — (¢, ,7) € X X Y is continuous.
Finally, by the inequality

@ (t1 0", 01) = @ (t2, 0%, 97) [ oy
<||® (t 0" 0") = @ (41,0707 || oy + 1|1 ® (81,07 0%) = @ (t2, 0%, 9%) ||y

the continuity of ® follows from the above statements. O]

Now, we turn to the study of System (1.6), (1.2), (1.3), and prove that it can be
considered not only in the phase space X x Y but also in X x Z, see the definition of
solutions in X x Z.

First we show that equation (1.3) can be solved uniquely provided y; € Y.
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Proposition 3.5. There is a unique map o : Y — Z satisfying

o) = 29(~o(s) — ). (35)

The map o : Y — Z is Lipschitz continuous, namely, for all ¥*,1* € Y, we have

o (@) =0 ()] <,

max
a se[—max{o(¢1),oc(¥?)}—r1,—7r1]

1
=< a Hw1 o WH[—T,O] :

01 (s) — 92(s)]
(3.6)

Proof. Let ¥ € Y be given. Define ¢ : [0,q/c] 3 s — s —(—s—11)/c. For 0 < s < s9 <
q/c, by using slope(y)) C [a — ¢,b— ¢] and 0 < a < ¢, it follows that

9(81) - 9(82) S 1/1(—51 - 7“1)/0 — S + ¢(—82 - 7“1)/0

S1 — S S1 — S9
_ 1 1¥(si—m) —(=s2 — 1)
C S1 — So
:1+l¢(—51—7"1)—¢(—52—7“1) > 1+G—C _a <0
¢ (=s1—r1)—(—s2—1m) c c
Hence, function p is strictly increasing in [0, ¢/c|. Observe that
mm——ftﬁl§0am»@@)_g_ygﬁiﬂlzg—?—u
c c c c c c

So, ¢ has a unique zero, denoted by (), in [0,q/c|. Clearly, o(¢) is unique with (3.5).

5
In order to prove the Lipschitz continuity of o, let 1! 1% € Y be given. If o(y!)
o)

n >

o(1?) then inequality (3.6) trivially holds. Without loss of generality assume o
o(?). By slope(¥?) C [a — ¢, b — ¢] we obtain
L0 fab Y — N o h2( (2
‘0(@&1) —0(@&2)! :U(¢1>—U(¢2) _ P(—o(@') —r) cw (—o(¥?) =)
_ Y@l =) Aol =) | YA(zo (W) =) =Y (=0(¥?) — )
c c
<1 max ‘wl(s)—wz(s)‘+6_a|a (wl) —0(1/12)‘.
T ¢ sel—o(t)—r1,—r1]
Hence
_€t—a 1 2 l iy 02
(1 C ) |J (¢ ) 4 (w )} = C SE[—max{o(wr{l),a;'}in)}—rl,—rl] |¢ (S) w (S)|7
from which inequality (3.6) easily holds. O

The next proposition is a key technical result. It shows that, for given ¢ € X and
¢ € Z, we can find uniquely an element ¢ € Y such that ¢ satisfies equation (1.2), with
r =@ and y =1 ae. in [ —rq,0], and ¢ = o(¢)) holds as well. In order to guarantee
the uniqueness of ¢ we choose it to have the constant value ¢¢ on [—r, —( — r].
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Proposition 3.6. There is a unique map
v: X XZ—=Y
so that ¥ = v(p, () satisfies

P(s) =cC  fors e [—r,—(—r],

' o(s—1rg) —c z:fO < P(s) < g, | (37)
P(s) =< [p(s —ro) — ] if ¥(s) =0, a.e. in [—C—ry,0].
—[lp(s —ro) == ifY(s) =¢

In addition, ¢ = o(v(p,()) for all (p,{) € X X Z, and
7 (0, ¢") =7 (@ Mg ST lle" = &7l g + max{2e —a, b} | = 7|
for all o', ¢* € X and (', (% € Z.

Proof. Let (¢,() € X x Z be given. Define a function ¢ : [—r,0] — R as follows.
Let ¢(s) = ¢C for s € [—r, — r1]. Applying lemma 3.2 with [to,t1] = [~ — 71,0],
() = @5 — o) for 5 € [~ — 4,0, 4 = cC, we can uniquely define %(s) = (€, 4°)(s)
for s € [ — r1,0]. It is clear that v(p,() = v is the unique element of Y satisfying
equation (3.7).

By the definition of v(¢p, ¢), we have { = (1/¢)y(¢,()(—( —11), that is = a(y(¢, ()).

In order to show the Lipschitz continuity of v, let (¢%, (*) € X x Z and " = v(*, (?),
i = 1,2. Without loss of generality, assume that ¢t > (2. If —r < s < —(C! — r; then

[0 (s) = ¥*(s)| = [e¢’ —e¢®| = c|¢" = ¢*. (3.8)

If —C' —r; <5< —(?—r; then, by using that ¢! is absolutely continuous (because it is
Lipschitz continuous) and thus !(s) — ¢! = fjgl—m P(u) du,

91 (s) — 2 (s)| = |eCt + / ) du—

e
(%=1
< |c(1—c§2|+/ |g01(u—r0)—c‘ du
—¢t—r1
<c ‘Cl — CQ‘ + max{c —a,b— ¢} |C1 — C2| = max{2c — a, b} ‘Cl — CQ‘ ) (3.9)
For s € [¢? — r1,0] apply lemma 3.2 with [to, 1] = [~ — 71,0], y(t) = (1), &) =

@J(t — 7’0)’ y07j — '[b‘j(—CQ — 7"1)’ j = 1,2 to Obtain

10" =02 Loy g < (€7 =) =02 (€7 = )|

(3.10)
+H(E+r) " =

—r1—70,—70) '

Combining (3.8), (3.9), (3.10), and using ¢ < 2c —a, (* + 11 + 19 < 7, we get the stated
Lipschitz continuity. O

Proposition 3.7. Let y € C(|—r,0),[0,q]) be a Lipschitz continuous function with
slope(y) C [a — ¢,b — ¢|]. Then the function z : [0,00) > t — o(y,) € R satisfies
slope(z) C [1 —c¢/a,1 — ¢/b].
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Proof. Clearly, y; € Y and 2(t) = o(y) = (1/c)y(t — o(y) — 1) = (1/c)y(t — z(t) — 1),
t > 0. Choose t; > 0, to > 0 with t; # to. Then t; — 2(t1) = to — 2(t2) implies
z(t1) = (1/c)y(ty — z(t1)) = (1/c)y(ta — 2(t2)) = z(t2), and t; = to, a contradiction. So,
tl — Z(tl) 7é tQ — Z(tz), and

2(t) —2(t) _ 1y(th —2(t) —r1) —y(ta — 2(f2) — 1)

tl — t2 C tl - t2
_ Lyt —2(h) — ) —y(ta — 2(fa) — 1) (b — 2(t) — 1) — (b2 — 2(t2) —71)
C (tl — Z(tl) — 7”1) — (tg — Z(tg) — 7"1) tl — t2

ZEMO_M)

c 81— Sy t1 — 12
with s; =t; — 2(t;) — r1, 7 = 1,2. Rearranging terms and multiplying by ¢ we obtain

(c—i— y(s1) = y(s2)) 2(t1) — 2(t2) _ y(s1) —y(s2)

51 — S2

t1 —to 81 — S2

Using slope(y) C [a —¢,b—¢], and £/(c+ &) € [(a —¢)/a, (b—¢)/b] for £ € [a — ¢, b— ],
it follows that

2(t1) — 2(t2) y(s;—l):Z§82) c a—c b—cl| [1 ¢ c]
tl — tg - c+ y(s1)—y(s2) a ’ b - ) b )

§1—S82

and the proof is complete. ]

Proposition 3.8. Let y € C([—r,0),[0,q]) be a Lipschitz continuous function with
slope(y) C [a — ¢,b — ¢|, and define z : [0,00) > t — o(y;) € R. Then the map

n:[0,00)3t—t—2(t)—r  €R

is Lipschitz continuous with slope(n) C [¢/b,c/a]. In particular, n is a strictly increasing
function, and, for its inverse n=', slope(n™') C [a/c,b/c] holds.

Proof. From lemma 3.7, with t; > 0, to > 0 and t; # t, we have

n(t) —n(tz) (b —z2(t) —r1) = (b — 2(t2) —71) _ 1_ 2(th) = 2(t2) [f f]
tl—tg tl—tg tl_t2

b al’
Let t; = n(s;), j = 1,2, with ¢; # t5. Then, for the inverse

n(t) =0 tt) _ 0 t(s) =0 t(n(s1)) _ si—se {2 ZB]
ti— 1ty n(s1) —n(s1) n(s1) =n(s1) ~ Le'e]’
completing the proof. O

In the remaining part of this section we consider a map G : X x Z — R satisfying
(G1)—(G3). Recall that, for F': X x Y — R given by

Fle,9) = G, a(¥)),

Hypotheses (F1)-(F4) hold provided Lg > Lmin{1, a}. We consider the system composed
of equations

i(t) = G(zt, o(yt)) (3.11)
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and (1.2) in the phase space X X Y as it is a particular case of System (1.5), (1.2).
Define the mappings

h: X xZ53 (g, ()= (p,7(p, () € X XY,

E: X XY 3 (p,00) = (p,0(W)) € X X Z. (312)

Note that both of them are Lipschitz continuous, h is injective, but k is not. For their
compositions, we have

koh=1idxyxz and ho k;\h(XXZ) = idp(xx2) -
Proposition 3.9. If o€ X, ' e Y, ¢? €Y, ( € Z with ( = c(¥') = o(¢?) and
s) = 03(s) for all s € [~C — 0],
then, for the semiflow ® generated by System (3.11), (1.2), we have
k (<I> (t, go,@bl)) =k (<I> (t, 907¢2)) for allt > 0.
Proof. From theorem 3.4 we know that ® exists. Let (z',y') : [-r,00) — R* be given
such that ® (¢, ¢", ") = (z},v;), t > 0).
First we show that
o' (t) = 2°(t) for all t € [—r,00), y'(t) = y*(t) for all t € [~C — 71, 00). (3.13)
If (3.13) does not hold, then there exists a maximal ¢y € [0, 00) such that
ot (t) = 2°(t) for all t € [—r,to], y'(t) = y>(t) for all t € [~ — 71, to]. (3.14)

We claim that o (y}) = o (y?) for all t € [0,y + 71].
proposition 3.8 implies, for i = 1,2, that

t—o(y) —ri>—0o(y) —ri=—-C—mr foralltel0o00).

From this inequality and from lemma 3.5, it follows for each ¢ € [0, ty + 7] that

1
o(yt) —o(y?)| <= max Yt +s)—y*(t+s
7 0) = WIS G o (g V) )
1 1
= - max Ys) —4%(s)| < = max Ls) —4%(s)| = 0.
a sE[tfmax{o(ytl),o(y?)}frl,tfrl] |y ( ) 4 ( )| Q s€[—(—71,to] ‘y ( ) Y ( )|

Therefore the claim holds.

Set m(t) = o (y}) = o (y?), t € [0,tp+r1]. Clearly, for both z! and ? the same equation
#(t) = G(xy,m(t)) holds for all t € (0,ty+71). By (3.14), x} = z? for all t € [0, o). Since
G : X x Z — R is Lipschitz continuous, an application of Gronwall’s inequality yields
the existence of a § € (0,7;) so that z!(t) = x2(t) for all t € [—r,ty + 6]. Now we can
apply lemma 3.2 to conclude y'(t) = y*(t) for all t € [~ — ry,to + 6]. This contradicts
the definition of ¢y. It follows that (3.13) is satisfied, and also k(x},y}) = k(z2,y?) for all
t > 0. This proves our statement. O

Now we have all tools to show that for System (1.6), (1.2), (1.3) the space X x Z is a
suitable phase space.
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Theorem 3.10. For each (¢,() € X x Z there exists a unique pair of functions
29 : [-r,00) = R, 2#¢:]0,00) = R

such that (z,z) is a solution of System (1.6), (1.2), (1.3) in the phase space X X Z
satisfying the initial condition x5° = @, 29<(0) = ¢. The mapping

U:[0,00) x X X Z3(t,p, () — <xf’c,z(’"’<(t)> eXxZ

defines a continuous semiflow. In addition, there exists a constant M > 0 such that

1w (9" ¢ =W (86%, )| < MI(e" ) = (9%, )| e (3-15)

forallt >0, o', 0% € X, (1, (? € Z. Moreover, for allt >0, pe X, ( € Z,

U(t, @, C) = k(®(t h(p,Q)))-

Proof. Let (p,() € X x Z be given.

1. Existence. By theorem 3.4, System (3.11), (1.2) has a unique solution in the phase
space X x Y, denoted by (x#7(¥¢) ¢27(@0) [y 00) — R2, with 29 = ¢, yo = V(¢, ().
Define ¥ : [0,00) X X x Z — X X Z by

(L, 0,0) = k(@ (1, b, Q) =k (27709, yp 70O ) = (ap729, g (yp7 )},

¥ is continuous since the functions h, £ and ® are continuous. The pair
P4 = 22 #O(), e fmroc), 2K = (477, e [0,00)

is a solution of System (1.6), (1.2), (1.3) in X x Z with 2o = ¢, 2(0) = (.

2. Uniqueness. Assume the pair of functions z : [-r,w) — R, Z : [0,w) — R is
also a solution of System (1.6), (1.2), (1.3) in X x Z with initial condition o = ¢,
Z(0) = ¢ and 0 < w < oo. Then, by definition, there exists a Lipschitz continuous
function y : [-r,w) — R so that y; € Y, Z(¢t) = o(y;) for all t € [0,w), and equation (1.2)
holds a.e. in [—¢ — 7, w). From z(0) = ¢ = o(y) = (1/¢)y(—¢ — r1) and (1.2), it easily
follows that

7(s) = 7(¢,O)(s) for all s € [—¢ —1,0]

Now proposition 3.9 implies that

(21, 2()) = K(D(t, 0,7(#, Q))) = K(D(L, 0,50)) = (71, 2(1)) for all ¢ € [0, w),

and the proof of uniqueness is completed.
3. Properties of ¥. We have to show that ¥ is a semiflow on X x Z, i.e.,

\I/(tl + tQ, @, C) = \I’(tg, \If(tl,gO,g)) for all tl Z O, tg Z 0. (316)

Let x : [-1r,00) = R, z: [-( —1,00) = R be the solution of System (1.6), (1.2), (1.3),
y : [-r,00) — R be such that (1.2) holds a.e. in [—r,00), and t; > 0, t5 > 0.
Since ¥(t, p, () = (x4, 2(t)) for t > 0, equation (3.16) is equivalent to

(xt1+t27 Z(tl + t2)) = \Il(t% (Itw Z(t1>>> (317)
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Using the functions h and k defined in (3.12), it is easy to see that
U(t, ¢, ) = k(®(t, h(p,())) forallt >0,
so equation (3.17) can be written as

($t1+t27 Z(tl + t2)) = /{3((1)(252, "L‘tu/y(xtn Z(tl)))) (318)

The assumptions of proposition 3.9 clearly hold with zy,, (x4, 2(t1)), ¥, , 2(t1) instead
of o, Y, 1?2, ¢, so we have

k<q)(t27 xt177<xt17 Z(t1>>>> = k(q)(t27 Ty, ytl)) = k<xt1+t27 yt1+t2)
= (xt1+t27 O<yt1+t2)) = ('rt1+t27 Z(tl + t2))

Thus, (3.18) holds, and ¥ is a semiflow on X x Z.
From the Lipschitz property of ® in theorem 3.4, and the Lipschitz continuity of h
and k, ¥ has the Lipschitz property (3.15) with some M > 0. m

4 Slowly oscillating periodic solutions

In this section it is shown that for System (1.8), (1.9), (1.10) it is possible to have slowly
oscillatory periodic solutions. The model of Ranjan et al. [26, 25], i.e., System (1.4), (1.2),
(1.3) will be a particular case whenever o = 0, 71 = 1 and U, p are suitable, see section
5.

Recall from section 1 the constants a, b, c,q, with 0 < a < ¢ < b, ¢ > 0. For the rate
x(t), x(t) € [a,b] is assumed, ¢ is the maximal capacity of the server, ¢ is an upper bound
for the length of the queue y(t). We suppose that there exists =, € (a,c) serving as a
stationary solution of the rate control equation.

Set d=c—2, >0, A=a—2, <0, B=0b-—2x,> d, and assume the following
conditions on f and g¢:

(S1) f,g € CY([A, B],R);

(52) f(§)§ =0 and g(£)€ > 0 for all £ € [A, B]\ {0}, g'(0) > 0;

(S3) 9([4, B]) € (=f(B), = f(A));

(S4) the map C 3 A+ A+ f/(0) + ¢'(0)e™ € C has a zero with positive real part.

Now we define the system for which we will be able to show the existence of a periodic
solution. As we are interested in the oscillatory behaviour of z(t) around x, we introduce
v(t) = z(t) — x,, and write the rate control equation for v instead of x. In the rest
of the paper we consider System (1.8), (1.9), (1.10). Note that Equations (1.2), (1.3),
with rg = 0, 7y = 1 and x(t) = v(t) + z., become Equations (1.9), (1.10), respectively.
Moreover, equation (1.8) is a particular case of equation (1.6) provided rq = 0, r; = 1
and z(t) = v(t) + 24, and G : X x Z — R is given by

Glp, Q) = =f(0(0) = 2.) = glp(=C = 1) = z.).
Define the functions f,§ : [A, B] = R as follows:

_ f(€) if€#£0 B g(§) if £ 40
—= 5 ! e 5 !
1) {f’(O) if £ =0, 9(e) {g'(O) if £=0.
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From (S1) and (S2) it follows that f and § are continuous, and there are constants f; > 0,
g1 > go > 0 such that

fUA,B]) €0, f1], 9g([A, B]) € [g0, 91]-

Let
r=1+ %, Ko = (fi + ¢1) max{—A, B}, K;=rK,.

For ¢ € C1_; ) and k € R define p + k € C_,.q) as [-7,0] 2 s = p(s) + k € R.

Under Hypotheses (S1)—(S3), with the above definition of G, it is clear that Condi-
tions (G1)—(G3) hold with Lg = max{||f|lx + llgll1, K|lg|l1}, K = Ki, where ||f|; =
maxee(a,p] | f'(§)], [|l9ll1 = maxeciap |¢'(€)]. Therefore, by theorem 3.10, for all (¢, () €
X x Z, there exists a unique solution < : [—r, 00) = R, 2#< : [0,00) — R with 25 = ¢,
224(0) = ¢, and U(t,0,¢) = (2P, 22¢(t)). In addition, there exists a unique function
yo< o [—r,00) — R with ¢ € Y for all t > 0, 42 = (¢, ¢) such that equation (1.2)
with 7o = 0, (t) = 29(t), y(t) = y#<(t) holds a.e. in [-C — 1,00), and 29<(t) = o (y7)
for all ¢ > 0. Introduce the set

X = {90 € C[—T,O] ‘ (p([—T, O]) - [A7B]7 hp(@) < Kl}'

By K = K3, we have
X={peCLg|p+tuecX}.

Observe that, for all (¢, () € X x Z, the functions v : [-r,00) = R, y : [-r,00) = R,
z 1 [0,00) = R given by v(t) = x9(t) — z., y(t) = y?¢(t), 2(t) = 294(t) are solutions
of System (1.8), (1.9), (1.10) in the sense that (1.8) holds for all t > 0, (1.9) is satisfied
a.e. in [—¢ — 1,00), (1.10) is valid for all ¢ > 0, and vy = ¢ — z, € X, z(0) = (. Note
that only 2% is shifted by z., y¥¢ and 2% are unchanged to get solutions of (1.8), (1.9),
(1.10) from that of (1.6), (1.2), (1.3). Therefore, theorem 3.10 for (1.6), (1.2), (1.3) in
the above specified case immediately gives existence and uniqueness of solutions for (1.8),
(1.9), (1.10). Moreover, it is natural to use v¥:¢, 2¥¢, %< for the unique solution of (1.8),
(1.9), (1.10) as well, where (p,() € X x Z. Now, for each (¢,() € X x Z, the unique
solution v = v#¢ : [—r,00) = R, 2 = 2%¢ : [0,00) — R of System (1.8), (1.9), (1.10) with
vo = ¢, 2(0) = ¢ can be determined as

(vaC,z%C(tD = U(t, o+ 1,¢) — (24,0), (4.1)
and we obtain

Proposition 4.1. Under Conditions (S1)-(S3), the solutions of System (1.8), (1.9),
(1.10) define the continuous semiflow

0 :[0,00) X X x Z 3 (t,p,¢) = (v, 27¢(1)) € X x Z.
Moreover,
H@ (t,gpl, Cl) -0 (t, 902>C2) H <M H(wl’ Cl) _ (902’@) H ot(+L)

forallt >0, b, p? € X, (1, ¢% € Z, with the same constants M > 0, L > 0 as given in
theorem 3.10 provided Lg < Lmin{1,a}.
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In addition to v¥¢ and 2%, there exists a unique y = y#¢ : [-r,00) — R with y; € Y’
for all t > 0, yo = v(¥, (), (1.10) holds for all ¢ > 0, and (1.9) holds almost everywhere
on [—¢ — 1, 00).

In the sequel, when we write (v, z,y), we always mean that v = v9¢, z = 29S¢, y = y¥¢
for some (¢, () € X x Z. Recall also the function n = n#¢ : [0,00) D t = t—2¢(t)—1 € R
and n~! = (n?¢)7!: [=( — 1,00) — R and their properties from proposition 3.8:

slope(n) C [¢/b,c/a],  slope(n™') € [a/c,b/c]. (4.2)

In particular 7 and 7! are increasing functions with t —r < n(t) <t —1 for all ¢t > 0,

and t +1<nt(t) <t+rforallt>—(—1.
Define Ty = 2¢/d.

Proposition 4.2. If 4 > —(— 1, » > 7 + Tp, and v(t) < d/2 for all t € [Ty, |, then
y(t) =0 for allt € [1y + Ty, 2]. 1If, in addition, 79 > 7 + Ty + 1, then z(t) = 0 for all
t e [7'1 + T() —+ 1,7’2].

Proof. From equation (1.9) and from v(t) < d/2, t € [m, 7], it follows that, if there
is 7. € [m,7) with y(7.) = 0, then §(t) < 0 almost everywhere in [r,, 73], and thus,
y(t) = 0 for all t € |7, ). Consequently, either y(t) = 0 for all ¢ € [, 7], or there
exists a maximal 7., € (71, 72] with y(t) > 0 for all ¢ € [r, 7). In the first case the
statements of the proposition trivially hold. In the second case, by equation (1.9), y(t) =
v(t) — d < —d/2 almost everywhere in [r, Tw.]. As y(m1) € [0,q], it easily follows that
0 < Y(Twe) < q—(d/2)(Tux — 11), and hence 7., < 71 + Ty. Therefore, y(t) = 0 for all

t € [11 + To, 72). The statement for z can be obtained by using equation (1.10). O

Observe that (0,0) € X x Z is a stationary point of the semiflow © generated by
System (1.8), (1.9), (1.10). Under Conditions (S1)—(S3), and assuming that (S4) does not
hold, and slightly more, that is

(S5) Rez < 0 for all zeros of the map C 3 A +— A+ f/(0) + ¢/(0)e=* € C,

it is expected that (0,0) is stable. In fact, combining propositions 4.1 and 4.2, local
stability is straightforward.

Theorem 4.3. Assume that Conditions (S1)-(S3), (S5) hold. Then the stationary point
(0,0) € X x Z of the semifiow © generated by System (1.8), (1.9), (1.10) is locally
asymptotically stable.

Proof. By proposition 4.1, for each (p,() € X x Z the unique solution v = v¥¢, z = 2%
of System (1.8), (1.9), (1.10) satisfies

[, 2() = (0,0)]l = [©(t, ) — ©(,0,0)|
< M|[(, Q|5 < M|, )| T+ D+E)

for all t € [0, Ty + 1.
As proposition 4.2 holds with 7, = —1 and arbitrarily large 7, if v(t) < d/2 for all
t > —r, then z(t) =0 for all t > —1 4+ Ty + 1 = Tp, and, consequently,

0(t) = —f(v(t)) — glv(t—1)) forallt >T,+ 1.
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A classical result for equations with constant delay (see e.g. [7, 9]) is that, under Condi-
tions (S1)—(S3), (S5), for each € € (0,d/2) there exists § = () € (0,¢) with

max v(To+1+s)] <9 implies |v(t)] <e forall ¢t > Ty.

For given ¢ € (0,d/2) choosing (¢,¢) € X x Z with ||(¢, ()| < ee”To+DA+L) /Ar it
should be clear that ||(vs, 2(2))|| < € follows for all ¢ > 0. That is, (0,0) is locally stable.
Asymptotic stability follows in the same way by using again the constant delay result
from [7]. O

From this point throughout this section, we assume that Conditions (S1)-(S4) are
satisfied. Then instability of (0,0) € X x Z can be easily obtained. We show after a series
of technical results that there exists a nontrivial slowly oscillating periodic solution (v, 2)
of System (1.8), (1.9), (1.10). Here slow oscillation of (v, z) means that

t1 <t2—Z(t2)—1

holds for any two zeros t; < ty of v.
Observe that equation (1.8) can be written as

0(t) = = FeE)o(t) = Glo(t — 2(t) = D)o(t — 2(t) — 1), (4.3)

For (p,¢) € X x Z consider v = v%¢, z = 2¥¢. Define
t ~
u=uf: [—r,00) >t v(t)exp </ f(v(s)) ds) eR and
0

C=C? :[0,00) >t glv(t —z(t) — 1)) exp </7: ot flu(s)) ds) € R.

Setting co = go, c1 = g1e/17, for all (p,() € X x Z we have
C(t) € [co, 1] forall t > 0.

Proposition 4.4. For each (p,() € X x Z, the functions v = v9¢, 2 = 29 u = u$S
C = C¥*R are continuous, u is continuously differentiable on (0,00), and

u(t) = —C(t)u(t — z(t) — 1) (t>0) (4.4)
holds. In addition,
u®)] < [o(®)] < lu(t)e"” for all t € [-r,0],
()] < |u(t)| < |v(t)|et for allt > 0.

Proof. The continuity and differentiability properties are immediate from the definitions.
Differentiating u and using equation (4.3) for ¢t > 0, we get

i(t) = (5(0) + Flolt) exp(/f i)

= —g(v(t — 2(t) — )t — 2(t) — 1)

e ( / T R ds) o ([ ;m_l Fot) ds)

= —C(t)u(t — 2(t) — 1),
so equation (4.4) holds. The stated inequalities between |u(t)| and |v(t)| are easy conse-
quences of the definitions and the bounds on f. O]

(4.5)
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Let
W= {@’C) cXxZ|p(s)=0forallse[—r—1—,

[—¢ —1,0] 2 s = ¢(s)e® € R is nondecreasing, »(0) > 0}

and Wy = W U {(0,0)}. Our plan is to define a return map on W, and to show that it
has a nontrivial fixed point on W} corresponding to a slowly oscillating periodic orbit.

Proposition 4.5. There exists a constant Ty > 1 such that for all (p,¢) € W, v = v#¢
has at least two zeros in [0,T,]. More precisely, there exist to > t; > 0 with ty < Ty,
v(t) >0 on [0,t1) U (ta, 7 (t2)], v(t1) =0, v(t) < 0 on (t1,t2), v(tz) =0, and v(t;) < 0,
v(ta) > 0. In addition, the function u = u®* is nonnegative on [—r,0], it is positive on
[0, 81) U (ta, 7 (t2)], negative on (t1,ts), it is nonincreasing on [0,m71(¢1)], and increasing
on [t (t1),n~ (t2)]-

Proof. As v = v%¢ and u = u¥¢ have the same zeros, it suffices to show the statement for
u = uPc.

Let A be a zero of A — A+ f"(0)+¢'(0)e™* with Re A > 0 guaranteed by hypothesis (54).
Setting 11 = A+ f'(0), we have Re t > 0 and g+ ¢'(0)e(@e=# = 0. This is possible only if
g (0)e!"©® > 7/2 (see [7, Ch. X1.]). As f, g are continuous and f(0) = f(0), §(0) = ¢'(0),
there exists § € (0,d/2) such that

~ ry T
§(&)e’®) > 5 for [&1] <9, |&f < 6.

Observe that B/§ > 1. Define

1 Belir
0= 1+ —log fs , o si=sot+To+1, Ti=s+T7.
Co

First, we prove that for all (p,() € W, u = u®¢ has at least one zero in [0,T}].
Indirectly, assume that there exists a (¢, () € W such that u(t) > 0 for all ¢ € [0,73]. By
the definition of W and our assumption, u is nonnegative on [—r, T3]. From proposition
4.4 and equation (4.4) it follows that u(t) < 0 for all ¢ € (0,73]. Thus, u is monotone
nonincreasing on [0,7}]. In particular, u(t) < u(t — z(t) — 1) for ¢t € [r,T1]. Then, again
by proposition 4.4,

w(t) < —cou(t) for all t € [r,T1]. (4.6)

From v(r) < B, u(r) < Bef1", inequality (4.6), Be/1"e=0(0=") = § 55 > r, we get

v(t) < u(t) < Befimemot=m) < Befirg=colso=r) — 5 <

|

for all € [SO,Tl].

Applying proposition 4.2 with 7 = so, 7o = T7, we find z(¢) = 0 for all ¢ € [s1,T3]. This
means that equation (4.4) becomes

u(t) = —=C(t)u(t — 1) for all t € [s1,T7]

where, by v(t) < § for all t € [sg, T1], and by the choice of 9,

1) =g(elt ~ D)ex [ Fts) i) 2 gtote— D)eso _amin, Flo)) > .

s€[t—1,¢]
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There exists a minimal integer N > 1 with 4N > s; + 1. Clearly, 4N < s; +
5 and 4N +2 <T); = s, +7. The function ¢ — sin((7/2)t) is positive on (4N, 4N +2),
has zeros at 4N and 4N + 2. Define

w.(t) = esin (gt) , €>0,teR.

As u is positive on [4N,4N + 2|, there are a maximal ¢ = ¢y > 0 such that w(t) =
Weo () < u(?) for all ¢ € [4AN,4N + 2], and a minimal ¢ € (4N, 4N + 2), denoted by t with
w(t) = u(f). Now it is clear that

W (t) =u(l), and w(t) <wu(t)forallte [4N,{).

From the monotonicity of u on [0, 73], it follows that w(f) = @ () < 0. Consequently,
t €[AN +1,4N +2) and £ — 1 € [4N,4N +1). Hence we obtain 0 < w(f — 1) < u(t — 1).
Therefore, by using C(t) > m/2, w(t) = —(7/2)w(t — 1) and 0 < w(t — 1) < u(t — 1),

we get
i(f) = ~C(Hu(f-1) < —Fuw(i-1) =),

a contradiction to u(t) =
the minimal zero in [0, T}].

Observe that (p,() € W and the definition of u imply the existence of an s* €
[—( —1,0) such that u(s) =0 for s € [—r, s*], and u(s) > 0 for s € (s*,0]. Then it follows
that u is constant on [0,771(s*)], and @(t) < 0 for all t € (n~'(s*),n7'(¢1)). In particular
u(t;) < 0. Then from inequality (4.5) we conclude that ¢; is the first zero of v in [0, c0)
and U(tl) < 0.

From u(t) < 0, t € (n7'(s*),n ! (t1)), u(ty) = 0, n~'(s*) < t1, one finds u(t) < 0 for
t € (t1,n (¢1)]. Since equation (4.4) is linear in u, a similar argument shows that v has
a second zero ty in (t1,t; + so + 7) for some sy > 0, and v(t9) > 0. O

w(t). Thus, u has a zero ¢; in [0,7}]. We may assume that ¢, is

Let (0,() € W, v = v¥¢, z = 29¢ u = u¥°. Proposition 4.5 allows us to define
to, t1,te € [—r,T5] and t§, t1,t5 as

to=10(¢) = —C—1, to=n"(to) =0,
t1 =t1(p,¢) = min{t > 0 | v(t) = 0}, tr =1t1(e, ¢) =1 '(t),
ty = ta(p, () = min{t > ¢, [ v(t) = 0}, ty = t3(0,¢) = n ' (ta).

By proposition 4.5, it also follows that
—r<ty=—C—-1l<ty=0<t; <t1+1<t] <ta <ty <Th+r. (4.7)
The continuity of the functions (¢, ¢) — t;(¢, ¢) plays an important role in the sequel.
Proposition 4.6. The functions
W3 (p,Q) = tj(p, Q) €[-rTa], W >3(p,C)—ti(p, () €0,Ty+ 7]
are continuous for j € {0,1,2}.
Proof. The continuous dependence of ¢y on the initial functions is evident. Let (¢,() € W

and a sequence (¢", ("), in W be given with (¢", (") — (p,() as n — oo in the norm
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of C_,0) X R. Proposition 4.1 implies, with the notation v = vPS, 2 = 2P0 o = ¥
2" = 2¢"<" that

~

v"(t) = v(t) as n — oo uniformly in ¢ € [—r, Ty + 7],
2"(t) — z(t) as n — oo uniformly in ¢t € [0,75 + 7]. (4.8)

(t)

Then the right hand side of equation (1.8) with v = v", z = 2" tends to the right hand
side of (1.8) as n — oo uniformly in ¢ € [0, 75 + r|. Consequently,

~+

0" (t) — 0(t) as n — oo uniformly in ¢ € (0, Ty + 7].

It is elementary to show that these uniform convergences guarantee the continuity of
t1(¢,¢) and ta(p,C) in (p,() since t; and ty are simple zeros. Therefore, t1(p, () and
ta(¢, ) are continuous in (p, () € W.

It also follows from (4.8) that

n"(t) = n(t) as n — oo uniformly in ¢ € [0, Ty + 7], (4.9)

where n = n#<, n* = p?"<". Define 17 = t; (¢",¢") and t}* = ()" (t?). From
ty =n(t3), t7 = n™(t]7"") and the Lipschitz property of 7 in (4.2), one obtains

b= 7] = [0 5) — o (5)] = In (&) = n (600 = I () — o (6]
c * %
> 5 |t1 - tl - “T] - nnH[07T2+T} .

Hence b
ity — 177 < p (It1 — 1+ ln— 77”“[0,T2+ﬂ> '

This shows ¢]™ — ¥, n — oo, since t! — t; by the first part of the proof, and ||n —

N[04+ — 0 by (4.9).
The proof for ty* — t3 is analogous. 0

Define the map I' : X x Z — X x Z by I'(¢,{) = ($,(), where ¢(s) = ¢(s) for
s €[-C—1,0], and §(s) = po(—¢ — 1) for s € [-r,—( — 1]. Clearly, I' is continuous, and
IT (¢, Ol < [[(¢,¢)||.- The existence of t5 allows us to define a return map P : Wy — X' x Z
by
(0,0) if (¢, ¢) = (0,0),

P(%C) = {F(@(tg,gp’c)) otherwise.

7, AU
/\r\ | t;-r /\/—tm
T =1 0 £ ¢ t, t,

Figure 2: The first component of the return map P.

Proposition 4.7. P is continuous, and P(Wy) C Wy, P(W) C W.
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Proof. P(0,0) = (0,0) € W, trivially. Let (¢,() € W and v = v¥¢, 2z = 2#S.
First we prove P(p, () = ['(O(t5, ¢, ()) € W. It is obvious that I'(O(t5, »,()) € X x Z.
As —z(t5) — 1 =ty — t3, it remains to show that

[—2(t3) — 1,0] 3 s = v (t; + s) e/** € R is monotone nondecreasing.
If s € (—z(t5) — 1,0] then v(t; 4+ s) > 0, v(n(t; + s)) <0, and
dis (U(t§ + s)efls) = 0(t5 + 5)el* + fiu(ts + s5)el*s
= e [ (= Tty + ) olts +5) = Go(n(t; + 5)o(n(t; + )| > 0.
Thus, P(p, () =T(O(t5, ¢,()) € W whenever (¢,() € W.
The continuity of P at (p,() € W follows from propositions 4.6 and 4.1.

Continuity of P at (0,0) € W, is an easy consequence of proposition 4.1 since for
(p,¢) € W and t5 = t5(p, () we have

1P, ¢) = P(0,0)[| = [T(B(t:(¢, €), 0, Ol < [|8(E5(0, C), 0, Ol
= [[6(t3(¢, €), ¢, ¢) = O(t5(#, ), 0,0)|
< M|[(,Q)lle=1H < M(p, ¢)lle! T+ 0,

]

Let (¢,¢) € X x Z and u = u¥*. Combining the definitions of u, X, fi, using equation
(4.4) and applying proposition 4.4 we obtain
1ip (] = 1yr1) < max {1ip(ul(—ro)), lip (w0, 1401) }
< max {1ip(vo) + [[voll—r0) f1s crllull o401 }
< max {K; + fi max{—A, B}, c;e/" ™) max{—A, B} }
< Ky + (1 +¢))e" ™2+ max{—A, B}.

Choose L; > 0 such that

20L1

Ly > Ky + (1 +¢)el"™ ) max{—A B} and > max{1l, —A, B}.

Co
Then, clearly, lip(u|(—rz,4+) < L1. Define
. 2CL1

p=2"" and 0 =p"%.

)

CoQ

Proposition 4.8. For all (p,() € W,

v(t3) 2 6 ((0))”.

Proof. Let (p,() € W, u = u$¢, n = n?<. Recall that u is monotone decreasing on [0, 1],
monotone increasing on [t],t5], positive on [0,¢1) U (t9,t5], and negative on (t1,t2). In
addition, u(n(t)) < 0 for all t € (¢],15).

Define k_y = t5 and x; = n(k;_1) for j € {0,...,J}, where J is the unique integer
such that k; € (t1,%;]. Let

m; = max _|u(t)], jed{o,...,J}.

tE[Kj,ijl]
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Ay

t, T, Of 7, ... T, K, Koo e K, L™K,

Figure 3: The sequences (r;)7__; and (7;)7__,

Observe that, by v(t) = v¥¢(t) € [A, B], t > 0, and inequality (4.5), we have m; <
N+ max{—A, B}, and hence m; < Ly, j € {0,...,J}. By C(t) € [co,c1], t > 0, and
equation (4.4),

my 2 ulny) —uley) = [ iy = [ coutnn) i
> ¢ / (1) dt = —c, / " ) A () > —c® / u(t) dt

. ) C
J Rj+1

for j € {0,...,J — 1}. The last integral can be estimated with the area of a rectangular
triangle with height m;.; and slope L; since mj11/Ly < 1 < kj — Kj11. So, for j €
{0,...,J — 1}, we have

Kj 2 2
a J am m=
miz el [ ]z T =T

Rj+1

As u is decreasing on [t1, t}], increasing on [t], t5], and 8 > 1, by induction, we have

o m% ma\" ()
|U(t2>| =My Z B1+2+"'+2J_1 Z /8 - /8 . (4']'0)

Similarly, define 7y =t} and 7; = n(7;_;) for j € {0,...,J*}, where J* is the unique
integer such that 7+ € (to,0]. Let

w= max [u(t),  je{0...,J}

tE[Tj,Tj_l]

Analogously to the above estimations, we have

e =z e () = (M) (411)

From n(t) <t—1, we have J+ J* < Ty +r, and |u(0)| < 8 by the choice of 5. Combining
(4.10) and (4.11),

O 7] N S U477 S W4 070 A e 1)
|U(t2)| 2 Z J Z To+r - To+r
E 7\ 5 7\ 5 s
comes. Using |u(0)| = ¢(0) and v(t}) < u(t3), our statement follows. O
Define p
50 — mdef(T2+r)(l+L)eff1r'
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Proposition 4.9. If (p,() € X x Z with ||¢||j—ro) < o€/ then |v(t)] < d/2 for all
te|-rTy+r].

Proof. Observe that ©(,0,¢) = (0,2%¢(¢)), t > 0, ¢ € Z. Let (¢,¢) € X x Z, and
v =v¥¢, z = 2¥¢. Proposition 4.1 gives
leelliror < edliray + 208 = 22O = (o 2(0) = (0,2 e, x

= 16(:¢,0) = 01,0, Ol gz < Mllelli-roe

< M||§0||[_T70]6(T2+T)(1+L) < g

provided t € [0, Ty + 7] and ||¢| < doe/r". O
Proposition 4.10. If (¢, ) € W with ¢(0) < 8y, then z(t5) < [¢ —d/d".

Proof. Let (¢,¢) € W with p(0) < g, and let v = v, 2 = 296y = yP<,

From (i, () € W it follows that 0 < ¢(s) < (0)e/1" < /1", s € [—r,0]. proposition
4.9 can be applied to get |v(t)| < d/2 for all t € [—r, Ty + 7).

Recall that to = —C — 1, y(to) = ¢(, and y satisfies equation (1.9) a.e. in [tg, 00).
Moreover, z(t3) = (1/c)y(th — 2(t5) — 1) = (1/c)y(tz).

Observe that if y(t) > 0 on an interval I C [ty, T2 + 7] then, by |v(t)] < d/2 on
[—7, Ty 4 7], we have §(t) < d/2 —d = —d/2 a.e. in . It follows that either y(t2) = 0,
or y(t) > 0 for all t € [tg,ts]. In case y(t2) = 0 the statement trivially holds since
z(t5) = (1/c)y(ta) = 0. Assume that y(¢) > 0 for all ¢ € [to,t2]. Then z(t5) > 0. By
inequality (4.5), to — to > 2, we find

0< 2(5) = “ylta) = + (y<to> -/ ") dt) <! (cc - m)) <¢-?

to

In this case,  has to be greater than d/c.
Therefore, either ¢ € [0,d/c] and z(t5) =0, or ¢ > d/c and z(t5) < — d/c. O

We need a function a € C*([0, ¢/c], R) with the properties
(al) a(0) =0,
(a2) o/(&) >0, a”(¢) > 0 for all £ € (0,q/d],
(a3) alg/c) < 06,
moreover, in case d < ¢,
(ad) a(&—(d/c)) < 0(a(§))” for all £ € [d/c,q/d].
Proposition 4.11. There exists o € C*([0,q/c],R) such that (a1)—(af) are satisfied.

Proof. If d > ¢, we only need (al)—(a3) to hold, and it is easy to find a function «
satisfying them.
Assume that d < q. We look for a in the form

as q
a(§) = arexp (—az exp (?)) for £ € <(), ﬂ
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with some a; > 0, as > 0, az > 0 determined later. For £ € (0,¢/c|, we have

-2 (2 ()

o’(€) = a1c§a3 (a2a3 exp (%) —az — 2§) exp (% — azexp (%)) :

It is elementary to see that

a(€) =0, (&) =0, a"(€) >0 as&— 07,

Then, by setting a(0) = 0, it follows that o € C?([0, ¢/c|,R). Condition (a1) holds by
definition. The property for o in (a2) is obvious from the above form of /(). From the
above expression for o”(€) it is clear that o/(§) > 0 for all £ € (0, q/c] if

(203 €XP (%) > a3z + 26 forall € € (0, %} ,

which is guaranteed by asasz exp(asc/q) > as + q/c, that is,

ay > <1 + 2i) exp (—%) . (4.12)
asc q

a; < 0§ exp (aQ exp (ic>) : (4.13)
q

Property («3) holds if

Inequality (a4) is valid if

o) e ()

for all £ € (d/c, q/c]. This inequality holds if both

d
< P L > % f 11 — g
a; < 0ai and exp(g_<d/c>>_pexp(£ or all ¢ € i

are satisfied, that is, by p > 1,
1
aq Z g1-» (414)
and

d
a3 25(25—1) logp  forall £ € (E%} .

Since £ — & ((c/ d)¢ — 1) log p is increasing on (d/c, q/c|, the last inequality is guaranteed
by

as > % (% - 1) log p. (4.15)

We have to find a; > 0, as > 0, ag > 0 so that all Inequalities (4.12), (4.13), (4.14)
and (4.15) are true.

First, fix a; > 0 so that (4.14) is satisfied. Now, choose a3 > 0 such that (4.15) holds
for all ag > a3. In the next step, using that the expression on the right hand side of (4.12)
is monotone decreasing in a3, we can fix as > 0 such that (4.12) is valid for all ag > a.
Finally, as a; and as are fixed, one can find a sufficiently large a3 > a} so that (4.13)
holds as well. This completes the proof. O
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With the « given in proposition 4.11, recall that Ky = (fi + ¢1) max{—A, B}, K; =
rKo, and the sets W, i, Wa ki, Va.x, are defined by Formulas (1.11), (1.12).

Proposition 4.12. The set V, g, 1s a compact and convez subset of C_1 g X R.

Proof. Compactness of V,, g, follows in a straighforward way from the definition of V, g,
and from the Arzela—Ascoli theorem.

In order to show the convexity of V, k,, let (¢',¢1) and (1%, ¢?) be in V, k,, and set
(1, ¢) = AL, ¢H + (1 — N) (42, ¢?) with some A € [0, 1]. proposition 4.11 guarantees the
convexity of «. Hence

$(0) = AH(0) + (1= Ng?(0) > Aa (¢!) + (1= Na (¢?)
> a (M + (1= N)¢) = alQ).

All other properties of V,, k, are obviously preserved by the convex combination. O]

By definition, W, x, C Wy. Therefore, the map P is defined on W, x,. We know that
Wy and W are invariant under P. The next result shows the invariance of W, k,, and
slightly more since, by Ko < K1, Wy k, € Wa K, -

Proposition 4.13. P (W, k,) € W, k,-

Proof. We have P(0,0) = (0,0) € Wy k,. Suppose (¢,() € Wark, \ {(0,0)}. Then
the inequality ¢(0) > a(¢) and the nondecreasing property of [—r,0] 3 s — (s)e/1* € R
combined imply that (p, () € W. By proposition 4.7, P(p, () = ['(O(t5, ¢, ()) € W. Thus,
two facts remain to show: lip(vg;) < Ko, and that P preserves the property (0) > a((),
Le., v(th) > a(z(t3)).

From equation (4.3) and from v; € X it follows that |0(t)| < K for all ¢ > 0. Hence
the definition of vy and 0 <ty < t5 imply lip(vy;) < K.

By (¢,¢) € War, \ {(0,0)} € W we have ¢(0) > «(¢), and want to prove v(t) >
a(z(t5)). There are two cases.

Case 1. ©(0) > dp. Then, by proposition 4.8, properties (a2), (a3) of a, and z(t3) €
[0, q/c], one obtains

o(t5) 2 0(0(0)" 2 6000) > a (2) = ala(t)).

Case 2. ¢(0) < &. proposition 4.10 gives z(t5) < [¢ — d/c|". If ¢ < d/cthen z(t5) = 0,
and, by (al), trivially v(t5) > 0 = a(0) = a(z(t5)). If ¢ > d/c then applying proposition
4.8, p(0) > «(C), (a4) and (a2), we conclude

zﬁpzwmezwmorz@@>§)=a<k—ﬂ )zmawy
This completes the proof. n

Define the subsets

Hy ={(,¢) € Coig x Z | ¥(~1) =0} C Cr19 xR
H, = {(go,() €ClrgxZ ] o(s) =0 for all s € [-r,—( — 1]} C Cpo) xR

with the induced subspace topologies.
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Introduce the streching map @ : H; — H, by Q(¢,() = (¢, () so that

o) {¢ (&) ifsel-¢-10
0 if s € [—r,—( —1],
and the squeezing map R : H, — H; by R(¢p, () = (1, () so that
P(s) =@(((+1)s) forall se[-1,0].
Proposition 4.14. The maps Q) : Hy — H,, R: H, — Hi are continuous, and
Q Vo) SWarky, RWak,) € Vak,.
Proof. In order to see the continuity of @, let (¢, () € Hy,

(V" "o € Hy o with [[(",¢") = (&, ) = 0 as n — oo,

and let Q(v,¢) = (p,¢) € H,, Q" ¢") = (¢",¢") € H,, n € N. By definition,
o(s) = ¢"(s) for all s € [—r, —max{(,("} — 1]. For s

5 (— min{¢, ("} — 1,0] we have
=0l = o () o (57|

<¢Q§J (@) (@) - (75)

s@z)(ﬁl)—w(gnﬂ)]ﬂw ¥l 10

If s € [-max{(,("} — 1, —min{(, ("} — 1], then in case { > (", one can get

o= e = v (57) ~ 0| = o (57) - o).

and in case ( < (", we obtain

RO O ]

. s s
‘w(ml)_‘” (c +1)‘+‘¢(@+1)‘

<o = vl + o () — ol

For fixed (v, () € Hy, by using the uniform continuity of v, the above estimations yield
that ||(, () —(¢", (™) tends to zero as n tends to infinity. Since the choice of the sequence
(", (™) was arbitrary, this shows the continuity of @ at (¢,() € Hy. The continuity of
R can be obtained analogously.

The inclusion @ (V,x,) € W, k, is obvious from the definitions of V,, x,, W, k, and
from the fact that the streching does not increase the Lipschitz constant.

Similarly, to prove the inclusion R (W, k,) € Va i, we have to check how the squeezing
changes the Lipschitz constant and the exponential property. From the definition of R it
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is clear that the Lipschitz constant of ¢ € C_ ), given by 9(s) = p(((+1)s), s € [-1,0],
can be at most ¢ + 1 < r times lip(¢) < Ky. The facts that

[—C —1,0] 3 s — ¢(s)e’® € R is nondecreasing and 7 > ¢ 41
imply that the map
[—1,0] 3 5 h(s)el1™ = (¢ + 1)s)e1EFVse1=¢=Ds i nondecreasing

because it is the product of two nondecreasing functions.
This completes the proof. O

Now we can define the new return map

:Vok, €1, () = RoPoQ,() € Var,.

In order to get the ejectivity of the fixed point (0,0) of II, we prove the following
proposition.

Proposition 4.15. There exists a constant v, > 0 with

®,¢
Uy

sup >y forall (p,¢) € W. (4.16)

>0

’ [—7,0]

Proof. 1. Recall that if (p,¢) € W then the first two zeros t;(p, (), ta2(p,¢) of v = v¥¢
and t5 = t5(p, () =7 (t2(p, ¢)) determine the return map P by

P(p,Q) =T (0 (t,¢,0) = (v3,2(8) e W

where ;3 (s) = vy (s) for s € [—z(t5) — 1,0], and v (s) = 0 for s € [—r, —2(t5) — 1]. Set
(v, 2(t)) = O(t, P(¢,()), t > 0. Proposition 4.1 implies that

) =v(t+t) (t>—2(t5)—1) and Z(t) =z (t,+1t) (t>0). (4.17)

Replacing (¢,() € W with P(g,() € W, using the Equalities (4.17) and induction, it
can be shown that the zeros of v¥¢ in [0,00) form an increasing sequence (s;)3°, with
Sk41 > Sk + 1, and the iterates P*(ip, () are given by

Pk(gp7<) = F(@ (3;k>(107C)> = (@’Z(Szk)) €W

where s3, = 77 (sax), k € N. Moreover, for the solution (oF,2%(t)) = O(t, P*(¢,()),
t > 0, Relations (4.17) hold with o* 2% s, instead of v, 2, t3.

2. Choose kg € N so that 2kg > Tp. We claim that if (p,() € W is given with
sup;so |[v9¢]| < d/2, then the solution (7, Z), with initial condition (T, Z(0)) = P*(p,¢) €
W, satisfies
vfe

Z(t) =0for allt >0, sup[[vef|_, 4 < sup ‘ ‘ :
>0 ’ £>0 [~7.0]

Let (o, ¢) € W be given with sup, ||vf’4||[_r70} < d/2. By proposition 4.2 with 3 = —(—1
and 7y arbitrarily large, 2¥¢(t) = 0 for all t > Ty. By Step 1,

O(t) = v (sgpg +1) (6= —29(s3,) — 1), Z(t) =2 (s +1) (t=>0).

As 83, > Sapy + 1 2 814+ 2kg — 1+ 1 > 2ko > Tp, the claim follows.
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3. Suppose that there is no 7, with inequality (4.16). Then there exists a sequence
(™, ¢™)5e, in W such that
. {d 1 }
<ming —,—p.
[=7,0] 2'n
By Step 2, replacing (", (") with P (¢", ("), we can assume without loss of generality

that z#"<"(t) = 0 for all t > 0, n € N. Setting v" = v¥"¢", n € N, we have

0 () = —f("(1) —g("(t 1)) (t>0). (4.18)

Then, for each n € N, the construction of the iterates P7(¢", ("), j € N, gives a sequence
(t7)52, such that

n n
sup ||vf"¢
>0

"(t) >0 forte (th,,t7 ,
=1, g+ 1<, () —o, {0 >0 Tt ), )
v"(t) <0 fort € (th .y, ths) -
for all integers k& > 0.
We claim that
‘ Utn 41 1o <el " (tp +1)] forall k € N (4.20)

Recalling functions f, §, equation (4.18) can be written in the form (4.3) with z(¢) = 0.
Then, for k € N, by using (4.19), we obtain

d .
7 [v" (to, + ) efls] = 0" (th, + ) efts 4 (to, + ) frefts

= [(fl - J?(Un(tgk + s))) vt A+ 8) — g (V" (th, + s — 1)) v (th 4+ 5 — 1) e* >0

for all s € [0,1] because v™(t%, + s) > 0, 0 < f(™(t% + ) < f1, gt + s —1)) > 0
and v™(t%, + s —1) < 0. Thus,
0 < o™ (th +s) < o™ (th +1) 1079 <om (17, + 1) e (s €10,1]).
Analogously, for each k € N,
0> 0" (thy + ) = 0" (thyy +1) 11— > g (th41 + 1) e (s € [0,1)).

This proves the claim.

By (S2), (4.18) and (4.19), we find that ¢ — [v™(t)| is a decreasing function on [t} +
1,tp,,] for all & € N. This fact, combined with inequality (4.20) and the choice of
(™, (™)5e,, yields, for all n € N, the existence of an integer k(n) > n such that

~—

< - (4.21)

S|

1 n n
35 |0 (thy +9)] <

n
Vyn
tk(n)+1 [7170]

Observe that (4.19) implies v" <t’,§(n) + 1) # 0. For each n € N, the function

" (tZ(n) + 1+ t>

w" i [—1,00) Dt
on (t;;(n) + 1)‘
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satisfies |[w"(0)| = 1, and, by inequality (4.20),
1 Uty 1 H (—1,0]

" (tZ(n) + 1) P (tZ(n) + 1) ‘

Moreover, equation (4.18), the definitions of ]?, g and w" imply

sup [w"(t)| < < 2eM,

t>—1

sup [o" (T + )| <2

W) = —f (V" (Ehy + 1+ 1)) w(t) — (V" (th + 1)) w"(t 1) (4.22)

for all t > 0. Hence [1"(t)| < 2(f1 + g1)e/* for all ¢ > 0.

We can apply the Arzela—Ascoli theorem and the Cantor diagonalization process for
the sequence (w"|j,00))ne; of continuous functions to find a subsequence (n;)72; of N and
a continuous function w : [0,00) — R so that

w"™(t) — w(t) as | — oo uniformly in ¢ on compact subsets of [0, c0).

From (4.21) and the definitions of f, § it follows that
f(v”l (tZénl) +1+ t)) — f'(0) and E(v”l (tZEm) + t)) —¢'(0) asl— .

Hence the right-hand side of equation (4.22) converges to —f'(0)w(t) — ¢'(0)w(t — 1)
uniformly on compact subsets of [1,00). Consequently, w is differentiable on (1, 00), and
satisfies

w(t) = —f(Ow(t) — ¢ (0wt —1)  (t> 1), (4.23)

So, we obtained a continuous w : [0,00) — R so that [w(0)] = 1, Jw(t)| < 2et for
all t > 0, the restriction w|(1 ) is differentiable and equation (4.23) holds. From (4.19)
observe that w™ has at most one sign change on [0, 1], n € N. Then w can have at most
one sign change on [0, 1] as well. By proposition 2.1 it follows that w is unbounded on
[0,00). This is a contradiction, and the proof is complete. O

Proposition 4.16. (0,0) € V,, k, is an ejective fized point of I1.

Proof. As the maps @ and R act on (¢,() € C_1,00 x R and (¢,() € Cj_, 0 x R, respec-
tively, such that the norms of ¢) and ¢ are preserved, it suffices to show the ejectivity of
the fixed pont (0,0) of P on W, g,

By proposition 4.1, and by the fact that (0,0) is an equilibrium point, there exists
72 > 0 such that if (,¢) € W and (2, Q)| = llilli—ro + € < 72 then

| (o7 <) =

Suppose that there exists (¢, () € W so that

v + 225(t) <y for all t € [0, Ty + 7).

’ [=7,0]

| P*(¢,Q)|| <72 forall ke {0,1,2,...}. (4.24)

Let v = v#¢, z = 2¥<. In Step 1 of the proof of proposition 4.15 we saw that the increasing
sequence (s3,)52, of the zeros of v in (0, 00) determines the iterates P* (i, ) by P*(¢,¢) =
L(O(s5y, v, ¢)) = (Vs , 2(85;)), where s, = 17" (s9), k € N. Moreover, 2 < s5 < Ty + 7,
2 < Sho — Sy < To+r, k €N, and the solutions (v}, z%(t)) = O(t, P*(p,()) satisfy
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() = v(sh, + 1), t > —z(shy,) — s, 2°(t) = z(sh), +t), t > 0, k > N. Combining these
facts with the choice of 75 and assumption (4.24), it can be obtained by induction that

Uf’CH + 27(t) <y, for all t > 0.

Jor]),q =
[—7,0] [=7,0]

This inequality contradicts the existence of 71 > 0 with inequality (4.16).
Therefore, ejectivity of the trivial fixed point (0,0) of P on W, g, follows with the
open set W, x, NU, where

U= {<()07<) € C[—T,O} xR: H(S07<)H < 72}

The proof is complete. O
Now we are able to show the main result.

Theorem 4.17. Assume that Conditions (S1)-(S4) hold. Then System (1.8), (1.9),
(1.10) has a slowly oscillatory periodic solution.

Proof. By proposition 4.12 the set V,, gk, is a compact and convex subset of the Banach
space C_1g X R. Proposition ?? combined show that the map II : Vo, x, — Vo, is
continuous. According to proposition 4.16 the fixed point (0,0) of II is ejective. Then
theorem B guarantees that Il has a nonejective fixed point (¢*,(*) in V, k,. By the
ejectivity of (0,0), we have (¢*,(*) # (0,0), in particular ¢* # 0.

Define ¢* € C|_,q so that (¢*,(*) = Q¥*,(*). Let (™, ) = P(¢*,¢*). From
R(p**, ™) = (¢*,(*) one obtains ¢** = (*. Therefore, p**(s) = 0 = *(s) for all
s € [—r,—C* —1]. Moreover, @ streches 1)* with the same factor (*+1 as R squeezes ¢**.
Then necessarily

e =v (o) = (€D ) =0
for all s € [-¢* — 1,0]. Therefore, (¢**,(**) = (p*,(*), that is, (¢*,(*) = Q(¢*, (") is a

nontrivial fixed point of P.

The solution (v¥¢", 297¢") of System (1.8), (1.9), (1.10) defines a slowly oscillatory
periodic solution (v, z) : R — R in the following way. As (¢*, (*) is a fixed point of P, the
restriction v¥ ¢ [jg.o0) 0f v7¢" and 2#"¢" are t3-periodic functions with 3 = t5(¢*, ¢*) > 0.
A t3-periodic extension of v [[g o) and 2¥¢" from [0, 0o) to R give the slowly oscillating
periodic solution (v, z) : R — R. O

5 Examples

1. Consider System (1.4), (1.2), (1.3) with U € C?((0,00),R) and p € C'((0,00),R)
satisfying
U'(§) >0, U"(§) <0, p(§) >0, p'(§) >0 forall{>0.

Then U” — p’ < 0, so U’ — p has at most one zero. Assume that there exists an x, > 0
with U'(z,) — p(z.) = 0.

For fixed constants k,a,b,c,q,r9,71 with Kk > 0,0 <a <z, <c<b, q>0,7r9>0,
r1 > 0set K = k[maxecpey EU'(§) +bp(b)]. Define XY, Z as in section 1 and G : X x Z —
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R by (1.7). Then U € C? p € C! imply Hypothesis (G1). (G2) obviously holds. As
& — &p(€) is increasing on (0, 00), Hypothesis (G3) requires

alU'(a) > bp(b), bU'(b) < ap(a). (5.1)

Under the above assumptions, theorem ?7? yield that System (1.4), (1.2), (1.3) is well
posed both in X x Y and X x Z, and all solutions can be extended to the right half line.

2. Now consider System (1.4), (1.2), (1.3) when ro =0, r; =1, ¢ > 1, ¢ > 0, and
U&) = —/a, p(&) = & with some positive a and 3. Then U’(§) = 771, €U'(€) =
£ &p(€) = €°7 and x, = 1. In our particular case condition (5.1) holds for some
0<a<l<ec<bifa™ >b* and b= < @', or equivalently a®b?*! < 1 < a#+1be.
This can be true only if 4+ 1 < a.

In order to satisfy condition (5.1) we modify the function U close to zero. For ¢ € (0, 1)
define

1

Ue(§) = _oz_fo‘ —V.(&), where V.(§) = {

exp(%—i—g%s) if 0 <€ <e,
0 ite> e

Cleary, V. and Uy are in C%((0, 00), B), and €U/(€) = £+ [ + £/(€ — )] V(€) for
all £ > 0. We want to find a,b such that 0 < a < 1 < ¢ < b, and aU.(a) > b’ and
b~ < a®*!. For given a > 0 choose b > 0 such that b= = a?*1/2, i.e., b = 2/q=(B+1)/e
Then b~ < a’*! holds. Inequality aU’(a) > b**! is satisfied if

aUl(a) > Q%Q_W,
which is valid if @ > 0 is small enough, since aU!(a) — oo faster than a~ Bt/ g g — OF,
Consequently, for each fixed € € (0, 1), there exists a = a. € (0,¢) so that, by choosing
a € (0,a.) and b = 2/*q=(3*+D/a condition (5.1) is valid with U, instead of U. Clearly,
b — oo as a — 0T. In particular, we may achieve b > c.

Therefore, for each fixed e € (0,1) and sufficiently small a € (0,¢), theorem 3.10 is
applicable for System (1.4), (1.2), (1.3) with 7y = 0, 7, = 1, p(§) = £° and U. instead
of U. For the new variable v = x — 1 we obtain System (1.8), (1.9), (1.10) with f(v) =
—k[(v+ DU (v+1) = U'(1)], g(v) = & [(v+1) —1], and d = ¢ — 1 > 0. It is clear
that Conditions (S1)—(S3) hold with A = a —1, B =b— 1. We have f/(0) = ka and
¢(0) = k(B +1).

If « > 41 then (S5) holds. Indeed, let A € C with ReA > 0, and suppose
Mt ra+r(B+1)e™ =0. Then ka < |A+ral = |s(B+1)e | < k(B+1), a contradiction
to a > f+ 1. Therefore, by theorem 4.3, the solution (0, 0) of System (1.8), (1.9), (1.10),
or equivalently, the solution (1,0) of (1.4), (1.2), (1.3) is locally asymptotically stable.

Assume o < f+1. Then there exists ¥y € (7/2, ) so that — cos ¥y = a/(f+1). Define
ko = —(1/a)V¥g cot Jg. For each k > kg there exists ¥; € (Jy, m) such that ka = —1; cot ¥4
since [7/2,7) 3 ¥ — —1 cot ¥ € R increases from 0 to co. Then
B +1 1 — COS 191 ’191 191

RO = _COS’190 (—191 cot 191) =

1) =
r(B+1) —cosVysin?d; ~ sind;’
and condition (2.3) is satisfied yielding (S4) for all Kk > kg. Thus, theorem 4.17 implies,
with the above particular choice of f,g, that System (1.8), (1.9), (1.10) has a slowly
oscillatory periodic solution provided k > kg and o < f+ 1 . Equivalently, if « < g+ 1
and k > kg then System (1.4), (1.2), (1.3) with ro = 0, 7, = 1, p(§) = &” and U. instead
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of U has a periodic solution (z,z) oscillating slowly around x, = 1. For this periodic
solution x, we claim that

x(t) € [(1 +rr) S 14 k| forallt € R (5.2)

Let t; > 0 be such that z(¢;) > 1 and = has a local maximum at ¢;. Then #(¢;) = 0. If
xz(t) > 1 for all t € [t; — r,t1] then, by x(t1)Ul(x(t1)) < 1 and x(t; — z(t;) — 1) > 1, one
obtains

(t1) = K [x(tl)Ué(a:(tl)) — [z(t; — 2(t1) — 1)]5+1} <0,

a contradiction. Therefore, there is a maximal ¢y € [t; — r,¢;) such that z(ty) = 1. An
integration gives

ot) =1+ [ R [£(OUe(t) = folt = 2(0) = D] dt < 14

to

and, since t; was an arbitrary local maximum, we obtain the upper bound in (5.2). If
to € R is such that z(t3) < 1 and z has a local minimum at ¢y, then @(f2) = 0 and
z(ty)Ul(z(ty)) = [2(ty — 2(ts) — 1)]P*L. Hence, using U! > U’ and x(t) < 1+ xr for t € R,
the inequality

[2(t2)] ™" = @ (t2)U" (2(t2)) < a(t2)Ul(w(t2)) < [1+ wr]™

follows, yielding the lower bound in (5.2), because ty was an arbitrary local minimum.

Consequently, if, for a fixed x > 0, we choose ¢ > 0 so that ¢ < (1 + xr)~(B+D/a
a € (0,¢), b > max{c, 1 + xr}, and condition (5.1) is satisfied, then all possible periodic
solutions (oscillating around z, = 1) of System (1.4), (1.2), (1.3), with o = 0, r; = 1,
p(&) = ¢° and U. instead of U have ranges in [(1 4 sr)~ 01/ 1 + kr] C (e,b), where
U. = U. In particular, the periodic solution obtained for the modified equation (i.e. with
U. instead of U), is the solution of the original System (1.4), (1.2), (1.3) as well.

z(t) y(t) 2(t)

! 1 1

3 0.8 0.8
0.6 0.6

52 > N

0.4 0.4

1 0.2 0.2

o 0 0

790 792 794 796 798 800 790 792 794 796 798 800 790 02 4 96 0 00

Figure 4: A numerical solution showing periodicity with a =3, =1, k =10, ¢ = ¢c =
1.0, 2z, =1,179=0,1r, = 1.
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